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PREFACE

This book introduces students with basic and fundamental understandings of Fluid
mechanics and machineries. The objective of the book is to develop the key concepts to
solve different fluid mechanics problems and apply the knowledge to real life scenarios,
be it in research and development or industrial applications.

We have explained the concepts in an easy and lucid way such that the basic
foundational understanding of fluid mechanics will become highly effective for the
students. The book contains all the introductory concepts of fluid statics and fluid
dynamics. The book elucidates the important governing equations considering a student's
expertise in calculus and differential equations. Each chapter has been provided with many
solved examples, where we have laid out the mathematical approach towards solving them.
Well-designed unsolved problems at the end of each unit will help to improve the problem-
solving skills of the students to a great extent. Practical problems given at the end of some
units will help the students to gain hands on experience on different aspects of experimental
fluid mechanics. The purpose of this book is to provide the students with a comprehensive
and well-balanced resource covering all aspects of physical concepts, mathematical
derivation, and practical demonstration within the scope of the course. We hope that on
sincere completion of the units, the students will be well versed with the principles of fluid
mechanics and hydraulic machinery and will also be able to tackle complicated engineering
problems.

Suman Chakraborty
Sourav Mitra
Aditya Bandopadhyay
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OUTCOME BASED EDUCATION

For the implementation of outcome-based education, the first requirement is to develop an
outcome-based curriculum and incorporate an outcome-based assessment in the education
system. By going through outcome-based assessments evaluators will be able to evaluate
whether the students have achieved the outlined standard, specific and measurable
outcomes. With the proper incorporation of outcome-based education there will be a
definite commitment to achieve a minimum standard for all learners without giving up at
any level. At the end of the program running with the aid of outcome-based education,
students will be able to arrive at the following outcomes:

PO-1:

PO-2:

PO-3:

PO-4:

PO-5:

Engineering knowledge: Apply the knowledge of mathematics, science,
engineering fundamentals, and an engineering specialization in the solution of
complex water resources problems.

Problem analysis: Identify, formulate, review and analyse complex engineering
problems reaching substantiated conclusions using the principles of mathematics,
natural sciences, and water resource engineering-based issues.

Design/development of solutions: Design solutions for complex water resources
engineering problems and design system components or processes that meet the
specified needs with appropriate consideration for public and environmental
considerations with applications.

Conduct investigations of complex problems: Use research-based knowledge
and research methods including the design of experiments, analysis, and
interpretation of data, and synthesis of the information to provide valid design of
Hydraulic structures.

Modern tool usage: Create, select, and apply appropriate techniques, resources,
and modern engineering and IT tools including prediction and modeling of complex
water resources engineering activities with an understanding of the limitations.
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PO-6:

PO-7:

Environment and sustainability: Understand the impact of the professional
engineering solutions in societal and environmental contexts, and demonstrate the
knowledge of, and need for sustainable development in water resources
engineering.

Ethics: Apply ethical principles and commit to professional ethics and
responsibilities and norms of engineering practices.
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COURSE OUTCOMES

After completion of the course the students will be able to:

CO-1:

CO-2:

CO-3:

CO-4:

CO-5:

CO-6:

CO-7:

Understand basic fluid properties such as density, viscosity, surface tension, and
compressibility
Apply the principle of hydrostatics and calculate the pressure variation in fluid at
static condition

Analysing fluid motion using different visualisation technique, like stream lines,
streak lines, and path lines.

Use the conservation of mass (continuity equation), conservation of momentum
(Euler’s equation), and energy equation (Bernoulli’s equation ) to solve various
fluid flow problems

Learn methods such as Pitot tubes, venturi meters, and orifice plates to measure
fluid flow rates

Apply the concept of open channel flow and learn about the most economical open
channels

Applying the fundamental concepts of fluid mechanics to solve practical fluid flow
problems.
Course Expected Mapping with Programme Outcomes
Outcomes 1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
PO-1 | PO-2 |PO-3 |PO-4 |PO-5 |[PO-6 |PO-7

CO-1 3 2 2 2 - - -
CO-2 3 3 1 2 - - -
CO-3 2 2 1 2 - - -
CO-4 3 3 1 2 - - -
CO-5 2 1 2 1 - - -
CO-6 2 2 1 2 - - -
CO-7 3 2 2 2 - - -
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ABBREVIATIONS AND SYMBOLS

List of Abbreviations

Sl Systeme International

MEMS Micro electro mechanical system
CG Centre of gravity

CM Centre of mass

CP Centre of pressure

rms Root mean square

AC Alternating current

RPM Revolution per minute

BEP Best efficiency point

oC Operating condition

NPSH Net positive suction head
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List of Symbols

Shear stress
Density
Mass
Volume
Pressure

Number of moles

Universal gas constant
Temperature
Molecular weight

Specific weight

Acceleration due to gravity

Dynamic viscosity
Kinematic viscosity
Surface tension
Capillary force

Force due to gravity
Vapour pressure
Difference in volume
Difference in pressure
Bulk modulus
Compressibility

Body force
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n
Pa/Patm
pVaCuum
Pgage
IXX

IYY

W

Vsubmerged
Vtotal
Pair

pwater

G
M

€x, €y, and &,
éVol

y

Unit vector
Atmospheric pressure
Vacuum pressure

Gage pressure

Second moment of area about X — axis

Second moment of area about y — axis

Weight of the body

Volume of the submerged body
Total volume of the body
Density of air

Density of water

Centre of gravity

Meta centre

Centre of buoyancy

Time

Cartesian coordinates
Velocity field in x — direction
Velocity field in y- direction
Velocity field in z — direction
Linear strain rate

Volumetric strain rate

Rate of change of angle between two perpendicular segments

Angular velocity

Vorticity
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Vrel
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E = RS
= ) o

X =

Volume flow rate
Mass flow rate
Relative velocity
Polar coordinate
Acceleration

Volume of the control volume

Traction vector

Body force per unit volume
Coefficient of discharge
Coefficient of viscosity

Density of manometric fluid
Stagnation pressure

Correction factor

Skin friction coefficient

Shear stress at the wall

Reynolds number

Darcy friction factor

Frictional head loss

Head loss due to sudden expansion
Head loss due to vena contraction
Head loss due to sudden exit
Minor head loss

Mean loss coefficient

Flow resistance
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Head loss

Hydraulic diameter

Hydraulic radius

Froude number

Exit angle made by jet

Exit angle made by relative velocity and motion of surface
Inlet velocity of the jet

Relative velocity of the jet with respect to moving surfaces
Guide blade angle between jet and motion of surface
Whirl velocity at the inlet

Flow velocity at the inlet

Efficiency of the jet

Rotational speed of the wheel

Diameter of the wheel

Diameter of the runner

Diameter of the boss or hub

Overall efficiency of the turbine

Power output

Weight of the water lifted per second

Height of the sump

Height of the delivery reservoir

Theoretical flow rate
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GUIDELINES FOR TEACHERS

To implement Outcome Based Education (OBE), knowledge level and skill set of the
students should be enhanced. Teachers should take a major responsibility for the proper
implementation of OBE. Some of the responsibilities (not limited to) for the teachers in

OBE system may be as follows:

Within reasonable constraint, they should manoeuvre time to the best advantage of all
students.

They should assess the students only upon certain defined criterion without considering
any other potential ineligibility to discriminate them.

They should try to grow the learning abilities of the students to a certain level before
they leave the institute.

They should try to ensure that all the students are equipped with the quality knowledge
as well as competence after they finish their education.

They should always encourage the students to develop their ultimate performance
capabilities.

They should facilitate and encourage group work and teamwork to consolidate newer
approach.

They should follow Bloom’s taxonomy in every part of the assessment.
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Bloom’s Taxonomy

Level

Create

Teacher should

Student should be

Possible Mode of

Evaluate

Analyse

Apply

Understand

Remember

Check able to, Assessment
Students abilit . L
! 1y Design or Create Mini project
to create
Students ability .
to justify Argue or Defend Assignment
Students ability Differentiate or Project/ Lab.
to distinguish Distinguish Methodology
Students ability Technical
Operate or .
to use Presentation/
. . Demonstrate .
information Demonstration
Students ability .
. . . Presentation/
to explain the Explain or Classify .
. Seminar
ideas
Students ability
to recall Define or Recall Quiz

(or remember)
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GUIDELINES FOR STUDENTS

Students should take equal responsibility for implementing the Outcome Based
Education (OBE). Some of the responsibilities (not limited to) for the students in OBE
system are as follows:

Students should be well aware of each Unit Outcome (UO) before the start of a unit
in each and every course.

Students should be well aware of each Course Outcome (CO) before the start of the
course.

Students should be well aware of each Program Outcome (PO) before the start of
the program.

Students should think critically and reasonably with proper reflection and action.

Learning of the students should be connected and integrated with practical and real
life consequences.

Students should be well aware of their competency at every level of OBE.
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Properties of Fluids

In this unit we will discuss the following aspects:
e A broad perspective of fluid mechanics
e The definition of a fluid
e Fluid properties such as density, viscosity, surface tension
e Concepts of vapour pressure and compressibility

Several examples of real world applications are covered for creating interest in the reader’s mind.
Several solved examples are given at relevant places in the text. A number of MCQs are given
along with numerical questions for practice. Additional topics are given through QR codes as
supplementary reading material. A section called *Know More’ is also given for the interested
reader to get acquainted with the history of the subject, some real world applications, and case
studies.

This fundamental unit on Properties of Fluids helps student get a basic idea of how to differentiate
a fluid to a solid. It is important to understand the fundamental difference arising between the two
as many practical applications would require someone to model the items appropriately based on
temperature, shear rates etc.

It clearly elucidates the fundamental ideas behind defining pertinent fluid properties such as
density, specific volume, etc. We then move on to discuss Newton’s law of viscosity and its
dependency on temperature. This is important in several industrially relevant applications wherein
the motion between two solids is facilitated by liquids.
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We then discuss various aspects of surface tension. This is particularly important in the analysis of
problems which bear an interface between two fluids. Most commonly seen examples of capillary
rise, bubbles, and drops are discussed owing to their practical and natural relevance.

Concepts of vapour pressure and compressibility are required to further understand ideas such as
cavitation which are relevant for understanding the operation of turbomachinery and issues arising
due to spontaneous vapour formation and collapse, roots of which lie in the concept of vapour
pressure.

Pre-requisites
e Basic Mathematics (Class XII)

Unit Outcomes
List of outcomes are as follows:
e U1-O1: Define a fluid
o U1-02 : Define density, specific volume, specific gravity
e U1-03: Describe Newton’s law of viscosity
o U1-0O4 : Describe phenomena observed due to surface tension

e U1-O5 : Define concept of vapour pressure and compressibility

Unit -1 Expected Mapping with Programme Outcomes
Outcomes (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6 CO-7

U1l-01 3 3 1 2 - - 2
U1-02 3 2 - 2 - - 1
U1-03 2 - - 2 - 1 3
U1l-04 3 1 - 1 - - 3
U1-05 2 2 1 - 1 - 2




3 | Fluid Mechanics & Hydraulic Machinery

1.1 A Perspective of Fluid Mechanics

Fluids are everywhere around us and also within our body. Many, if not all, processes which govern
and affect our lives are in some form or the other related to the flow of fluids. Let us look at some
illustrative examples which span across various scales.

From the microscopic length scale, we have the flow of blood and other important fluids in the
human body. The heart acts as a biological pump, kidneys act as biological filters, lungs act as a
means of oxygen-uptake by the body and so on Fig. 1.1. Understanding the human body as a whole
relies on a solid understanding of the fluid mechanical processes associated with it and how each
subsystem interacts with each other.

Figure 1.1: A schematic representation of the human heart. It consists of 4 chambers, valves, and a
positive displacement pumping achieved through the cardiac muscles. The directions of flow are
depicted by the arrows.

The study of fluid mechanics of various birds, fishes, and insects has often given a fresh perspective
on engineering and science. There are efforts on the development of drones based on the flight of
bats and fireflies. There are also efforts towards aquatic robots which mimic the motion of various
fishes. Fluid mechanics is also at play in plants where the interaction of plant tissues causes an
uptake of water from roots towards the leaves.

Figure 1.2: The flight of a green bee eater, a kite, and a dragon fly is characterized by completely
different aerodynamics. Picture courtesy: Mr. Shyamal Biswas, 1T Kharagpur.
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Understanding storage and transmission of fluids is one of the cornerstone of the human civilization
as it is central towards many agricultural practices, industrial processes, household water supply,
sewage transport and treatment and so on. As a matter of fact, a very basic infrastructure
requirement of any region with any population size is an appropriate distribution and storage of
water. The design of such pipelines and networks requires a careful understanding of the ideas
behind pressure losses and flow rates through pipes; a basic facet of fluid mechanics. Pumps are
used practically in all households for raising water to overhead tanks. Fans are used to circulate air
to keep our bodies cool. Exhaust fans are used to extract air from spaces and create a ventilated
space.

Equally important, in this modern day and age, is understanding the close interaction between
climate change, river water levels, and human adaptation to such events. Understanding
atmospheric transport also holds the key towards understanding and mitigating air pollution.
Similarly, oceanographic transport is important towards studying algal transport in oceans and
predicting ocean currents, which have a significant impact on coastal populations. Fig 1.3 shows a
snapshot of the process of cloud formation and transport across the Indian subcontinent. Such kinds
of predictions are very important from the point of view of the rain dependent Indian agriculture.
Weather prediction of hurricanes and cyclones is a very important aspect for population living on
the coastal regions of our country. In particular, the IMD forecasts have helped in the evacuation
of large masses thanks to the predictions made by them. The formation, motion, and dynamics of
such weather patterns is given by a close interplay of fluid mechanics, heat transfer (irradiation,
absorption by the atmosphere), and mass transfer (water evaporation and cloud formation).

Figure 1.3: Satellite image showing the cloud coverage. Satellite image taken from
https://mausam.imd.gov.in/imd_latest/contents/satellite.php.


https://mausam.imd.gov.in/imd_latest/contents/satellite.php.
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Figure 1.4: Power generating units. Top image is that of the Kaveri Engine
https://www.drdo.gov.in/labs-and-establishments/gas-turbine-research-establishment-gtre. ~ The
lower two images are those of a coal fired power plant and a hydropower plant,
https://www.ntpc.co.in/en/about-us/photo-gallery/business-units.

Power generation is critical for the survival of mankind. Power generation in a traditional coal-
powered power plant relies on motion of turbines caused due to the flow of high temperature and
high-pressure steam over them. On the other hand, power generation in a hydroelectric power plant
occurs due to water, which is stored at a large height, flowing over turbines. In both the cases the
turbines are used to rotate the shaft of a series of generators, thereby generating electricity.
Similarly, wind power plants utilize the kinetic energy of flowing air and convert it into electrical
energy through generators. In fact, such means of harnessing the kinetic energy of flowing wind
and water have been known for long. Vehicles utilize the high pressure gases of combustion to
generate power, which is eventually transmitted to the wheels. Gears inside the gearbox are
lubricated my means of oil, engine is kept at relatively cold by circulation of coolant fluid through
various jackets in the engine block, brakes are also actuated through hydraulic fluids. Moreover,
the almost universal shape of the car is also designed so that the aerodynamic drag, i.e. the forces
causing a retarding force on a moving car, are minimized. Such optimal designs can be seen in the
case of high-performance racing cars such as Formula 1. India has made tremendous strides in the
development of modern aircraft systems and also space technology. Not only do the propulsion
systems involve a close understanding of fluid mechanics of reactive species but also the overall
shape and structure of the aircrafts and space crafts at such high velocities depend on their
interaction with the atmosphere.

1.1.1 Hydrodynamics

Hydrodynamics refers to the study of the behaviour of fluids in motion, and their interaction with
other objects and boundaries. This can be further classified into fluid kinematics and fluid
dynamics. Fluid kinematics refers to the study of the motion of the fluid through parameters such
as particle displacement, velocity, acceleration, rotationality etc. without due consideration of the


https://www.drdo.gov.in/labs-and-establishments/gas-turbine-research-establishment-gtre.
https://www.ntpc.co.in/en/about-us/photo-gallery/business-units.
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forces which act on the fluid. Therefore, in such cases, the role of pressure, viscosity etc. do not
appear. On the other hand, fluid dynamics takes into account the various forces acting on the fluid.
This can be due to the pressures (or more specifically, gradient in pressure) acting on it or due to
interfacial stress at the interface of two fluids. Often in literature, we encounter the term
hydrodynamics. While it refers to dynamics of water, it can generally refer to the dynamics of any
liquid, whereas aerodynamics refers to the dynamics of air.

1.1.2 Hydraulics

The human endeavour to utilize fluids as a means of power transmission has necessitated a new
branch of engineering which is termed as hydraulics. More specifically, hydraulics refers to the
study of mechanical properties of liquids. This is to demarcate it from pneumatics, which refers to
the study of the mechanical properties of air. There are several applications of hydraulics such as
power generation, power control, and transmission of power through high-pressure liquids. One
such illustrative image is shown below.

Figure 1.5: A hydraulic crawler dozer makes use of hydraulics to generate tremendous forces which
help in earth moving operations. https://www.bemlindia.in/product/bd155/.

1.1.3 Hydrostatics

Hydrostatics is the study of fluids which are not under motion, i.e. under static conditions. Such
situations are fairly common in the case of water tanks, dams, reservoirs, and so on. The primary
target of the study of hydrostatics is to find out the pressure acting at various surfaces which bear
fluid, for example, an overhead tank, or the walls of a dam. Furthermore, floating and transportation
of heavy objects across large water bodies by ships is made possible due to the knowledge of
hydrostatics. This will form the basis of the study of Unit 2.


https://www.bemlindia.in/product/bd155/.
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Figure 1.6: Chandil Dam, Jharkhand. Picture courtesy: Mr. Shyamal Biswas, IIT Kharagpur.

1.2 What defines a Fluid?

While it is abundantly clear that fluids at rest and motion play a major role in almost all daily
activities of mankind, we must first give an outline of what is a fluid. From our high school physics
we can recall that all substance exist in three phases: solid, liquid and gases. Liquids and gases
together are known as Fluids. What distinguishes a fluid from solid is the behavior under tangential
(shear) force. Imagine a rubber block subjected to a tangential force F from top surface, it would
deform by a certain angle. This deformation angle will increase with increase in applied force
(assuming it doesn’t exceed the elastic limit). Upon removal of this force the solid will regain its
original shape. Therefore, in case on solids, for a given applied tangential force one can quantify
the amount of deformation In contrast, if we were to subject the fluid to a similar shear force, then
the fluid would keep on deforming, and it would be found that even after the force is removed, the
fluid stays deformed, see Fig. 1.7. In essence, we may say that a fluid is something which flows,
and that is quantified by its inability to resist shear forces.
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Figure 1.7: An imaginary element ABCD deforms to ABC’D’ upon the action of a shear stress, 7.
If the element is that of a perfectly elastic solid, the element regains its original configuration
ABCD. However a fluid does not.
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Having said this, fluids can further be classified, from an engineering viewpoint, as a liquid or gas.
The distinction between a liquid and a gas arises due to the magnitude of intermolecular forces
between the molecules. Gas molecules typically have a lower intermolecular interaction than
liquids. A direct corollary of this statement is that the gases have a larger mean free path than
liquids and correspondingly have a larger average space between each molecule than liquids. This
property is useful in the consideration of compressibility of a liquid which we will discuss later.
While here the idea of deformation is considered, we have not yet touched upon the total volume
of the element. Items such as rubber shrink or expand in volume depending on the forces applied
on them; such considerations require our special attention when studied in the context of
engineering fluid mechanics. We will touch upon these ideas in later units.

1.3 Dimensions and Units

Before we move on to the description of various fluid properties, it is important to discuss two
important concepts which are useful not just for this particular course on fluid mechanics, but for
all areas of science and engineering.

A dimension is a quantitative way of expressing a physical variable; in other words it is a measure
of a physical variable without any numerical value associated with it. Examples of dimensions are
mass, length, temperature, current, force, acceleration, density, power, energy and so on. A unit is
a numerical value which signifies the magnitude of the quantity of the physical dimension. For
example, the unit of the dimension of length is meter, the unit of dimension of mass is kg (kilogram)
and so on. Over the centuries, there have been several systems of units which have been in use all
over the world. However to universalize these system of units in order to enable sharing of
knowledge and interoperability of engineering technologies, we have widely adopted the Sl
(International System of Units) units. However a practicing engineer may still encounter the archaic
British system, known as the British gravitational (BG) system.

There are two kinds of dimensions - primary dimensions and secondary dimensions. Primary
dimensions refer to those dimensions with the help of which all other dimenions can be derived.
For example, length and mass are two examples of primary dimensions. This is so because length
cannot be derived from mass, and similarly, mass cannot be derived from length. However, density,
a secondary dimension, can be derived with the help of the two primary dimensions of mass and
length, i.e. density = mass/length3.

We note that while there are seven primary units namely mass, length, time, temperature, electric
current, luminous intensity, and amount of matter, for our study of fluid mechanics only four
primary dimensions suffice, i.e. mass, length, time and temperature. The dimensions are typically
denoted in curly braces such as M, L, T, or 8; these are the dimensions of mass, length, time, and
temperature. On similar lines, we can write down various other secondary dimensions by noting
their derivations or the formulae associated with it. For example, area is a product of two lengths.
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For a square of length s the area is A = s2. For a circle of radius r, the area is A = mr?2. Therefore,

we see that the dimension of area is L. Below we tabulate commonly occuring dimensions and
their commonly encountered engineering units.

Table 1.1: Primary dimensions and secondary dimensions encountered in fluid mechanics. The
relevant Sl and British gravitational units are also mentioned.

Primary dimensions

Dimension gmier;r:zirigtion SI Unit BG Unit Conversion Factor
Mass {M} kilogram (kg) slug igslug = 14.5939
Length {L} meter (m) foot (ft) 1ft=0.3048 m
Time {T} second (S) second (S) -
Temperature | {6} Kelvin (K) (Rc’)aRr;kine 1K=18"°R

Secondary dimensions
Area {L%} m? ft? 1 m?=10.764 ft
Velocity {LT} m/s ft/s 1 ft/s = 0.3048 m/s
Pressure | {ML'T?} mf)' (Pa= Ibfi/ft 1 Ibf/f2 = 47.88 Pa
Viscosity | {MLT} kg/(m.s) slug/(ft.s) Llws g’glé;t/(sr)nzs)

1.4 Density

Density or mass density, p, is defined as the ratio of the total mass of the fluid to the volume
occupied by the fluid. The SI unit of density is kg/m>. At 4 °C, the density of water is 999.8395
kg/m3. However, in practice we often assume that the density of water is 1000 kg/m?3. Density may
therefore be defined as

P=v (1.1)

The density of fluids varies with temperature. For gases such as air, we can estimate the density
based on the ideal gas equation,
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pV =nRT (1.2)

where p represents the pressure, IV represents the total volume, n represents the number of moles,
R represents the universal gas constant, and T represents the absolute temperature in Kelvin (K).
We can rearrange ideal gas equation by using n = % where m is the mass of the gas, and M is the
molecular weight of the gas, to obtain

vV ="RT mR . R 1.3
= — — = —— — = —_— .
=y P=vW P=py (1.3)
which helps establish that if the pressure remains the same, then an increase in the temperature
leads to a decrease in the pressure. This is nothing but another way of putting forward the well
known Boyle’s law. While the above derivation is true for ideal gases, the trends are also valid for

real gases, although the equations become more complicated.

For most fluids, the density reduces as the temperature increases. However, for water, a very
common liquid of study, the situation is somewhat different. As the temperature increases beyond
4 °C, the density falls. Infact, even as the temperature decreases below 4 °C, it is observed that the
density falls. This is popularly known as the anomalous behaviour of water.

1.4.1 Specific Weight

The specific weight, y is defined as the weight of the fluid per unit volume. It is therefore defined
as

pVyg
===y (1.4)

where p and g represent the density and acceleration due to gravity respectively. The Sl unit of
specific weight is N/m3.

1.4.2 Specific Volume

The specific volume of a fluid is defined as the volume of fluid occipied by a unit mass of the fluid.
It is therefore defined as

(1.5)

where v defines the specific volume. The above definition is more utilized in the context of
thermodynamics and when dealing with gases. The Sl unit of specific volume is m3/kg. The usage
of v as specific volume must not be confused with the symbol for velocity as it will be obvious
from the context.
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1.4.3 Specific Gravity

The specific gravity is typically defined as the ratio of a liquid at a given condition to the density
of water at a pressure of 101.325 kN/m? (which is the standard atmospheric pressure) and at 4°C.
It is be defined as

s=—>" (1.6)

Puwater,1 atm,4°C
Example 1.1

Calculate the density, specific weight, and specific gravity of a fluid which occupies a volume of
1 litre weighs 10N. Assume g = 9.81m/s?.

Solution
Let us first convert the volume to m3.

Volume =1 litre =1073m3

Weight = 10N
— Mass of fluid,m = —veiontorfiud _ 10, ' oo
uid, m = 7 _9.819_ .02Kkg.
Densit _ mass 102 1020ka/m?
I P = Nolume ~ 1073 g/m=.
- . Density of liquid 1020
Specific gravity ,S = = =1.02

Density of water ~ 1000

Weight of fluid 10 — 10000N/m?
Volume occupied by fluid ~— 10-3 /m”.

Specific Weight ,y =

1.5 Viscosity

Fluid flow is often confined by solid surfaces (e.g. water flowing through a canal or a pipe) and it
is important to study the effect of such solid boundaries on the flow behavior. Let us consider fluid
flow happening over a stationary plate or over a flat solid non-porous surface. Assume that the fluid
approaches this plate at a uniform velocity, U. After striking the surface, the fluid next to the
stationary surface comes to complete halt with respect to the stationary plate i.e. u = 0. This
phenomenon is often called the "no-slip™ condition as the fluid sticks to the surface of the solid in
contact. This is supported by several experimental observations. Experiments also show that the
fluid layer directly in contact with solid surface impedes the flow of fluid layers above it. This
results in the formation of a velocity gradient. Fig. 1.8 shows pictorially this no-slip condition of
fluid and the developed velocity gradient. The fluid property due to which this phenomenon
happens is called the viscosity. Viscosity may be visualized as a frictional force which impedes the
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relative velocity of fluid layers. As the fluid in direct contact of plate comes to rest, due to viscosity
it impedes the relative motion of fluid layer above it, which in-turn impedes the next fluid layer
above it and this propagates throughout the fluid flow. Therefore, the uniform fluid flow gets
modified to a flow with velocity gradient as depicted in Fig. Fluid layers far away from the solid
surface have significantly higher velocity than the fluid near the solid surface and this is a
consequence of viscosity.

An additional viewpoint into this is that the cohesion between the fluid molecules cause them to
not move easily with respect to each other. Therefore, when two layers of fluids move relative to
each other, they experience friction which is due to this cohesiveness. This friction is quantified
through the fluid property viscosity, denoted through u. A fluid which has a larger cohesion
therefore appears as a fluid with a larger viscosity and vice-versa. Let us consider Fig. 1.8, which
represents the velocity profile in the x direction near a wall. The velocity increases as we move
away from the wall. If we consider the velocity at a location y to be u and the velocity at a location
y + dy to be u + du, then there is a relative velocity of du over a distance dy. The gradient of

. . d . .
velocity, i.e. ﬁ, is termed as strain rate as well.

Figure 1.8: Velocity profile for a flow over a solid surface. The incoming flow has a uniform
profile. The flow over the solid wall depicts a slowing down of velocity near the wall due to the
fluid viscosity. The velocity at the wall becomes zero and is termed as a no-slip boundary.

This leads to the generation of a shear stress at that particular location y, T, between the two layers
which has been found experimentally for a certain type of fluid, known as Newtonian fluids to be

du 17
o — .
T (L.7)
The proportionality constant can then be written as
du
T=pU— (1.8)
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where u is known as the dynamic viscosity. Essentially, Eq. (1.8) represents the Newton’s law of
viscosity which states that the shear stress, 7 is related to the normal gradient, Z—Z (i.e. the gradient

perpendicular to the direction of the velocity) through the dynamic viscosity, p. Similarly, the
above discussion can also be used to determine the shear stress at a flat wall for a Newtonian fluid
as

du
T|wall = dy ly=0 (1.9)

1.5.1 Units of viscosity

The units of viscosity can be determined using Eq. 1.8 which can be rearranged as u = - This

dy
means that the unit of viscosity is
) N
Unit of Unit of stress m2 N-s (1.10)
nit of p = — - — = = .
K= Unit of velocity gradient m, 1~ m?
s m

This shows that the SI unit of viscosity is Ns/m? which may also be written down as Pa s.

While the SI unit is the most used, often in many areas of engineering we will encounter other unit
systems for viscosity, in particular the MKS and the CGS units. This is especially true for the
selection of oils which typically report the viscosities in the CGS units. From Eq. (1.8), we may
also write the MKS unit as kgf-s/m?. Similarly, the CGS unit may be written as dyne-s/m?. The
CGS unit of dynamic viscosity is also referred to as Poise.

Example 1.2

3
The velocity distribution for flow over a flat plate is given by u = 4y — yz where u is the velocity
at any given location in m/s and y is the distance in m above the flat plate. The dynamic viscosity
of the fluid is 10~3 Pa-s. Determine the shear stress at y = 4m.

Solution
Given: =4 ;:du—zt 3%
iveniu =4y—y & = Zy
(du) 4 34% 1
dy/,_, 2
du
=71 = M(-) =10"3x1=10"3N/m?
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Example 1.3

Fluid is filled between two infinitely long parallel plates. The bottom plate is at rest and the top
plate is moving at U = 1 m/s. The distance between these two plates is h = 2 cm which is filled
with a fluid. It is observed that a force of 10 N has to be applied per unit area of the top plate in
order to maintain its speed at 1 m/s. Determine the dynamic viscosity (in Pa-s) of the fluid.

Solution
Given:u =1m/s,h = 0.02m,t = 10 N/m?
_ du _ou- 0
1
=10 =u— = u=0.2Pa/s.
ooz = H /
Example 1.4

Consider a block having a square base area of 0.5m x 0.5 m having a weight of W = 100 N sliding
down an inclined plane at a constant velocity of U = 0.6 m/s. The inclination angle is givenas 8 =
30°. A thin film of oil having a thickness of h = 1.5mm is used for lubrication between the block
and the inclined surface. Calculate the dynamic viscosity of this oil.
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Solution
Given:u =0.6m/s,h = 0.0015m,4 = 0.25 m?, W = 100 N

F
=7 where F is the tangential force acting on the bottom surface area of the block.

T
F = Wsinf
) _ 100sin8 _ 100sin30° 200 N
"t T7025 o025 e
_ du_ (u—O)
( 0.6 ) 05 P
= =u=0. - S.
H\0.0015) — *# a-s

1.5.2 Kinematic Viscosity

Kinematic viscosity, v, is defined as the ratio of the dynamic viscosity to the density of the fluid.
Mathematically it is defined as

y=E (1.11)

p

The Sl units of kinematic viscosity can be obtained in the following manner

Unit of _Unitofu_ N s X 1 _mz 1.12
I V= Unitofp ~ m2 kg s (112)
m3

The corresponding MKS unit is also the same as the SI unit which is correspondingly mTz as

2

kinematic viscosity does not depend on mass. Similarly, the CGS unit of kinematic viscosity is %

Example 1.5

2
Determine the dynamic viscosity of a fluid having kinematic viscosity of 6 x 107* mT and
specific gravity of 1.2.
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Solution

Givenv =6x10"*m?/s, S =1.2

= Do __P _ 3
S = Prvid/ Pwater = 1.2 = 1000 = p = 1200 kg/m

“v =%=>u=p><v=>,u=1200><6><10‘4‘=0.72Pa-s.

1.5.3 Temperature Dependence on Viscosity

Viscosity depends on the temperature of the fluid. In the case of liquids, it is seen that as the
temperature increases, the dynamic viscosity decreases. This can be justified by considering the
fact that the intermolecular forces of attraction, that cause a cohesiveness between the fluids,
reduces. The cohesiveness appears to us as the tendency of fluid layers to not move relatively to
each other, i.e. viscosity. As this cohesive force is overcome, the viscosity appears to have reduced.
The situation is different in the case of gases, however. As the temperature of gases increases, the
intermolecular collision frequency increases. This leads to a larger loss of energy of the molecules
due to collisions. This appears as an increase in the viscosity of the gas as the temperature increases.

Figure 1.9: Variation of viscosity as a function of temperature for water.

Fig. 1.9 depicts the dynamic viscosity of water as a function of temperature. The tabulated data is
obtained from the NIST web-book https://webbook.nist.gov/chemistry/fluid/. The dynamic
viscosity of water at room temperature, assumed to be 27°C, is ¢ = 0.85 mPa:s.


https://webbook.nist.gov/chemistry/fluid/.
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1.5.4 |deal, Real, and Non-Newtonian Behaviour

An ideal fluid is defined as one which does exhibit any viscosity. Moreover, it also exhibits no
compressibility, i.e. it does not compress (like a balloon) in response to application of pressure. We
may therefore say that an idea fluid is an inviscid and incompressible fluid. Such fluids are never
found in practice. However, in many analysis, the influence of the fluid viscosity and
compressibility may be neglected. In such situations, the fluid may be approximated as an ideal
fluid.

Contrary to an ideal fluid, a real fluid is a fluid which has viscosity and which is compressible. All
fluids in reality are real fluids.

Real fluids may be further classified into Newtonian and non-Newtonian fluids. Newtonian fluids
are fluids which have a linear relationship between the shear stress in the fluid and the velocity
gradient in the fluid. Mathematically, this was described in Eq. (1.8). However, the other type of
fluids, broadly described by non-Newtonian fluids are more prevalent in several applications.
These are fluids, whose behaviour deviates from Newtonian behaviour, either below or above a
certain applied shear stress/force or either in response to a high rate velocity gradient (strain rate)
or under oscillatory shear rates and so on. Any fluid whose behaviour shows a deviation from the
linear relationship in Eq. (1.8) is therefore classified as a non-Newtonian fluid. If, for a simple shear

n
flow, we can denote the stress as a function of the strain rate through a relation t = u (2—;) ,l.ea

power law, then for n > 1 we denote the fluid as shear thickneing or dilatant fluid. For n < 1, we
denote the fluid as a shear thinning or pseudoplastic fluid. The curve, (d), shown in Fig. 1.10 starts
with a considerable offset in the shear stress at a fixed rate of strain. In fact, it is only when that ,
i.e. the critical shear stress, exceeds the critical shear stress, i.e. 7, that the fluid starts to move.
Fluids such as slurries, toothpaste, jams, etc. represent this class of fluid.

Figure 1.10: Different non-Newtonian behaviours shown for a simple shear flow. The different
types of behaviour seen in the curves are: (a) Newtonian fluid, (b) Dilatant or shear thickening
fluid, (c) Pseudoplastic or shear thinning fluid, (d) Bingham plastic fluid.
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1.6 Surface Tension

Surface tension, g, is the inherent property of the interface between two fluids to stay under a state
of tension, i.e. as if it is acted upon by a tensile stress. Such interfaces can be formed between a
fluid and a gas, such as water and air, or even between two immiscible fluids, such as oil and water.
The interface can be thought of as a membrane, such as a rubber membrane, which separates the
two fluids. Formally, surface tension can be defined as a force acting at the interface per unit length
of the interface. It may also be alternately, and more appropriately, be defined as the surface energy
per unit area. The SI unit of surface tension is therefore N/m. The state of tension of the interface
can be understood through Fig. 1.11 which shows the interface between air and water as an
example. The water molecule in the bulk is attracted by other molecules equally from all sides and
hence experience no net force. However, the molecule at the interface is attracted by water
molecules from the bulk where as it is weakly attracted by the air molecules on the other side of
the interface.

This imbalance of force at the molecular level leads to the collection of molecules at the interface
experiencing a net force towards the bulk phase and hence continuously try to contract. Thus, at
equilibrium they appear macroscopically to bear resemblance of a membrane trying to contract.
Note that the tendency of the interface trying to contract is counteracted by the higher pressure
inside the water phase as compared to the air side. Thus, the excess internal pressure balances the
surface tension As a matter of fact, this tendency of the interface trying to draw itself inside is
responsible for a wide variety of natural occurrences such as drops of water on a lotus leaf etc.



19 | Fluid Mechanics & Hydraulic Machinery

Figure 1.11: Water molecule at the bulk and at the interface between air and water. The molecule
at the bulk experiences forces from all directions from other water molecules whereas the water
molecule at the interface has a larger pull from other molecules beneath the surface than the pull
from air above the interface. This leads to a net force towards bulk for the water molecules at the
interface, thereby leading to a situation where the interface appears to be in a state of tension.

1.6.1 Liquid Droplet

With these ideas in mind, we can now determine the excess pressure inside a drop of radius R and
diameter, D, of a liquid in another liquid; the system can be imagined to be a drop of water in air.
We assume that the pressure outside is p, while the pressure inside is p;. The coefficient of surface
tension between the two fluids is . We can imagine a cut in the drop along the centerline. If we
consider the equilibrium of the drop, we can write the net force due to the action of surface tension
as

F, = onD (1.13)

while the net force balancing out the above force due to the pressures acting on the surface of the
drop as

Figure 1.12: Force balance of a droplet

DZ
by =m— (pi — o) (1.14)
where we have made use of the fact that the force due to the action of the pressure on a curved
surface in the horizontal direction is equal to the pressure times the projected area. Equating the
above two, we obtain the equation for the excess pressure as
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Ap = — (1.15)

1.6.2 Bubble

Proceeding on the same lines of derivation as that of a liquid drop, we can also determine the excess
pressure inside a bubble. Instead of having only one interface, a bubble has two interfaces, one on
the outside and one on the inside. Therefore, the force due to the action of surface tension gets
altered due to the presence of two circumferences over which the force acts. Thus, we have
D? 80

F,=20nD , E,= T[T(pi —p,) = Ap = o (1.16)
Note that the force due to the pressures acting on the outside and inside do not change as they
depend only on the projected area which remains constant for the two cases discussed above.

1.6.3 Capillarity

Figure 1.13: (a) Droplets on leaves forming spheres due to the hydrophobic nature of the leaves.
(b) Contact angle for a hydrophilic surface. (c) Contact angle for a hydrophobic surface.

Another consequence of the property of surface tension at the interface between two fluids is
capillarity. Unlike the phenomenon of bubble or drop, which consists of interactions of two phases,
the capillarity phenomenon described here involves the interface between three phases. The
interface between three phases is known as the three phase contact line. For convenience, we will
discuss a solid-water-air interface as shown in Fig. 1.13. The angle formed by the tangent drawn at
the intersection of the air-water interface and the solid surface is denoted by 6, which is known as



21 | Fluid Mechanics & Hydraulic Machinery

the contact angle. For hydrophilic walls, i.e. surfaces which alike water, 8 < 90°. Whereas for
hydrophobic walls, i.e. surfaces which dislike water, 6 > 90°. Cellulose, cotton etc. are
hydrophilic substrates whereas polymeric surfaces like rubber, and metals are typically
hydrophobic. Surfaces can be chemically treated or imparted micro/nanoscopic patterns to alter the
contact angle. One such example is self-cleaning glass which is engineered to be super
hydrophobic. A natural example where nanoscopic hierarchy of patterns leads to hydrophobicity is
a lotus leaf, which exhibits exceptional hydrophobicity.

Figure 1.14: Liquid rise and the meniscus in a capillary.

With the general idea of the contact angle, we may now analyze capillarity. Consider a circular
capillary of radius, R, with the interface shown in Fig. 1.14. The surface is assumed to be
hydrophilic. The meniscus of the surface is also shown in the figure. Let us first determine the pull
of the interface due to the three phase contact line. The force due to surface tension is along the
interface and is equal to

Perimeter of rim x Coefficient of surface tension = 2nRo
The component of force in the direction along the axis of the capillary is therefore,
F, = 2mRocos6d

Now, if we consider such a situation for the capillary shown in Fig. 1.14(b), then we can see that
at equilibrium the upward force due to the surface tension can be balanced by the weight of the
column of liquid of height, h, pulled by the interface, which can be mathematically expressed as
= mR?hpg. Note that we have approximated the column of liquid in the capillary as a cylinder
by disregarding the dip in the meniscus. Equating the two forces, we can obtain an expression for
the height of rise of the capillary as

20cosf

mR?*h = 2nRocosd = h =
pPgR

(1.17)
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A similar derivation can be done for a hydrophobic case wherein the liquid gets pushed further into
the capillary instead of rising. This can be seen when a capillary is dipped in a beaker of mercury.

Example 1.6

Calculate the capillary rise in a glass tube of diameter 2 mm when it is immersed vertically into a
fluid having surface tension of 0.072 N/m and contact angle of 80°.

Solution

Given:g =0.072N/m,d = 0.002 m,8 = 80°
20cosf 2% 0.072 X cos80°

= = 0.0025m = 2.5 mm.
pgR 1000 x 9.81 x 0.001

Capillary rise height, h =

Example 1.7

Determine the excess pressure inside a soap bubble of diameter 5 mm having surface tension of
0.025 N/m.

Solution
Given: 0 = 0.025N/m,d = 0.005 m
E .y _80_8><0.025_40P
XCess pressure:  Ap = 7= o005 - a.
Example 1.8

What should be the minimum tube diameter so that the maximum capillary rise height is limited
to 5 mm when the tube is dipped in water. The surface tension of water is 0.072 N/m and the
contact angle between the tube and water is 45°.

Solution

Given: o0 = 0.072 N/m,h = 0.005 m, 0 = 45°,

Capillary height b = 22°5°
apillary heig =
pPgR
2 X 0.072 X cos45° 2 X 0.072 X cos45°
= 0.005 = = R = = 2.1mm.

1000 x 0.81 X R ~ 1000 x 9.81 x 0.005
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1.7 Vapour Pressure

You may recall that all substances can exist in three phases: solid, liquid and gas. The process by
which liquid gets converted to gaseous phase is called evaporation and the process by which solid
gets converted to gaseous phase is called sublimation. During this phase change process one can
have two or even all three phases co-existing. Consider one such case where inside a container
mixture of liquid water and water vapor (or steam) is present at T=100 °C. In this state there is
continuous evaporation of liquid water and condensation of water vapor at the liquid-vapor
interface (see Fig.1.15).

At equilibrium these two rates are equal and the liquid water level inside the container will be
stable. The pressure measured by the pressure gauge at any given time instant is known as Vapor
Pressure and when "equilibrium" is attained between the Liquid and Vapor phase this Vapor
Pressure is equal to the Saturation pressure of water at 100°C. Now let’s say we lower the
temperature of liquid water to 50°C, then the condensation rate will increase leading to more vapor
molecules going into liquid phase (thereby raising the liquid level). This will lead to a reduction in
Vapor pressure till a new equilibrium is achieved. This new equilibrium vapor pressure is the
saturation pressure of water at 50°C, whereas on increasing the water temperature to 120°C will
lead to more evaporation of liquid molecules to vapor phase (thereby lowering the water level).
This in turn will increase the vapor pressure and again at equilibrium this vapor pressure will be
equal to saturation pressure of water at 120°C. Same phenomenon can be repeated for a closed
container having solid ice and water vapor. Only change in this case will be the two processes at
equilibrium is known as sublimation (solid to vapor) and deposition (vapor to solid).

Based on the above exercise we can define vapor pressure as the pressure exerted by the vapor
column of a substance on its liquid/solid phase (also known as the condensed phase) at any instant
in a closed system; whereas the saturation pressure is the vapor pressure when liquid/solid phase is
in equilibrium with vapor phase.

The rate of evaporation, which essentially indicates how energetically a molecule can escape the
liquid phase and go into the gaseous phase, depends upon the fluid and its temperature. The partial
pressure of the vapour phase exerted on the liquid phase at the interface is called as the vapour
pressure.

Figure 1.15: Equilibrium of the molecules in the liquid phase with the molecules in the vapour
phase.
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Let us consider a closed container partially filled with a liquid as shown in the figure. After a
sufficiently long time, the vapour molecules will come into equilibrium with the liquid phase,
implying that an equal number of molecules will be transiting from the liquid to vapour phase and
vice-versa. We then say that the space above the liquid is now saturated with vapour. The vapour
pressure is therefore only a function of temperature and is equal to the saturation pressure for
boiling at that particular temperature. Accordingly, vapour pressure increases with an increase in
the temperature. If we are able to reduce the pressure above the liquid part inside the container,
then the temperature at which the liquid boils will also reduce. If the pressure is reduced so that
Peontainer < Py» WHEre peontainer 1S the pressure above the liquid region, and p,, represents the vapour
pressure at the temperature given, then the liquid will spontaneously start boiling at this
temperature.

1.7.1 Cavitation

Cavitation is a phenomenon which is closely related to the concept of vapour pressure. We know
from intuition that flows occur due to difference in pressure across locations in space. What we
mean is that flow occurs from region of high pressure to a region of low pressure. Now if it so
happens that the pressure in the liquid during the flow falls below the saturation pressure at that
given temperature, then the flowing liquid will spontaneously transition to a vapour phase. This is
then seen as bubbles in the flow. These bubbles eventually get carried to regions of pressure which
is higher than the vapour pressure. In such regions, the bubble collapses. This sudden transition
from a low pressure bubble to high pressure fluid leads to erosion and pitting at the solid surface,
if this transition happens near a solid surface confining the liquid flow. This phenomenon is termed
as cavitation. This issue requires very keen attention during design and analysis of turbomachinery,
submarines etc. where such transition is likely to happen.

1.8 Compressibility

Compressibility of a fluid is the quantification of the change in volume relative to its original
volume to the compressive pressure acting on it. Physically, we can relate this to the situation of a
balloon filled with air. If we squeeze the balloon from all sides, the volume of the balloon will
shrink while the total mass of air inside the balloon remains constant.

Let us assume that a volume of fluid is acted upon by a compressive force so that the change in the
pressure, which is the normal force to the surface per unit area of the surface, is —4p. The negative
sign appears due to the fact that the compressive force acts inwards and by sign convention tensile
forces are positive and compressive forces are negative. Let us also assume that in response to the
change in pressure, the volume has shrunk by a volume, AV, while the original volume is V.
Mathematically we can define the bulk modulus of elasticity, E, as
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E= lim 2P __,9
T a0 AV T gy (1.18)
v

One may interpret the sign appearing in Eg. 1.18 in the following manner. An increase in the
pressure, i.e. a positive Ap leads to a reduction in volume, i.e. negative AV.

For gases, it is customary to work with compressibility, K, rather than the bulk modulus, E. The
compressiblility is defined as

1dp

1.19
=i (1.19)

E and K can be related to each other in the following manner. If the mass of fluid, m, then we have
m = pV = logm = logp + logV = dm = %dp + %dV (1.20)

and if the mass is constant then dm = 0 which implies that

i tay = 24 1.21
Therefore, from the definition of the bulk modulus, we can write
d d 1
E=—d7—’v’=p£=; (1.22)

Example 1.9

Determine the compressibility K of a fluid if its volume changes from 0.0125 m3 at 100 kPa to
0.0123 m3 at 150 kPa.

Given: P; = 100 kPa, Pr = 150 kPa, V; = 0.0125 m?, Ve =0.0123 m3

ooy __,(B=P)_ 150 x 10% — 100 x 103
0.0123 - 0.0125

VL2 = _0.0125 x
TARITE Rl

= FE =3.125x 10° N/m?
1
K = P =K =13.2x10"7 m?/N



1.9 Unit Summary

Ideal gas equation
pV = nRT
Specific gravity
Y==—=°,9
Specific volume
Vv o1
v==—=-
m p
Specific gravity
5= p

Newton’s law of viscosity

_du
Kinematic viscosity
u
V=-
p
Surface tension force for a droplet
F, = onD
Excess pressure inside a droplet
Ay — 40
P=D
Surface tension force for a bubble
F, = 2omD
Excess pressure inside a bubble
8o
Ap = —
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e Bulk modulus

_—4p dp
E= Alrlfr—I»lo av _Vﬁ
%4

1.10 Exercises

Multiple Choice Questions
1. Which of the following statements is True?

a. Water has minimum density at 4° C.
b. Water has maximum density at 4°C.
c. Density of water doesn’t change with temperature.

2. There are two fluids A and B with same dynamic viscosity. Fluid A has higher specific
gravity when compared to fluid B. Which of the following statements is TRUE?

a. Kinematic viscosity for both fluids are same.

b. Fluid A has higher kinematic viscosity then fluid B.

c. Fluid A has lower kinematic viscosity then fluid B.
3. For a Newtonian fluid its dynamic viscosity:

a. Increases with increase in strain rate

b. Reduces with increase in strain rate

c. Does not depend on the strain rate

d. IsZero
4. Increase in temperature leads to:

a. Increase in dynamic viscosity for gases

b. Reduction in dynamic viscosity for gases

c. Increase in dynamic viscosity for liquids



d.
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Reduction in dynamic viscosity for liquids

5. Asurface is called “hydrophobic” if the contact angle of water with that surface is:

a.

b.

C.

d.

Zero

90°

> 90°

<90°

6. Two fluids A and B have dynamic viscosities such that iy > pp . If they undergo identical
strain rate then the relationship between the shear stress 4 and t is:

a.

b.

C.

TA>TB
TA=TB

T4 < Tp

7. The capillary rise height for a fluid present inside a tube having contact angle 90° is

a.

b.

C.

d.

Positive
Zero
Negative

Can’t say

8. Asa liquid droplet diameter increase the excess pressure inside the droplet

a.

b.

C.

d.

Increases
Decreases
Remains constant

Can’t say

9. The height of capillary rise will reduce in which of the following case(s)?

a.

b.

Increase in surface tension

Increase in radius of a capillary tube
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c. Decrease in acceleration due to gravity
d. Decrease in surface tension

10. For a liquid in equilibrium with its vapour phase inside a closed container, the saturation
pressure of water will increase

a. As the temperature increases
b. As the temperature reduces

c. It remains constant with temperature

ANSWER KEY

1.b

9.b,d
10. a

Unsolved Questions

Level - |
1. Two liter of diesel weighs 16.46 N. Calculate its specific weight, density and specific
gravity.

2. Determine the dynamic viscosity of a liquid having kinematic viscosity of 10 mm2/s and
specific gravity of 1.5.
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3. The velocity profile of fluid flow over a stationary plate is given by u = %y — y? where

uis the velocity in m/s and y is the distance from the plate in m. Determine the shear stress
at:a) y = 0 mand b) y = 0.1 m? The dynamic viscosity of this fluid is 1 Pa.s.

4. Inthe previous problem determine the location yat which the shear stress is zero.

5. Determine the mass of air (kg) present inside a room of 27 m3 at a pressure of 101.325 kPa
and temperature 30°C. Assume air to be an ideal gas with molar mass of 29 kg/kmol.

6. Consider two parallel horizontal plates separated by 10 mm. The gap is filled with a fluid
of viscosity 0.1 Pa.s. The top plate is fixed whereas the bottom plate is moving at a speed
of 0.5 m/s. Determine the force per unit area needed to keep the bottom plate in motion.

7. Determine the capillary rise/fall inside a glass tube of diameter d = 2.5mm when
immersed vertically in mercury. The surface tension of mercury ¢ = 0.52N/m and contact
angle with glass 8 = 120°. Mercury has a specific gravity of 13.6.

The pressure of a liquid is increased from 600 kPa to 800 kPa and its volume decreases by
1%. Determine the bulk modulus of elasticity of the liquid.

8. Consider a water droplet of diameter d = 0.1 mm in air. The atmospheric pressure is
1.01325 x 10° Pa. Determine the pressure inside the droplet if the surface tension of water
in contact with air is ¢ = 0.072 N/m.

9. The compressibility of a fluid is K = 5 x 10~"m2/N at 100 kPa pressure. Determine the
change in pressure needed to reduce the volume of this fluid by 2

10. Determine the minimum diameter of a glass tube if the capillary fall of mercury has to be
limited to 5 mm when it is immersed vertically. Surface tension of mercury o = 0.52N/m
and contact angle with glass 8 = 135°.

Level - I

1. A square plate of dimensions 0.5 m x 0.5 m is being pushed up an inclined surface with
6 = 45 o (see Fig. 1.16) at a constant speed of u = 0.3m/s. The gap between the plate’s
bottom surface and the inclined is h =1 mmand it is filled with an oil of dynamic viscosity
0.6 Pa.s for lubrication. The weight of this plate is 300 N. Determine the force F needed to
push this square plate up the incline.
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Figure 1.16: Figure for question 1

2. Athinplate of area 0.5 m2 is placed in between two infinitely long parallel stationary plates
as shown in Fig. 1.17. The stationary plates are separated by a distance h = 0.1m. A force
of F = 6.25N is applied on the thin plate in order to maintain its velocityu = 0.5m/s. The

dynamic viscosity of the fluid is 0.5 Pa.s. Determine the distance x of the thin plate from
top surface.

Figure 1.17: Figure for question 2

3. A thin film of oil is used between a shaft and its sleeve for lubrication as shown in Fig.
1.18. The oil has kinematic viscosity v = 5 x 10~* m?/s and a specific gravity of 1.2. The
shaft diameter is d =200 mm and the film thickness h =1.5 mm. Determine the shear stress
on the shaft due to the oil if it rotates at 1500 r.p.m. (rotations per min).

Figure 1.18: Figure for question 3
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4. Consider a piston cylinder assembly as shown in Fig. 1.19. The diameter of pistonis d, =
196 mm and its length L. = 200 mm. The inner diameter of cylinder is d; = 200 mm. The
annulus space in between the cylinder and piston is filled with an oil of dynamic viscosity
u = 0.2 Pa.s. This piston slides down in vertical position at a constant speed of u = 10
m/s. Determine the mass of this piston.

Figure 1.19: Figure for question 4
ANSWER KEY

Level - 1

. Specific weight = 8230 N/m3, Density = 839 kg/m3, Specific gravity = 0.839
. 1.5 x 107%Pa.s

.a) 1.5 N/m2 b) 1.3 N/m2

0.75m

. 31.48 kg

.5 N/m?

.-3.12 mm (- sign indicates capillary fall)
.5x 1078 m?/N

. 1.02765 x 10° Pa

10. 40 kPa

11. 2.2 mm

Level - 11

1.257.13N

2.0.07236 mor 0.02764 m
3. 6.28 kPa

4.12.54 kg
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1.11 Practical

Aim: Experiments on comparing viscosity of some commonly used fluids at home

Apparatus: Two rectangular trays, a piece of white A4 sheet, transparent adhesive tape, a scale, a
pencil, cellophane wrap roll, 40-50 ml graduated beaker, a camera phone with video recording app,
a phone stand, a table.

Fluids to be tested: Water, Honey, Vegetable Oil, Dish Soap, any other fluid readily available at
home.

Theory: The principle for carrying out this comparative study of viscosity for various fluids is that
the less viscous fluid will exhibit lower resistance to flow and hence that fluid will have higher
velocity when freely flowing over a surface.

Figure 1.20: Setup for comparison of viscosity across some commonly used house-hold fluids

Procedure

1. Take the A4 sheet and mark two lines, one near the top of the sheet and another one near
the bottom. This will denote the “start” and “end” lines for the fluid flow.
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2. Paste this A4 sheet on the back surface of one of the rectangular trays using an adhesive
tape.

3. Now cover this paper surface completely with the cellophane wrap. Use the adhesive tape
(if needed) to stick the cellophane wrap onto the tray surface. Ensure that no portion of the
paper is exposed after wrapping.

4. Mount the camera phone on its stand and place this stand on a table.

5. Place the other rectangular tray horizontal on the table. This tray is to collect the various
liquids that will fall off the cellophane surface.

6. Hold the cellophane wrapped tray vertically resting on the above mentioned horizontal
tray. Ensure that the A4 sheet with pencil markings face the camera of the mobile. This
vertical tray with the cellophane wrap will form the final surface on which the fluid flow
will occur.

7. Turn ON the video recording of the mobile phone. Ensure that the entire vertical tray with
the “start” and “end” line is visible on the screen.

8. Measure around 30-40 ml of each liquid in the beaker and pour it gently near the top start
line. While pouring ensure that the liquid flow takes a vertical path.

9. As each liquid flows on the cellophane surface record the time interval it takes to flow from
start line and reach the stop line. You may use a video recording app with a time stamp for
this purpose.

10. Tabulate these readings for each fluid used in this experiment.

Observations and Conclusion: The fluid with maximum viscosity will face the maximum
resistance to fluid flow. Therefore, this fluid will take the maximum time to reach the end line
whereas the fluid with lowest viscosity will take the least time. By performing this experiment, a
qualitative comparison between the viscosities of various fluids can be performed.

1.12 Know More
Pitch Drop Experiment

The pitch drop experiment is a renowned ongoing investigation that demonstrates the slow
movement of pitch, a highly viscous substance that behaves like a liquid despite its solid
appearance. Commonly found in the form of bitumen, also known as asphalt, pitch flows extremely
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slowly at room temperature. Due to its high viscosity, it can take several years for a single drop to
form and fall, making this experiment a striking example of how certain materials can challenge
our perception of the solid and liquid states.

In 1927, Professor Parnell heated a sample of pitch and poured it into a glass funnel, sealing the
stem. After allowing the pitch to cool and settle for three years, he cut the stem in 1930. Since then,
the pitch has flowed at an incredibly slow rate, with the first drop taking eight years to fall, followed
by five more over the next 40 years. Now, 87 years after the stem was cut, only nine drops have
fallen—the last in April 2014—and the next is expected sometime in the 2020s.

Originally set up as a demonstration, the experiment remains in a display cabinet without special
environmental controls, so the pitch's flow rate fluctuates with seasonal temperature changes. In
1961, Professor John Mainstone became the experiment’s second custodian, overseeing it for 52
years. Like his predecessor, Professor Parnell, he passed away without ever seeing a drop fall. Over
the 86 years of the experiment, various technical issues have prevented anyone from witnessing a
drop as it falls.

[Source: https://smp.uq.edu.au/pitch-drop-experiment ]

1.13 References and suggested readings

1. Introduction to Fluid Mechanics and Fluid Machines (3rd Edition), S K Som,
Gautam Biswas, Suman Chakraborty, McGraw Hill

2. Fluid Mechanics (9th Edition), Frank M. White, Henry Xue, McGraw Hill
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Fluids at Rest

In this unit we will discuss about the following aspects:
1. Anunderstanding of fluids at rest
2. Distribution of pressure with depth
3. Notion of surface and body forces
4. Pascal’s law of pressure
5. Forces on flat and curved submerged surfaces
6. Buoyancy and Archimedes’ principle
7. Concept of floating bodies and their stability

Several real world examples are mentioned for creating interest in the reader. Many solved
examples are provided to aid the student in working out problems in hydrostatics. A large number
of MCQs are given along with numerical equations for practice. Some additional topics are given
through QR codes as supplementary material. A ‘Know More’ section is given in the end for the
reader to get acquainted with the development of fluid statics.

This fundamental unit on Fluids at Rest helps the student to form a basic concept of describing
fluids at rest. Understanding fluids at rest is quite important from the point of view of several key
infrastructures at the heart of mankind today such as water storage tanks, reservoirs, dams, ships,
etc.

We first discuss about the fundamental concept of the types of forces which can act on a fluid
element. Herein in the context of this book we study body forces and surface forces. We then see
that the pressure at point in the fluid is isotropic in nature, i.e. it acts equally from all sides at a
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point a fluid. We then discuss about the fundamental hydrostatics equation wherein we are able to
account for the increase in pressure at larger depths of a fluid. We have also elucidated cases where
the density is not a constant but varies spatially.

With the help of the ideas formed before, we then discuss about the fundamental ideas behind
pressure measurement devices. In particular, we discuss manometry which is a simple and effective
method of pressure measurement.

With the help of these basic ideas we study the forces acting on flat and curved surfaces, an idea
which is at the heart of complex large-scale infrastructure such as dams. As a practicing engineer,
it is very important to understand the various forces and their directions acting on such structures
so that the design, including the construction material and shape, can be ascertained. We then move
on to the idea of buoyancy and floating bodies. This is quite important for engineers to design items
which can float on water, which is useful for several applications relevant to many economic
operations such as fishing, off-shore drilling etc. We establish Archimedes’ principle using the
basic ideas developed earlier.

We ultimately conclude this unit with a detailed discussion on the stability of floating bodies. The
stability of objects floating on water is an important parameter for ships and boats. A firm
understanding of these ideas sets limits on the maximum weight and the corresponding center of
mass that a boat can carry, thereby helping one avoid catastrophic consequences.

Pre-requisites

1. Elementary calculus

Unit Outcomes

e U2-O1: Understand idea of pressure in a fluid and its properties

e U2-02: Various instruments and their principles for pressure measurement
e U2-03: Understand the variation of pressure with depth

e U2-04: Understand the concept of manometry and apply it

e U2-0O5: Be able to find out forces on submerged surfaces

e U2-06: Find out forces on curved surfaces

e U2 - O7: Determine the buoyancy force and general idea of stability

In this Unit, we will consider fluids which are under rest. Essentially it means that under all the
conditions mentioned here will consider fluids which are acted upon solely by normal stresses. We
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have already seen in Unit 1 that fluids deform continuously, i.e. have motion, when they are
subjected to shear stress.

Unit -2 Expected Mapping with Programme Outcomes
Outcomes (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6 CO-7

U2-01 3 3 - 2 2 - 2
U2-02 1 3 - - 3 - 3
U2-03 2 3 - 2 2 1 2
U2-0O4 2 3 - 2 3 - 2
U2-05 1 3 - - - - 2
U2-06 - 2 - - - - 1
U2-07 1 3 - - - - 3

2.1 Concept of Pressure in a Fluid

We have seen in Unit 1 that fluids cannot sustain shear forces and they deform continuously under
the action of a shear. Thus, we can conclude that a fluid which is not acted upon by a shear will not
deform and move. A fluid which is at rest must be in a state of zero shear stress. Such a state is
known as a hydrostatic state. In a hydrostatic state the only force which can act on the fluid is
known as pressure, p, which is compressive in nature, i.e. it can compress, but will not move the
fluid. In other words, we can define pressure mathematically as

dF

p=" 2.1)

where it is important to note that the force, dF, is considered to act normally to the area and into
the area, i.e. compressive in nature. If we assume that the force, F, is equal and uniform over an
area A, then the pressure acting on the area is defined as

—F 2.2
P=7 (2.2)

Another important property of pressure is that the pressure at a point in a fluid acts equally from
all sides. We will prove this shortly.
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2.1.1 Surface Force and Body Force

Figure 2.1: Depiction of surface and body force acting on a fluid element.

We first consider an arbitrary fluid element as shown in Fig. 2.1. Such a fluid element can be
subjected to two kinds of forces, viz. surface force and body force. Surface force refers to any
force which acts at the surface and the force is proportional to the surface area of the fluid volume.
Body force refers to the force which acts on the entire volume of the body and depends on the
volume of the body. In the figure, we have shown the surface force as the force due to pressure,
and the body force as the force due to the action of gravity on the fluid element.

The body force can be found out as following

Forceon body = Mass of body X gravity
= dF, =pgdV

= F, =Jp§dV
14

If we assume that the density and acceleration due to gravity are constant over the entire body,
then the integral above may be simplified to obtain the body force as

F, =p§JdV
14

= pgVv (2.3)
= mg’

= —mgk v g=—gk,

where k represents the unit vector in the z direction. Clearly the body force depends on the
volume of the object as seen from the expression above.
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On similar lines, the surface force can also be determined. While we know that the force due to the
application of a pressure is the pressure times area, we must bear in mind that force is a vector and
pressure and area are notionally only scalars. In this regard, the direction of the action of the force
due to pressure is normal to the area. In Fig. 2.1, the area vector of the infinitesimal area dA is
denoted by 7i. Therefore, the force will act in the —# direction, owing to the compressive nature of
pressure.

Force on surface = Area X Pressure
= dF, =-pdAT7
o Tp A (2.4)
=F = —Jp dA 1.
A

Clearly, the force on the surface depends on the extent of the surface area, and hence it is classified
as a surface force. In order to integrate the above expression, we must have the information of how
the pressure varies across the fluid element. In case the pressure is equal over the surface of the
fluid element, then the integration becomes trivial - fA dA 71 = 0 for a closed surface. We can
imagine this as the integration of the normal vector over a circle, which is a analogous to a surface
in 3D. The influence of all direction vectors will be cancelled out by an opposite direction vector.
Therefore we have classified the two kinds of forces which we will make use throughout our study.

2.2 Units of Pressure

From Eq. (2.2), it is evident that the SI units of pressure are N/m?2. This is also referred to as Pascal,
Pa. The MKS unit of pressure is kgf/m?. In engineering practice we will encounter other units of
pressure which are convenient to the problem at hand such as kPa, bar, and Torr. These units can
be related to the Sl unit as following:

1kPa = 103 Pa (2.5)
1 bar = 10° Pa (2.6)
1 Torr = 133.32 Pa (2.7)

Apart from these pressure is often defined in terms of head of a certain liquid. The idea behind
such units will be clear below. However, for convenience, the pressure corresponding to a certain
head of a fluid can be obtained by p = pgh, where p is the density of the fluid under consideration
while reporting the unit, g is the magnitude of acceleration due to gravity, and h is the height
reported preceding the unit. Thus, we have

1 mmHg = Pressure exerted by 1 mm of Mercury
= (13.595 x 10%) x 9.80655 x 1073 Pa (2.8)
= 133.32 Pa.
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We note that 1 mmHg is also equal to 1 Torr. Other such manometric units can also be similarly
derived. In the above derivation we have used the information that density of mercury is
13.595kg/m?3, acceleration due to gravity is 9.80655m? /s.

2.3 Scale and Measurement of Pressure

So far we have looked into the various units of pressure. However, a practicing engineer will often
encounter pressures relative to some scale. It is important to note that pressure as an absolute
quantity holds little importance in many practical examples. It is often reported as relative to the
ambient pressure. Therefore we have the following two definitions:

2.3.1 Gage pressure

Gage pressure is defined as the pressure higher than the atmospheric pressure and can be
mathematically represented as

Pgage =P — Pa (2.9)

The atmospheric pressure is p, = 101.325 kPa. So for example if it is given that the gage pressure
IS Pgage = 200 kPa, we can conclude that the absolute pressure is p = pgage + po = 101.325 +
200 kPa = 301.325 kPa.

2.3.2 Vacuum pressure

On a similar line, for pressures which fall below the atmospheric pressure, we can define the
vacuum pressure. It is defined as the pressure below the atmospheric pressure. Mathematically, it
can be defined as pyacuum = Pa — P-

Therefore if it is given that the vacuum pressure is pyaequum = 20 kPa, then the absolute pressure is
found out as p = py — Pvacuum = 101.325 — 20 = 81.325 kPa.

Note that if pressure is not specified then it may be assumed that the reported pressure is absolute
pressure.

2.3.3 Instruments for pressure measurement

Pressure is something which cannot be measured directly. This is due to the fact that pressure is
fundamentally the measure of the total force exerted by molecules through collision on a surface.
So fundamentally, we can measure the force acting on a surface and thereby infer the pressure
through the concept behind it. There are multiple ways of pressure measurement which we list
below.

1. Weight/gravity based
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2. Deformation based
3. Gas-properties based
4. Electronics based
Let us now discuss the fundamental idea behind these.

Weight/gravity based

Manometers are the simplest kind of pressure measuring device. Manometers consist of a bent
glass tube. This tube is filled with a fluid known as a manometric fluid. The size of the tube is
sufficiently large so that under normal operation the fluid does not come out of the manometer
tube. This can be used to measure the total pressure of containers. The fundamental idea is that the
pressure of the container will push the manometric fluid inside the manometer tube thereby causing
its level to rise on the other side. It is assumed that the manometric fluid inside the manometer is
incompressible in nature, i.e. any change in volume across the manometric fluid does not cause the
volume occupied by the manometric fluid to change. In practice we may assume that any such
change in volume is negligibly small. The rise of manometric fluid is such that the weight of the
fluid balances out the force due to the pressure of the container.

Figure 2.2: Manometer for (a) measurement of pressure in a tank, (b) differential measurement of
pressures at two points in a flow through a pipe, (c) differential measurements with a larger
sensitivity to measurements of length along the tube rather than the height to which it rises.
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It can be also the measures of flowing liquids through holes known as a static port. Typically the
hole is kept sufficiently small so that there is no flow directly into the manometer tube.

Accurate measurements of pressure can be done by inclining the manometric tube with respect to
the horizontal so that the same change of height causes a longer traversal of the manometric fluid
in the tube along the length of the tube. Such measurements are easy and thereby allow a larger
sensitivity of the measurement of distance, and hence the pressure.

Differential measurements can also be performed with the help of a manometer tube. A differential
measurement refers to the measurement of pressure between two points. This could be the
measurement of pressure between two different tanks or the measurement of pressure between two
points in a tube. This is easily achieved by simply joining the sources of the two pressures to the
two ends of the manometer tube.

Deformation based

A Bourdon tube is one of the most popularly used pressure gages used in modern times. It has a
simple construction, it is analog, and can be used across wide pressure changes. It consists of a
curved tube with a flattish cross section which deforms outwards when the tube is pressurized. The
deformation is due to the internal forces trying to straighten out the tube due to mechanical forces.
The deformation of the tube causes it to move in such a way that it straightens out. The end of this
tube is attached to a mechanical linkage which rotates due to the tube going outward due to the
action of the internal pressure. This linkage is kinematically coupled to another gear set which
causes a needle deflection.

Figure 2.3: Schematic of a Bourdon tube based pressure gage.

The final deflection of the needle gives an analog measurement which can be read off a dial.
However, this needle may be replaced by electronic devices which can transduce the mechanical
movement of the needle to an electric signal.

A diaphragm gage works on similar principles. The construction is also relatively robust. There is
a diaphragm which separates two chambers each of which can have a different pressure. In gages
which measure relative to the atmospheric pressure, one of the chambers is kept open to the
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atmosphere with provisions in place to make sure that dust and water do not enter in. When the
pressure in the other chamber changes, the diaphragm deforms. This flexure of the diaphragm is
the transferred through linkages to the deflection of a needle.

Gas-properties based

Typically such gauges which rely on properties of gas to measure pressure are used for
measurement of the vacuum gage pressure, i.e. pressure lower than atmospheric pressures.

Figure 2.4: Schematic of a Pirani gage which is used to measure vacuum.

A Pirani gage allows for pressure measurements by utilizing the thermal conductivity of gases. A
heating circuit is present in which the filament is heated in a closed-loop fashion, i.e. the current
through the filament is maintained in such a manner that the temperature of the filament is constant.
We all know that the heat transfer to gas increases as pressure increases. In this way with the help
of a well-calibrated chart which asserts the information about the heat flux and pressure of the
chamber, a very good estimate of the pressure is done.

On the other hand, a Penning gage utilizes high voltage across two electrodes to measure discharge
across the filament. The current across the two electrodes is directly related to the discharge
between the two electrodes which is strongly affected by the pressure of the gas in between the two
electrodes. Typically Penning gages are used for lower pressure ranges than the Pirani gages.

Electronics based

At the dawn of lithography processes which have allowed us to make integrated chips, several
technologies were developed to develop sensors which fall under the broad categorization of
MEMS (micro-electrical mechanical sensors). Such sensors which are able to measure pressure can
either be capacitive in nature or piezoelectric in nature. In capacitive sensors, the microfabricated
silicon diaphragm deflects and changes the value of the capacitance. In the piezoelectric type
sensors, there are layers of materials which generate charge upon subjecting load to them. Therefore
any application of pressure to such layers causes some current fo flow, thereby allowing one to
relate the current to the pressure through a calibration curve. These kind of sensors can be used for
rapid measurements and storage on computer and are quite versatile due to their small form-factor.
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2.4 Pascal’s law of Pressure

Pascal’s law states that the pressure at a point in a stationary fluid is equal in all directions. In other
words, pressure is isotropic. In order to prove this, we consider a wedge shaped fluid element as
shown in Fig. 2.5 having dimensions of dx, dy, dz in the x, y, z directions respectively. The wedge
makes an angle 8 with the xz plane. Since the width dz of the wedge is constant, we can simplify
the analysis by considering the 2D figure. We can assume that the pressure acting on the segment
OA is p; while on segment OB is p,. Let the pressure acting on the slant face be p;.

Figure 2.5: A static infinitesimal fluid wedge acted upon by pressure on its faces.

We can now consider the equilibrium of the fluid element by considering a force balance in the x
and y directions respectively. Considering first the equilibrium in the x direction we have

JE, =0
= p1dy dz — p3dl dzsinf =0 (2.10)
= p;dy dz—p3dydz =0 « dy = dlsinf '
= P1 =D3

We can now consider the equilibrium of the fluid element in the y direction. We assume that gravity
acts in the negative y direction.

XE, =0
= p,dx dz — p3dl dzcosf — %dy dx dzpg =0
= p,dx dz — psdx dz — %dx dy dzpg =0 - dx=dlcosd (2.11)
1
=p2—p3—;dypg =0

which in the limit of an infinitesimally small element, i.e. limgy gy, 4,0 Yields
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p2—p3=0=p; =p;3

The equilibrium in the z direction is trivial as the pressure on both the front and back faces will
cancel each other out in direction.

From Eg. (2.11) and (2.12), we can conclude Pascal’s law
b1 =D2 = D3 (2.13)

for an arbitrary angle 6. This implies that in the limit of an infinitesimally small fluid element, i.e.
a point in this case, the pressure acts equally from all directions regardless of any other body force
(in this case we have considered gravity) acting on the fluid.

2.5 Variation of Pressure in Fluids

We can now proceed to determine the variation of pressure in a fluid at rest. We consider a fluid
element of height Az and constant cross section area 44 as shown in the figure. The z direction is
pointing downwards so that gravity now acts in the +ve z direction as seen in Fig. 2.6. The top face
of the fluid element is assumed to be at a distance z from the free surface and the pressure at that
face is p. For the top face, the force due to pressure acts in the +ve z direction. The lower face is
correspondingly at a location z + Az.

Mathematical Concept 2.1: Taylor Series Expansion

A Taylor Series expansion is defined as an infinite series expansion of a function about a given
point. To understand this idea, let us consider a one dimensional function f(x) and expand the
function in the vicinity of point x = a as seen from the figure. We can write down the value of the
function at a point x in the neighbourhood of x = a in terms of the function at point x = a as
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f"( )

f(X)—f(a)+f(a)(x—a)+ ( )2 f()

(x—a)®+-(2.14)

This is a very convenient way of approximating the function at a point in the neighbourhood of
x = a in terms of the value of the function at x = a, the slopes at x = a, i.e. f'(a), f"(a) etc.

This is shown in the figure below wherein we show the approximations of the functions in the
neighbourhood of x = 1. The dashed and the dash-dot lines represent the various approximations
of the Taylor series as shown in the figure itself. Moreover, the values of the function at x = 1.25
as obtained using the exact functional value, and using the Taylor series expansion are also shown.

It is seen that as the number of terms in the expansion are increased, the series value tends towards
the exact solution. Moreover, if the point is chosen closer to the point about which the expansion
is chosen, the expansion is also better for the same number of terms kept in the series expansion.

Taylor series expansion about point x = 1 for the function f(x) = exp(2x). The dashed line shows
the Taylor series expansion when only the first two terms in the Taylor series in equation (2.14)
are considered. The dash-dot line shows the Taylor series expansion when the first three terms in
the series in equation (2.14).
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Figure 2.6: Pressure distribution for a fluid element.

Therefore, at this point the pressure can be written in terms of the pressure at z through the
Taylor series expansion

op 10%p
+ Az) = +—Az+ - Az% + - 2.15
p(z + Az) = p(2) 5,02t 55 202 (2.15)
In the above Taylor series expansion we only retain the first two terms as the terms appear after
these have successively lower orders of magnitude. We can now perform a force balance in the z

direction.

op 10°p
pAA—<p+£Az+E—aZZAZ +--->AA+pgAZAA =0
op 10°p
= - AzDA + pgAADZ + 5= A DA+ =0 (2.16)
op 190%p
=>E+pg+§ﬁAz+--- =0

In the limit as lim,,_,,, we observe that the last term and all subsequent terms on the left hand
side in the above experssion becomes zero. Therefore the above equation, reduces to
dp

- =0 2.17
5, TPY (2.17)
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where we recall that y = pg represents the specific weight of the fluid.

If we assume that the density of the fluid, p, is constant, then we can integrate Eq. (2.17) to obtain
[dp =[pgdz=p=pgz+C (2.18)

where the constant can be found out through a reference point where p is known. Typically this is
chosen as the free surface itself so that the gage pressure is zero, i.e. p;(z = 0) = 0 which simply
means that the pressure at the interface is equal to a gage pressure of zero, i.e. the pressure at the
interface is equal to p,, which is the atmospheric pressure. Substituting p = p, at z = 0, we obtain

P = Pa+pPY9z (2.19)

We refer to this equation as the hydrostatics equation. An importance consequence of this equation
is that in a liquid at equilibrium two points at the same depth will have the same pressure.

Example 2.1

Determine the pressure exerted by a column of 100 mm of a) water and b) mercury having specific
gravity of 13.6.

Solution
Given: h = 0.1 m, pyqarer = 1000 kg/m?
a) For water, p = pwatergh = 1000 X 9.81 x 0.1 = 981 Pa
b) For mercury, specific gravity = Pmercury _, Pmercury = 13600 kg/m?®
pwater
P = Pmercurygh = 13600 x 9.81 x 0.1 = 13341.6 Pa
Example 2.2

Consider a piston cylinder arrangement as shown in the figure. The piston has a diameter of 30 cm.
A weight is placed on top of it so that the force acting on the piston is 500 N. Find out the pressure
in the hydraulic fluid.
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Solution
The pressure in the liquid is given by

_ Forceon the piston 500

= - = = 7073.25N/m? = 7073.25Pa
Area of the piston 7 x 0.32/4 /

Example 2.3

A container has two immiscible fluids A and B placed on top of each other as shown in figure. The
column height of fluid A is hy = 0.2 m and for fluid B is hg = 0.5 m. The specific gravities of
fluid A and B are 1.5 and 0.8 respectively. Determine the pressure exerted at a) the interface of
fluid A and B, b) the bottom of fluid B.
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Solution

Given: p, = 1500 kg/m?, pp = 800 kg/m3, hy = 0.2 m, hy = 0.5m

a) Pressure at interface of fluids A and B is due to the column of fluid A above it.

“ Dinterface = Pagha = 1500 X 9.81 X 0.2 = 2943 Pa

b) Pressure at the bottom of fluid B is due

to the total column height of fluid A and fluid B above it.

“ Dpottom = Pagha + ppghp = (1500 X 0.2 + 800 x 0.5) X 9.81 = 6867 Pa
Example 2.4

Consider an open tank which contains water and oil of specific gravity of 0.9. Water has a larger
density than oil and hence forms a layer at the bottom of height 1 m. The oil forms a layer of
thickness 2 m. Find out the pressure at the bottom of the tank and at the oil-water interface.

Solution

Using the hydrostatics equation we can write down the pressure at the oil water interface as

Dinterface = Pa T Poil X g X hqjj
= Dinterface, gage  — Plinterface — Pa = Poil X g X hoit = 0.9 x 10% x 9.81 x 2 = 17658Pa

And on similar lines we can write down the pressure at the bottom as

Poottom = Pinterface + Pwater X g X Ruater
= Dpottom = Pq + 17658 + 103 %9.81x 1
= Dhottom, gage = 17658 + 9810 = 27468Pa
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2.6 Manometry

The equation derived above, i.e. equation (2.19), helps us to measure pressures at surfaces which
support liquid. Manometry is one such application of the equation. Let us first reiterate what the
equation tells us. p = p, + pgz tells us that as the depth increases, the pressure increases linearly.
Now consider an apparatus shown in the Fig. 2.7. There is a chamber A which has a pressure p =
p4 Which is connected to the atmosphere with a bent tube. The bent tube contains a liquid of density
p» While the chamber A contains liquid of density p;.

Figure 2.7: Using a u-tube manometer to measure the pressure inside a vessel.

Due to the higher pressure in the chamber A, the liquid level is lower in the left limb as compared
to the right limb. We can therefore write down the pressures at any two arbitrarily chosen points 1
and 2. We can assume any reference point in the problem as all the expressions involve differences
in two relative heights, i.e.

Height of point 1 = z; — z.
Height of point 2 =z, — z
= Difference in heights between points Land 2 = (z; — zt) — (22 — Zret) = 21 — 22

Returning to the problem at hand, using the hydrostatics equation we can write down the pressure
at point 1 as

P1="DPa+ p19(2a — 21) (2.20)
Similarly we can write down the pressure at point 1” as

P1 = Pa + p29(22 — 21) (2.21)
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where p, represents the atmospheric pressure.

Now given that there is no flow through the system, both the pressures at point 1 and 1’ have to be
equal as they both lie at the same level. The hydrostatics equation asserts us two points at the same
height will necessarily have the same pressure at equilibrium.

Therefore, we may equate the two pressures above to obtain

Pa+p19(Za — 21) = pa + P29(22 — 21) = Pa — Pa = p29(22 — 21) — p1(24 — 1) (2.22)

Example 2.5

Consider the flow of a fluid with density p, through a pipe as shown in the figure. A u-tube
manometer containing a liquid with density p, is connected between two points A and B in order
to measure the difference in pressure. The dip in the manometric fluid at location A is h; while the
dip in the manometric fluid at location B is h,. The dips are measured with reference to the tube
surface where the u-tube is connected. Find out the pressure difference p, — p;g.

Solution

We can write down the pressure at z = h4 for both the limbs.
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Leftlimb: p, = ps + p1ghy
Rightlimb: p, = pp + p1gh, + p2g(hy — h7)
= Pa + P1gh1 = pp + p1ghs + p2g(hy — hy)

= pe — Pg = p19(hy — hy) + p2g(hy — hy)

Example 2.6

Consider a fluid media whose density p varies with depth h and is given by the expression:p =
poe™™ where p, is a constant and equal to the density of fluid at the top surface. Derive an
expression for the gauge pressure inside this fluid column of height h, taking the pressure on the
top surface of fluid as reference.

Solution

Given: The density of fluid varies with depth, p = p,e("™
Consider an infinitesimal fluid column of height dh at a depth of h
The pressure exerted by this fluid column is given by:

dp = pgdh
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P h
= Jdp Jpgdh=> J p :Jpoge‘hdh
0

D D

=P~ Po =pogje‘ dh
0
Gauge pressure = (p — p,) = pog(1 —e™")

Example 2.7
Atmosphere exerts a pressure of P, at the earth’s surface. The acceleration due to gravity (g) at

2
any height h from earth’s surface is given by: g = g, (R%) where g, represents the acceleration

due to gravity on earth’s surface and R is the radius of earth. Assume that the density of air p
doesn’t vary with height. Derive an expression for the pressure (p) exerted by the atmosphere of
total height H assuming the absolute pressure above atmosphere to be zero.
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2

R
Given: Density (p) is constant with height, acceleration due to gravity g = g, (R—+h) :

Consider a thin element of air of height dy at a depth of y from the top.
It can be observed that y + h = H.

The change in pressure accross this element, dp = pgdy.
2

R
= dp =pYo (—R n h) dy
2

P H r
:Jdpszg°<R+h) dy
0 0

vy+h=H =dy=—dh
p 0 P

R
v == [ oo ()
0 H

0

1
= p = —pgoR? (— —)

R+ 1/l
1 1
R S T

Example 2.8

Figure shows the construction of a device to measure the atmospheric pressure, also known as
barometer. It consists of an evacuated inverted tube placed into a liquid called “barometric liquid”.
This barometric liquid is open to atmospheric pressure in the container and hence it rises up inside
the evacuated inverted tube. Determine the liquid height h inside this tube if the barometric liquid

is: @) Water b) Mercury with specific gravity 13.6. The atmospheric pressure ispy¢m = 101.325
kPa.
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Given: Barometric liquid density
a) p = 1000 kg/m?, b) p = 13600 kg/m®, p4em = 101325 Pa
Applying Pascal ' s law between point A and B we get,

14
patm=0+pgh=>h=(;;m)
a) h = 101325 =10.33 m
) T 1000x9.81
b) h = 101325 =0.759 m
) T 13600 x9.81

It is therefore observed that the barometric liquid should have high density to keep the liquid rise
height within a tolerable range.

Example 2.9

An inclined manometer as shown in the figure is used to measure the pressure inside a channel
through which water is flowing. The channel pressure p; =125 kPa and atmospheric pressure
potm =100 kPa. Assume the water column height h; =10 cm and the manometric fluid is mercury
with specific gravity = 13.6. Determine the total length of manometric fluid L inside the right limb
ifa) 8 = 60° and b) 6 = 30°.
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Given: Manometric liquid density
Pmercury = 13600 Kg/m®, pym = 10° Pa, p; = 1.25 X 10° Pa, hy = 0.1 m

Applying Pascal ' s law between point A and B we get,
Patm + pmercuryg(hl + hZ) =Di + pwaterghz
(pi - patm) + pwaterghz

= (hy + hy) = 1
! 2 pmercuryg ( )

(hy + hy)
L

~ From (1) and (2) we get: L =

Also we have sin 6 = = (hy + h,) = Lsinf (2)

(pi - patm) + pwaterghz
pmercurygSing
_ (1.25 —1) x 10° + 1000 x 9.81 x 0.1

8L = 13600 X 9.81 X sin60°

b L (1.25 — 1) x 10° 4+ 1000 x 9.81 x 0.1 0.389 — 38.9
= = 0. = 9Cm
) 13600 x 9.81 X sin30°

=0.224m=224cm

Reducing the angle of inclination makes the manometer more sensitive to pressure difference
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2.7 Forces on Submerged Surfaces

2.7.1 Centroid and center of mass

Before discussing the idea of the forces on submerged surfaces, it is instructive to discuss certain
points useful throughout. The first one is centroid. Centroid refers to the geometric center of a 2D
area. It may be imaged as a balance point for an area when the density of an object is constant.
Mathematically, we can write this as

[xdv [ydv [zav

xXcG = Vv yce = Vv Zce = v (2.23)

where xcg, Ycg, and zcg represent the x, y, and z coordinate of the centroid respectively. The area
of the object is V. The centroid and center of mass are the same when the density is uniform for the
object under consideration. The center of mass of an object is defined as
[ xpav [ ypdv [ zpdv
Xem = —F—— =——— zcm = ——— whereJ pdV = M (mass) (2.24

c™M [ pdv ycm [ pdv c™M [ pdv Ip ( ) ( )
In both the calculations above, we may determine the centroid and center of mass for a 2D shape
by considering a uniform width into the plane for the determination of the volume. Fundamentally,
the center of mass defines the location where the object remains in perfect balance.

Another point that we will encounter is the effective location where pressure acts at a point on an
object. This point is known as the center of pressure and will be defined below where we will see
how the location can be determined. An astute reader will clearly see the relationship between the
centroid, center of mass, and center of pressure.

The foundation of calculating forces on structures which are fully or partially submerged
underwater depends on the ability to determine the force acting on a surface which is submerged
under water. Typically in these calculations we will consider that one side of the surface is facing
the liquid while the other side is simply at atmospheric pressure.

2.7.2 Force acting on a horizontal surface

We first determine the force acting on a horizontal surface with respect to the free surface of water.
Let the surface have an area of A. At each point on the surface the pressure is equal to p = p, +
pgz. Now under the assumption that the other side of the surface has an atmospheric pressure p,,
we can write down the net pressure acting on the surface as p — p, = pgz. Therefore the force on
a small element of area dA is equal to

dF = (p — pa)dA = pgzdA
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This force can then be integrated over the entire area as

F = JdF = Jpgsz = pgzA (2.25)
A A

where the last step of the integration is trivial owing to the fact that the area in the horizontal
direction, density of the fluid, and gravity are not functions of the area coordinates. In fact the
above equation may be also interpreted in the following way: pgzA = pgVover surface =
Mover surfaced = Wover surface Which means that the force acting on the surface due to the gage
pressure acting on it is equal to the weight of the liquid over the surface under consideration, which
is represented over here by Woyer surface-

The above force also passes through the centroid of the horizontal surface. The proof of this
statement can be inferred from the more general case as shown in the subsection below which
considers surfaces oriented at an arbitrary angle with respect to the horizontal free surface.

A list of commonly encountered cross section areas and their moments are listed below for
convenience.

Mathematics Concept 2.2: Determining the location of centroid

Below we elucidate the procedure for obtaining centroids of certain commonly encountered shapes.
The location of centroids can be found out using

[ x dA [y dA

XcG = n » Y = A (2.26)
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Center of mass for some common shapes and their dimensions
1. Rectangle

This is a very commonly encountered shape in hydrostatics, as many gates bear this shape.
It is also perhaps the easiest shape for determining the location of the centroid. We can
apply equation (2.26) to find out the two locations.

First, we can write down the x location of the centroid as

[ xdA B ffodxdy_ fobxdxfohdy_ b

= = = 2.27
oo =TT T dxdy bh 2 (2:27)
Similarly we can find out the y location of the centroid as
b h
_Jydd _Jl,ydxdy Jydx[yydy h (228)

Yo =TT T [ dxdy _ bh 2



Fluids at Rest | 62
2. Right-angled triangle

The next shape we consider is that of a right angled triangle. We mention below directly
the result of the centroid. We leave it as an exercise for the reader to undertake.

b h
Xce =3 » Yee =3 (2.29)

3. Quarter circle
For a quarter circle, the centroid is located at

4R 4R
Xce =3— » Yoe =3 (2.30)

4. Parabola facing upwards

For such a parabolic shape, the centroid is located as
3
X =0 , Yee=gh (2.31)

Composite areas: For composite areas, it is often a simple task of summing over the individual
areas times their centroids and then divide by the total composite area.

Mathematics Concept 2.3: Determining moments of area

We list here some typical areas and their second moment of areas, i.e. moment of inertia. In each
case the axis about which the moment is found out is indicated.

1. Rectangle
B B
d
A b A

The moment of area of a rectangle of length b and width d is given by
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bd?

About AA’; 5
About BB’: bd?
u Y

10. Triangle

The moment of area of a triangle of base b and height h is given by

About AA’: bd®
u . 12
About BB’: bh’
u © 36

Note that in the above, axis BB’ passes through the centroid, G.

11. Circle

One of the most commonly encountered shapes is a circle.

The moment of area of a circle of radius r is given by

1
About a axis in plane and along diameter: an“‘
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A Dbetter idea about such quantities can be obtained from solid mechanics texts such as Srinath, L.
S. Advanced mechanics of solids. Tata McGraw-Hill, 2003.

2.7.3 Force on an arbitrarily inclined flat submerged surface

Figure 2.8: Force on a submerged inclined plate.

We first begin by determining the force on a submerged flat plate which makes an angle 6 with the
horizontal free surface of an arbitrary cross section as shown in Fig. 2.8. Owing to this, various
parts of the surface experience a different depth; the part at a larger z experiences a larger pressure
than the part at a smaller z as can be deduced through Eqg. 2.19. The coordinate system is fixed to
the centroid (CG) of the object such that y points along the slant length in the side view. We
additionally define an auxilliary coordinate y' which originates at the free surface as shown in Fig.
2.8. Using Eq. (2.19), the total hydrostatic force can be evaluated as

dF =p dA= (p, +pgh)dA

2.32
= F = [dF = [ (ps + pgh)dA = peA+ pg[ h dA (2:32)

The integral appearing above may be evaluated by substituting A = y'sin6, thereby allowing us to
further simplify

F =p,A+pgfhdA
= =p.A+pgsinff y'dA
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Further utilizing [ y'dA = y' g A.

F  =puA+pgsinfy’ g A

=F = paA + pghCGA v h ce = y, cG sinf (233)
= F  =pcca
Force on one side of the plate = Pressure at the centroid x Area of plate

Notably, the magnitude of the result is independent of the angle at which the plate is immersed in
water.

2.7.4 Center of pressure

The center of pressure can be evaluated by the method of moments. In this, we equate the total
moment of the forces on the strip elements as shown in Fig. 2.6 about the x axis and equate it to an
effective moment about the same x axis. The effective moment is due to the total pressure or net
force determined through Eg. (2.33). Mathematically we can write

Fyce =[ypdA
= [ y(pa + pgsindy")dA
= pgsinf [ yy' dA
= pgsind(y'ccf y dA— [ y*dA)
=0 — pgsind [ y?dA
= Fycp = —pgsinf[ y?dA.

In the above expressions we have made use of the coordinate transform y' = y'cc — y and also
made use of the fact that [ y dA = 0 because the moment of area about the centroid is zero.

Thus, we have an expression for the location of the center of pressure as

Fy, = —pgsin®[ y?dA = —pgsinbl,, (2.34)
Yep = —pgsinelx—x = —pgsinb bex (2.35)
F PccA

In the above expression I, represents the second moment of area about the x axis. The location of
the center of pressure depends on the inclinration of the plate with the horizontal free surface.

All the terms in the expression for ycp are positive and hence the negative sign indicates that the
center of pressure is at a larger depth than the location of the centroid. This can be understood by
the deeper regions of the plate experiencing a larger pressure thus leading to a shift in the bias of
the force towards larger depths. As we move towards a larger hcg, i.e. deeper depth, the magnitude
of F increases, thereby reducing the magnitude of ycp, which implies that at larger depths, the
center of pressure approaches the centroid.
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On similar lines, we can determine the location of the centre of pressure along the x axis.

Fxep =[xpdA=[x[ps+pg(yce—y)sinfldA = —pgsind[ xy dA
Iy
= xcp = —pgsingd—=
cpP pg PocA
(2.36)

In contrast to the expression for ycp, which is necessarily negative, we see that the shift in xcp can
be either positive or negative, depending on the sign of I,,,, which is the product of inertia of the
plate. For objects which have a symmetric about both the x and y axis, we note that I, = 0.

2.8 Forces on Curved Surfaces

Figure 2.9: Force acting on a curved surface.

The process of determining the force acting on a flat surface can now be extended to curved
surfaces. A difficulty in determining force acting on a curved body may be elucidated through Fig.
2.9. Before that, we first describe the problem at hand. We have a curved surface as shown, which
may be assumed to have a width, w, into the plane. We have chosen three representative areas,
dA;, dA,, and dAs, which are located at a depth of z;, z,, and z; respectively. Due to the curved
nature of the surface, the area normal vector 7 also changes its direction, although it has a unit
magnitude. The normal vectors n, n,, and nz corresponding to areas dA;, dA4,, and dA;, are also
depicted in Fig. 2.9. The forces acting on the three differential areas can be written as
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While noting that the negative sign in the terms above signify that the force due to pressure is
compressive. Also note that we considering the force acting on only one side of the curved
interface, as has been already done in the previous derivation for a flat plate. It is clear that the total
force acting on the curved surface would be the sum of all such contribution, i.e.

-

F =23Vp, xdA x (—n) (2.40)

_ J (—pfidd) (2.40)
A

T

In the above equation, performing the integral on the right hand side would yield the effective force
acting on the surface, which may then be broken up into its components along the i,j and k
directions. However, the pressure is not a constant; it varies linearly with the depth from the free
surface. Moreover, the normal vector also changes its direction as we move along with the surface.
This makes evaluating the integral extremely tedious and complicated.

Figure 2.10: (a) Separation of the forces acting on the submerged surface in the horizontal and
vertical directions. (b) All the different forces acting on the volume above the curved surface. Note
the forces Fy and Fy, acting on the opposite direction to that on the surface due to Newton’s third
law.
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Alternately, the determination of the force due to pressure can be readily determined by
decomposing it into its horizontal and vertical components. For demonstrating this, we consider
Fig. 2.10.

If we consider the free body diagram shown on the right, at equilibrium we can write
F, = Weight of column of water + Weight of air (2.41)
F‘l] = W1 + W2 + W3 (242)

From the above, we can conclude that the vertical component of the force due to the pressure acting
on the curved plate is equal to the weight of the column of fluid, which includes both the water and
air in this case, which is above the curved surface.

Therefore in order to find out the vertical force acting on the curved surface we simply must find
out the volume of the fluids on top. This has to be then multiplied with the density of the fluids
respectively.

The evaluation of the horizontal force is done in a similar fashion. At equilibrium we can write
down the following relationship between the forces:

Fy(Curved surface) = Fy(Vertical area projection of the curved surface) (2.43)

Note that we have not mentioned the forces F; in the expression above. This is because the two
forces are equal and opposite in nature. The forces are equal because the area on which the pressure
acts is exactly the same and is at the same depth. This leads to the F; acting on the two horizontal
faces equal in magnitude. The direction of the force on the left vertical face is in the positive x
direction while the direction of the force on the right vertical face is in the negative x direction,
thereby cancelling out.

Example 2.10

Determine the magnitude of the resultant force on the slanted portion of a dam as shown in figure.
The height 10 m and angle 8 = 45° and the fluid is water. Consider the depth of this dam as unity.
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Given: h = 10 m, 8 = 45’, p = 1000 kg/m®

h

h
Horizontal force, E, = J pgydy = pgh (E) = 1000 X 9.81 x 10 X 5 = 490.5 kN

0
Vertical force, F, = weight of water enclosed in the triangle

Consider a small element of width x and height dy

. Weight of water in this element is given by:
h

F, = J pgxdy
0

The relationship between y and x is: tan45" = % >y=x

Substituing y = x in the above equation we obtain:
h

pgh
E, = J pgydy =
0

2
= 490.5 kN

o Free = |F* + E,” = 693.7 kN

Example 2.11

Determine the magnitude of the resultant force on the curved portion of a dam as shown in figure.
The height 9 m and the fluid is water. Consider the depth of this dam as unity.
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2
X
Given: h =9 m, p = 1000 kg/m3, curved surface is given by y = ry

h

h
Horizontal force, E, = Jpgydy = pgh (5) = 1000 X 9.81 X 9 X 4.5 = 397.3 kN

0
Vertical force, F, = weight of water enclosed in the dashed volume

Consider a small element of width x and height dy
. Weight of water in this element is given by:

h
F, = J pgxdy

0
2

X
The relationship of the curve is: y = 5

Substituting this in the above equation we obtain:

h 3
/
F, = (3/y)dy =3 B 2 %1000 x 9.81 x 972 = 529.7 kN
vy = | P93VY)dy = 3pg |5
0

o Fper = /sz +F,” =662.1kN
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Example 2.12

A trapezoidal channel 16 m wide at the top and 10 m wide at the bottom is 6 m deep. Determine
the depth of centre of pressure for this channel measured from the top free surface.

Given: Channel is trapezoidal witha =10 m, b =16 mand h = 6 m

C.G. of trapezoid is at a depth of:
_ C.G. of ABEC x ar(4BEC) + C.G. of ABEC X ar(4AFD) + C.G. of ABEF x ar(ABEF)

‘ ar(ABCD)
:”—l:(%)X[%x(b;a)xh]+(%)x[%X(b;a)xh]+%x(axh)
Ex 8D n] + ix EDocn] + @xm
E_2><(%x3x6)+2><(%><3><6)+3><(10><6)_216_2769
o (%X3X6)+(%X3X6)+(10><6) “g o0

a) M.l of ABEC about C.G. of trapezoid
= M.I of ABEC about its C.G. +ar(4BEC) X (¢ — k)

= M.I of ABEC about C.G. of trapezoid = (b_a)xh3 + 1><(b_a)><h x(h E)Z
) ut C.G. pezoid = 3 3E 3 3 3

3

6
= M.l of ABEC about C.G. of trapezoid = [3 X3¢ +9x(2-2.769)?=2332m*
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b) M.1 of AAFD about C.G. of trapezoid

= M. of 4AFD about its C.G. +ar(4AFD) x (k¢ — 1)
= M.I of ABEC about C.G. of trapezoid = 23.32 m*

c) M.1 of ABEF about C.G. of trapezoid

= M.| of ABEF about its C.G. +ar(ABEF) x (hCG - ‘)2
2

= M.I of ABEF about C.G. of trapezoid = [axh]x(=— h)

3

12

10
= M.l of ABEF about C.G. of trapezoid = [ ] +60 % (3—2.769)? =183.2 m*

M.1 of ABCD about C.G. of trapezoid, I;gcp = 23.32 X 2 + 183.2 = 229.84 m*
Iigep _  229.84

— =—F>———+2.769 =383 m
ar(ABCD) x h 78 X 2.769

Centre of pressure is at a depth =
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2.9 Buoyancy

Buoyancy is the phenomenon of hydrostatic lift on a body which is partially or fully submerged in
a fluid caused by the net vertical component of the force due to hydrostatic pressure acting on the
body.

Figure 2.11: An arbitrarily shaped body submerged in a fluid. (a) Where the body is completely
submerged in the liquid. (b) Where the body is only partially submerged in the liquid.

2.9.1 Body is completely submerged in the fluid

Let us consider an arbitrarily shaped body submerged in a liquid as shown in Fig. 2.11. It is obvious
from the derivation in section 2.8 that the net horizontal force acting on the body will be zero
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because the surface is a closed surface. The horizontal component of the force due to hydrostatic
pressure integrated over the entire closed surface will cancel each other out. We are more interested
to determine the force in the vertical direction. We can subdivide the object into elemental blocks
as shown in the figure. If we consider one such block, the forces dF; and dF, can be determined
as

dFy = (pq + pgz1)dA, (2.44)
dFy = (pg + pgzz)dA, (2.45)

where A, represents the area projected in the xy plane. We can the combine the above two
equations to obtain the net force in the z direction as

dFg = dF, — dF, = pg(z, — z)dA, = pgdV (2.46)

where dV represents the elementary volume of the segment of the body. The total buoyancy force
can then be determined as

Fg = [ff,pgdV = pgV (2.47)

where it must be kept in mind that the density appearing in the equations above are the density of
the medium in which the body is kept. For convenience, the weight of the body which is comprised
of a material with density p,, is

W = p,gV (2.48)

2.9.2 Body is partially submerged in the liquid

In this case where the body is only partially submerged, we can proceed with a similar derivation.
We must note, however, that the top surface of the object is exposed to the ambient pressure, i.e.
pa- We can therefore proceed to write down the forces acting on the top face and bottom face as

dF; = (p,)dA,, - Outer surface is at atmospheric pressure (2.49)
dF, = (pa + pgz2)dA, (2.50)

Now, we can add these two together to obtain the net force, i.e. the buoyancy force as
dFg = dF; — dFy = (pg + pgzz — pa)dA; = pgz,dAz (2.51)

= dFp = pngsubmerged (2.52)
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It is important to note here that the buoyancy force is obtained solely from the volume that is
submerged rather than the total volume of the object.

We can integrate the above expression to obtain the total buoyancy force as

Fp = J_U pngsubmerged = pgVsubmerged (2.53)

Vsubmerged

We can determine the line of action along which the effective buoyant force acts by noting that

[ xdFy _fffvx dV_fffo dv
Fs — [ff,av — Vv

which essentially implies that the point where buoyancy acts is at the centroid of the volume
displaced by the body.

xgFg = [ x dFg = x5 = (2.54)

This is known as Archimedes principle, which states that the buoyant force is equal to the weight
of the liquid displaced by the submerged body. The location through which this buoyant force acts
is the centroid of the volume displaced.

2.9.3 Equilibrium of a floating/submerged body

While the above discussion is that for a submerged body and the vertical force acting on it due to
buoyancy, we can readily extend the idea for a body which is partially submerged, i.e. a body which
is partly inside a liquid while the rest of it is above the free surface. Such cases are innumerable,
such as ships, boats, and floating icebergs.

For such cases, we can still apply the same idea as above.
At equilibrium, Fz = weight of object (2.55)
PGVsubmerged = PmViotal (2.56)

which implies that under equilibrium, the total weight of the floating object, which is given by
Pm9Viotal, Where p,,, is the density of the material of the object, is balanced out by the buoyancy
force acting on it, i.e. pgVsubmerged, Where p is the density of the fluid. Moreover, the two forces,
i.e. the weight of the object and the buoyancy force have to be collinear as this ensures that there
is no net moment acting on the body. If the weight and buoyancy were not to be collinear, then the
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body would face a net moment, causing it to oscillate, or even overturn. This is discussed in section
2.10.

Example 2.13

A small balloon at atmospheric pressure is filled with 50% (by volume) air and the remaining with
water. This balloon when immersed in an oil of unknown specific gravity floats with 75% of the
balloon (by volume) inside the oil and remaining outside. Determine the specific gravity of the oil.
Neglect the mass of the balloon material. Assume density of air as 1.2 kg/m3 .

Given: 50% volume of balloon coccupied by air and rest is water,
Volume of oil displaced is 75 % of balloon " s volume

For the balloon to float, we have:
Mass of fluid inside the balloon = Mass of fluid displaced by balloon
= 0.5V pqir + 0.5V pyater = 0.75Vpoi;

_05p4; + 0.5pyater  0.5% 1.2+ 0.5 %1000

. - = = 3
= Poit 0.75 0.75 667.5 kg/m
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2.10 Stability of Floating Bodies

Figure 2.12: Stability of a floating body.

Fig. 2.12 shows a symmetric body floating partially in water. We can now discuss the stability of
such floating objects. When the object is not acted upon by any disturbance, we see that the weight
and buoyancy act collinear to each other. The weight of the object acts through the center of mass
G. Based on the weight of the object, the buoyancy force can be determined and consequently the
submerged volume is determined. The submerged volume also gives us the information about the
center of buoyancy, B. This condition is the base condition. Now, we displace the object by an
angle 46. Owing to this, the waterline changes and a new submerged volume is achieved.
Accordingly a new position of the point of buoyancy is obtained. This could be either subfigure (b)
or (c) in Fig. 2.12.

We define the metacenter, M, as the point of intersection between the vertical line drawn from the
center of buoyancy, B, and the symmetric axis of the object.

Restoring moment: If the point M is found to be above G, i.e. the case shown in subfigure (b),
then we say that the moment caused by the weight of the object and the buoyancy force create a
net moment which is in the opposite direction to the direction of the small disturbance. which
causes the body to restore back to its original configuration.

Overturning moment: If the point M is found to the below G, as shown in subfigure (c), then we
see that the moment caused by the weight of the object and the buoyancy force creates a net moment
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which causes the body to further turn in the direction of the disturbance, thereby creating a tendency
for the body to overturn from its original equilibrium configuration.

The above situation may be easily be understood by the analogy of a cone kept on a table. If the
cone is kept with its base on the table and given a disturbance, then the cone will again come back
to its initial configuration. On the other hand, if the cone is somehow, with great difficulty, made
to stand on its tip on the table surface and then imparted a small disturbance, then the cone will
immediately fall onto its side. The former situation presents the case with a restoring moment,
while the latter case presents the case with an overturning moment.

2.11 Unit Summary

e Pressure acting on a surface

=
I
|

e Force acting on a body

e Force acting on a surface

o (age pressure

Pgage = P — Pa
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e Hyadrostatic equation

P =Datpgz
o Taylor Series Expansion
" a n a
£ = @+ PG -+ 2 - 2
o General expression for centroids
[xdv [ydv [zav
Xce =T, Yee =7 Zc6 =Ty,

o Force of buoyancy on a submerged body

Fp =Wf)ng=ng
74

2.12 Exercises

Multiple Choice Questions
1. Which of the following statement is TRUE?

a. Hydrostatic pressure remains same as we descend deeper into the ocean
b. Hydrostatic pressure decreases as we descend deeper into the ocean
c. Hydrostatic pressure increases as we descend deeper into the ocean

2. A container has two layers of immiscible fluids A and B with densities p, > p;,. Consider
case I: fluid A is above B and case Il: fluid B is above A. Answer which of the following
statement(s) are TRUE?

a. Hydrostatic pressure at the fluid interface for case | is higher than for case Il
b. Hydrostatic pressure at the fluid interface for case Il is higher than for case |
c. Hydrostatic pressure at the bottom of the container is same for both cases

d. Hydrostatic pressure at the bottom of the container is higher for case I

3. The buoyancy force acting on a body of volume V fully submerged into a fluid with density
pis
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a. Greater than pV
b. Lessthan pV
c. EqualtopV

The buoyancy force acting on a body of volume V partially submerged into a fluid with
density p is:

a. Greater than pV
b. Lessthan pV item Equal to pV
Which of the following statement is/are TRUE?
a. Pascal ' s law is valid only for columns having identical fluids at rest.
b.  Pascal ' s law can be applied across columns containing multiple fluids at rest.
c. Pascal ' s law cannot be applied for fluids at rest under vacuum.

For a body of volume V and mass M to float in a fluid of density p, which of the following
statements is/are TRUE?

M
a. 72,0
M
b. 7—,0
M
c. ,=p

For a thin plate submerged in a fluid, which of the following statement(s) is/are TRUE?
a. The centre of pressure and gravity are always the same point

b. The centre of pressure and gravity are the same point when the plate is vertically
submerged

c. The centre of pressure and gravity are the same point when the plate is horizontal

A thin plate is immersed vertically inside a fluid. It is unsymmetrical about both the axes
passing through its centroid, then which of the following statement(s) is/are TRUE?

a. The product area moment of inertia =0
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b. The product area moment of inertia # 0.

c. The centre of pressure lies along the vertical line joining the free surface and
centroid

d. The centre of pressure lies along the vertical line joining the free surface and
centroid

9. For a thin plate submerged in fluid at any arbitrary angle, the centre of pressure is
a. Can be below or at the centre of gravity
b. Always at the centre of gravity
c. Always below the centre of gravity

d. Can be above or below depending on the shape

ANSWER KEY
c

o

©WooNOOR~WDNRE
o

D oo O coTo o D

Unsolved Questions

Level-|

1. What is the absolute pressure (in Pa) if the gauge pressure is: a) + 20 kPa, b) - 20 kPa?
(Atmospheric pressure = 101325 Pa.)

2. Determine the height of mercury (specific gravity 13.6) column inside an inverted tube barometer
if the pressure inside the evacuated region is 10 kPa (see figure for example 2.8)
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3. A small metal ball of mass 8 gm and volume 1 cm? is dropped inside a very long fluid column
whose density changes with depth as p = 1000(1 + h) kg/m® where h is the depth (in m) from
free surface. Determine the depth at which buoyancy force just balances the weight of this ball.

4. A spherical balloon of radius 15 cm is filled with air at density 1.2 kg/m3. Determine the
displaced volume (in cm3) when this balloon is floating in a fluid of specific gravity 0.5.

5. A liquid of specific gravity 0.8 is placed inside a measuring cylinder. The height of this liquid
column is 300 mm. The cylinder diameter is 60 mm. Determine the net force (in N) exerted by the
fluid on the base of this cylinder.

6. For the above problem determine the net force (in N) on the curved surface of the cylinder due
to the liquid?

7. Qil of specific gravity 0.8 flows through a pipe. Two pressure tapping (A and B) are made on
this pipe. A differential U - tube manometer is connected between these two points (see figure for
example 2.5). Mercury is used as the manometric fluid and the difference in mercury level between
the two limbs is 20 cm. Determine the pressure difference between A and B (in Pa).

8. A single column manometer is used to measure the pressure inside a pipe with oil of specific
gravity 0.9 flowing through it. The height difference between the center of pipe and the oil/mercury
interface is 30 cm. The mercury in the right limb is 50 cm above this interface. Determine the gauge
pressure (in Pa) in the pipe.

Figure 2.13: Figure for question 8.

9. A hydraulic press is used to lift a mass of 1000 kg. The ram diameter is 42 cm and the plunger
diameter is 7 cm. The plunger and ram are at the same height (h = 0). Find the force needed (in N)
to lift this mass.
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Figure 2.14: Figure for question 9.

10. Redo the above problem if the plunger is at a height h = 10 cm above the ram. The density of
fluid used: p = 1500 kg/mq.

11. A manometer is used to measure the pressure of gas inside a channel (see the figure). The gas
is air and the manometric fluid is water. Air has density of 1.2 kg/m3; and water has density of
1000 kg/m3. The numerical value of h; = 10 cm h, = 5 cm. Determine the absolute pressure of
gas if the atmospheric pressure = 101325 Pa.

Figure 2.15: Figure for question 11.
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Level - Il

1. Assume that the air density at any height h from earth’s surface is given by: p = kp, where k is
a constant and p is the atmospheric pressure at that height. Derive an expression for variation p
with h if the atmospheric pressure at the earth’s surface is p,,.

2. Redo the previous problem if air density at any height h from earth’s surface is given by: p =

k
(%) wherep is the atmospheric pressure at that height h, whereas kand C are constants (k > 1).
The atmospheric pressure at the earth’s surface is p,,.
3. Determine the net hydrostatic force (kN) acting on the segment ABC (see the figure) due to

water contained in the reservoir. Total water column height, 2h= 10 m. Assume the width of
reservoir as unity.

Figure 2.16: Figure for question 3.

4. A rectangular sluice gate is situated on the vertical side of a water reservoir. The top edge of this
gate is at a depth of h from the free surface of water (see the figure). The height of sluice gate is d
and length is b. Determine the depth of center of pressure from the free surface.



85 | Fluid Mechanics & Hydraulic Machinery

Figure 2.17: Figure for question 4.

ANSWER KEY

Level - |

.a) 121325 Pa b) 81325 Pa
.0.684 m
m
33.9cm?
6.6 N

0

. 25114 Pa

. 64059 Pa
9.2725N
10. 266.8 N
11. 10833 Pa

O NP O R WD R

Level - 11

1.p=p,e "
1
2.p = [po'™* + L (k — DA™
3.573.9N
d d?
4.yep=(h+3)+

12(h+§)
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2.13 Practical

Aim: Estimating the density of commonly available liquids at home using Archimedes principle.

Apparatus: A transparent rectangular plastic container, a graduated beaker (500 ml), a small
plastic bowl (it should be light enough to float in water), metal ball bearings, electronic weighing
machine, plastic marker.

Fluids to be tested: Water, Vegetable Qil, any other fluid readily available at home.

Theory: This experiment is based on Archimedes principle. An object submerged in fluid with less
density will displace more fluid when compared to fluid with higher density.

Procedure: 1. Mark graduations along the height on the plastic container at 5 mm intervals using
a scale and marker.

2. Using the graduated beaker pour a known volume of water (ml) into the above mentioned plastic
container. Note the water level in this container using the graduations made in step-1.

3. Repeat step-2 for several volumes and note the water level in the plastic box for each volume.

4. Plot the water volume (ml) with water level (mm). This data will provide a calibration of volume
vs height for this plastic container (Fig. 1).

5. Now measure the weight of empty plastic bowl (in g) using an electronic weighing machine.

6. Add 20 ball bearings to this plastic bowl and note down the new reading on the electronic
weighing machine. This data will provide you the average weight of each ball bearing.

7. Now pour water into the plastic container so that it fills almost half the volume of the plastic
container. Note the water level (L, ) using the graduations marked along the height. (Fig. 2)
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8. Carefully place the empty plastic bowl in this water. Add 5 ball bearings to this plastic bowl
carefully. Ensure that the bowl doesn’t sink. Note down the water level ( L,). (Fig. 2)

9. Add 5 more ball bearings and note the new water level (L, ).

10. Continue adding ball bearing for 2 more steps. Ensure that the bowl doesn’t sink completely.
If needed reduce the number of bearings added in each step to get more readings.

11. Plot the graph of total mass of plastic bowl + metal ball bearings for each case vs the water
level measured for each case (Fig. 3).

12. Repeat steps 7-11 for vegetable oil and obtain the plot similar to Fig. 3.

Figure 1

Figure 2
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Figure 3

Calculations:
1. True density calculation:

Using the graduated beaker and electronic weighing machine, estimate the true density p; of the
liquid by weighing the mass, M, of the unknown volume of liquid, V. The density is given by

M
=— 2.57
P v ( )

2. Density estimated using Archimedes’ principle:

Chamge in water level (mm) AL

Slope, S; = - =—
Pe, 21 Change in volume of water, ml AV

(2.58)

Change in water level, mm AL

0P8, 2 Change in mass of plastic bowl, g Am

(2.59)
For the plastic bowl and metal ball bearings to float, from Archimedes’ principle, we have

Am
Amg = p,AV = pg =

S
— 5P, = —g X 1000 2.60
A Pa 5 g (2.60)

where p, is the density of liquid estimated using Archimedes’ principle.
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Observations and Conclusions:

10. Compare the slopes, S,, obtained from Fig. 3, for water and vegetable oil. Determine which
liquid has a higher density.

11. Calculate the density of water and oil using both the methods mentioned above. Determine
the density obtained by the two methods and state the reasons for this difference.

2.14 Know More

Archimedes' principle, a key law of buoyancy, explains that any object submerged in a fluid
experiences an upward force equal to the weight of the fluid it displaces. For a fully immersed
object, the displaced fluid's volume equals the object's volume, while a partially submerged object
displaces fluid proportional to its submerged portion. The buoyant force acting on a floating object
matches its weight, preventing it from sinking or rising.

For instance, a ship sinks into the ocean until the water it displaces equals its weight, and as cargo
is added, it displaces more water. If an object is lighter than the displaced fluid, it rises, like a
helium balloon, but if heavier, it sinks with an apparent weight reduction equal to the displaced
fluid's weight. This principle even requires adjustments in precise weighings to account for air's
buoyant effect.

[Source: https://www.britannica.com/science/ Archimedes-principle]

2.15 References and suggested readings

1. Introduction to Fluid Mechanics and Fluid Machines (3rd Edition), S K Som,
Gautam Biswas, Suman Chakraborty, McGraw Hill

2. Fluid Mechanics (9th Edition), Frank M. White, Henry Xue, McGraw Hill
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Fluids under Motion 1:
Kinematics of Flow

In this unit we will discuss about the following aspects:
1. Particle and field description of fluid flow.
2. Various classifications of flow based on spatial dimensions and time.

3. Material derivative and its role in transforming the conservation equations from the particle
description of fluid flow to the field description.

4. Various visualization techniques for flow field.

5. The fundamental kinematic aspects of fluid motion and deformation—rate of translation,
rate of rotation, linear strain rate, and shear strain rate.

Subsequent to discussion on fluid at rest, it is natural to proceed towards analysing fluid under
motion. Mankind has been striving for centuries to have thorough understanding of fluid in motion
as it governs naturally occurring fluid flow phenomenon. Cyclonic storms, waterfalls and river
delta formation are few such examples where fluid motion dictates the natural phenomenon.
Furthermore, many man-made fluidic devices, weapons and instruments are also built on principles
of fluid in motion. For example, a good understanding of fluid flow is essential in making a plane
fly, a ship to stay afloat in an unstable weather or a high speed train to move efficiently. Fig. 3.1
shows the vortex and the eye of cyclone Catarina whereas Fig. 3.2 shows a vortex couple generated
by an airplane wing. The scales of both the vortices shown in the two figures are orders of
magnitude apart but the mathematical description of such fluid flow patterns are similar.
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Figure 3.1: Cyclone Catarina as viewed from the International Space Station; it struck Brazil in late
March 2004 (Source: https://pixabay.com).

Broadly, the topics on fluid in motion are divided into: a) Fluid kinematics and b) Fluid dynamics.
In fluid kinematics the description of fluid under motion is discussed in detail without delving into
the forces that cause these motion. In this chapter on fluid kinematics we primarily focus on the
mathematical relationships governing the fluid motion and various ways of classifying and
visualising fluid flow. This chapter serves as the precursor to the chapter on fluid dynamics as until
we introduce the rigorous mathematics behind description of fluid flow, the various forces leading
to these flow patterns cannot be addressed.

Figure 3.2: Airplane wing vortex couple (Source: https://www.wallpaperflare.com).

Pre-requisites

e Elementary calculus

Unit Outcomes

e U3-O1: Describe a flow field using Lagrangian and Eulerian descriptions


https://pixabay.com).
https://www.wallpaperflare.com
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o U3-02: Classify flow into steady, unsteady, uniform, and non-uniform flow
e U3-03: Determine the acceleration of flow at a point
e U3-04: Describe a flow using streamline and streakline
e U3-05: Obtain pathline of a particle in a flow

e U3-06: Describe linear, volumetric, and angular deformation of a fluid element due to
flow

Kinematics refers to the study of motion without due reference to the forces which are responsible
for the motion. In this Unit we will look into various descriptions of flow, classification of flow,
ways of visualizing the flow and, finally, the influence of flow on a fluid element.

Unit -3 Expected Mapping with Programme Outcomes
Outcomes (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)

CO-1 CO-2 C
U3-O1 = =
uU3-02 = =
U3-03 - -
uU3-O4 = =
U3-05 - -
U3-0O6 2 -

3.1 Fluid Motion: Particle and Field Description

-3 CO-4 CO-5 CO-6 C

N W W~ w wlO
N R w| w|w| O
Rl RN NN RO

There are two types of description for describing fluid flow. The first one is the particle based
description, i.e. describing the motion of a particle, like we do in classical mechanics. The second
one is the description through fixed points in space, i.e. probing a certain fixed location such as a
temperature probe fixed at a point, which measures the temperature variation at that location as
time passes by. Below, we will describe in more details about the different descriptions
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3.1.1 Lagrangian Description

Figure 3.3: Motion of a particle which is at X, at time t,. At an instant of time, ¢, the particle is at
% which experiences a velocity #, causing it to move ahead in time. The eventual path taken by
such a particle is known as the particle trajectory or the particle path.

Lagrangian description is a particle based description wherein we label a certain imaginary particle
in the flow field and then look at how the particle location evolves in time. This is shown in Fig.
3.3. In the figure, we track a particle which is initially at a location (x,, yo,z), which is most
conveniently represented by a vector X, at an initial reference time, t,. Owing to the underlying
flow field, the particle is then carried by the flow. We know from classical mechanics that the
relationship between the velocity, 1 and acceleration, a, is given by

dx R
E =Uu
d?¥ du | (3.1)
acz _dat ¢
att=ty, X =%y U =1

The last line refers to the initial condition of the particle.

As one can imagine, tracking particles through a flow in order to describe he flow field may often
require tracking a very large number of particles which will help in describing the entire flow field
over a certain domain of interest. This is not feasible in reality and therefore such a Lagrangian
description is not widely adopted here.
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3.1.2 Eulerian Description

Figure 3.4: Eulerian description of velocity. The velocity vectors are shown throughout the domain
asarrows. The arrow points in the direction of the flow while the length of the arrow is an indication
of the magnitude of the velocity at that point. The velocity field is shown at a certain snapshot of
time. For an unsteady flow, the vector field shown in the figure may change.

In contrast to the Lagrangian description mentioned above, the Eulerian description describes the
fluid kinematics at fixed locations in space. Essentially if we focus at a point in the fluid, then the
description of the flow at that point is completely defined by the spatial coordinates and time. We
can therefore define a property such as velocity in terms of the coordinates and time.
Mathematically this may be written as

%= t) (3.2)

In certain cases, to avoid confusion between the velocity vector, # and the x component of the
velocity field, u, we represent the velocity vector as

V=V(@&r0t (3.3)

In the theory and questions, we will interchangeably use the two notations and the context often
gives a clue as to what we are actually referring to. Notably, the Eulerian description is not just
valid for the description. It may be used to describe any other parameter of the flow such as density,
temperature at a point in space.

This is the more practical approach to describing fluid flow since describing any properties does
not require us to track the particle as it passes through the domain. We can simply focus our
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attention to a point in space. In the Eulerian approach, we reference to various quantities as fields
in space which may or may not evolve in time. This can be seen in Fig. 3.4, which shows the
velocity vectors at a given instant of time. The description of the velocity vectors are therefore over
the entire domain. To reiterate, this is different from the Lagrangian approach where the velocity
of a particle is only known.

The ideas above are not just restricted to the description of velocity but can be readily used for the
description of any quantity such as pressure, temperature, density, and so on. In the case of scalars
such as temperature or pressure, the fields are then described as T(%,t) and p(%,t), where X
describes the location of interest and ¢t represents the time at which we are measuring the field.

For vector quantities such as velocity, i, we are essentially describing the three components of the
vector at all the points in the domain at a given time. In the study of fluid mechanics, we follow
certain conventions to describe the components. A popular convention is to represent the velocity
with components given by

U= (uv,w) (3.4)

x- component of velocity u=u(xyzt) = ulxt) (3.5)
y- component of velocity v=v(x,vy,2t) =v(¥t) (3.6)

z- component of velocity w=w(x,y,zt) =w(,t) (3.7)

Different Coordinate Systems

Figure 3.5: (a) A Cartesian coordinate system. (b) A polar coordinate system.

We note that in all the descriptions above, we have explicitly mentioned the location of a point, i.e.
the displacement vector, as X which we have explicitly mentioned as the triplet (x,y, z). This,
however is only true if we are using a Cartesian coordinate system. There are several other practical
coordinate systems based on the nature of the problem at hand. For example, a flow which
resembles a hurricane, known as a vortex flow, is most readily described in terms of a cylindrical
polar coordinate system wherein a general displacement vector X is then described as the triplet
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(r, ¢, z). Or for flows occuring on a sphere, such as atmospheric scale flows, the systems are most
readily described through a spherical polar coordinate system wherein the displacement vector is
described as the triplet X = (r, 6, ¢). Such coodinate systems are shown in Fig. 3.6.

Figure 3.6: (a) A Cartesian coordinate system. (b) A cylindrical polar coordinate system. (c) A
spherical polar coordinate system.

Example 3.1

A 2-dimensional flow field is given by V= —yi + xj. Determine the magnitude and direction of
the velocity vector at (3,4) and (4,3).

Solution:

Given: Velocity field V = —yi+ xf 2 u= —y & v =x

Magnitude of V = /(u2 + v2) = {/[(=y)? + (x)2] = /y? + x2

Therefore, magnitude of V = 5units for both coordinates (3,4) and (4,3).



97 | Fluid Mechanics & Hydraulic Machinery

The angle 8 made by vector V with X-axis is given by: tanf = (E) = (3)

For coordinate (3,4) the angle # = tan™! (_14) = —-36.9°
For coordinate (4,3) the angle # = tan™! (_13) = -53.1°

3.1.3 Classification of Flow

The study of fluid mechanics involves various simplifications in the governing equations and their
boundary conditions. Such simplifications often arise from the nature of the flow, which we will
discuss below.

Steady and Unsteady Flow

A flow is said to be steady if the variables such as pressure, density, velocity etc. at all points in
the domain of interest do not depend on time. We may therefore write

p ap U
=0 3 =0and 5 =0 (3.8)

for all points in the domain. In such a case, we can simplify the functional form of the variables
and write them in a Cartesian coordinate system as

u=ulxyz) ,v=vixyz) ,w=wly,z) 3.9
Pressure: p=px,y,2) (3.10)
Density: p=plxy,2) (3.11)

The above equation may be easily be written in other coordinate systems by making use of their
respective basis triplets such as (r, ¢, z) and so on.

On the other hand, any flow where the pressure, density, or velocity varies with time is classified
as an unsteady flow. Even if one of the parameters varies in time then the flow is said to be
unsteady.

It is important in this context to mention that determining whether a flow is steady or unsteady may
sometimes determine on the frame of reference. For example if we imagine a boat passing on water
as seen from a bridge. If we look at the water directly below the bridge and focus our attention
there, we will observe that the river stream is disturbed by the passing of the boat and then again
the flow attains that of the river stream. However, if we were to change our frame of reference on
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the boat, instead of the bridge, and observe the water behind the boat, we will observe that the flow
pattern behind the boat, given that the boat is moving with a constant velocity, will remain the
same. For the observer on the boat, the flow behind the boat will appear to be steady. For the
observer on the bridge, the flow will appear to be unsteady.

Uniform and Non-Uniform Flow

As we have mentioned several times before, a general description of a flow requires the variables
in the flow to depend on the spatial coordinates, (X) and time. We have discussed about steady
and unsteady flow in section 3.1.3 and we can now discuss about the various spatial aspects of
the flow.

A flow is said to be uniform if its parameters do not vary in space. In Fig. 3.7, we depict some
examples of such flow. It may so happen that a flow is uniform in one direction while being non-
uniform in the other direction. Therefore, such interpretations must be done on a case to case basis.
Unless otherwise specified, a uniform flow implies uniformity in all the directions. A flow which
varies in space, which is typical of most engineering flows, is known as a non-uniform flow.

Figure 3.7: (a) A uniform velocity field, (b) A non-uniform velocity field

Example 3.2

Consider two fluid flow fields: a) V = xi + 3] + 9k b) V = 21 + 3j + 9k. Determine which flow
field is uniform?
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Solution:
Givenng)u=x,v=3,w=9b)u=2,v=3,w=9

The flow field described in b) is uniform as it doesn’t depend on the spatial coordinates (x,y, z)
whereas the flow field described in a) depends on the x coordinate.

Dimensionality of a flow

Figure 3.8: A 1D flow in a pipe.

(i) One-dimensional flow A 1D flow is one whose characteristics can be described through
only one independent spatial coordinate. Such flows are rarely seen in nature, however some flows
can be closely approximated as being 1D in nature. For example, as shown in the Fig. 3.8, we see
that the flow in a very long pipe does appear to be such that the flow profile is uniform in the x
direction while being dependent only in the y coordinate. Such a flow is a 1D flow. The reason
why we have specifically mentioned a long pipe is to exclude the influences of the entry and exit
where the flow is no longer only dependent on the y coordinate but also depends on the x and z
coordinates as well.

(if) Two-dimensional flow A 2D flow or a plane flow is a flow whose characteristics are
described combpletely by two independent spatial coordinates. Such flows are typically those
which can be shown in a drawing on a plane. For example, the flow past an infinitely long cylinder,
shown in Fig. 3. depicts the velocity vectors and the streamlines of the flow (we will cover
streamlines later in this Unit but for now, it is sufficient to view them as visual guides for the flow).
The reason why we mention that the cylinder is infinitely long is to exclude the edge effects for a
finite cylinder, where the influence of the edge would cause the flow to essentially become 3D.
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Figure 3.9: Flow past an infinitely long cylinder shows a 2D flow pattern.

(iii) Three-dimensional axisymmetric flow Although such flows are called 3D
axisymmetric flows, in reality, the flow characteristics can be completely defined by means of only
two coordinates such as r and ¢. Such flows are 2D when viewed in the spherical polar coordinate
system, but are essentially 3D when considered in a Cartesian coordinate system.

(iv) Three-dimensional flow A truly 3D flow is one which depends on three independent
spatial coordinates. This is the most common case which is seen in almost all real life applications.

3.1.4 Acceleration in a Flow & Material Derivative

We will now determine the acceleration of a flow in the Eulerian frame of reference. Let us consider
a Cartesian coordinate system with the velocity components at a point X = (x, y, z) given by

u=1ulxy,zt)
v=v(xy,zt)
w=w(x,v,2zt)

Let us say that there is an imaginary particle at this location and experiences the flow mentioned
above as shown in Fig 3.10. After a time At, the particle now travels to a new location given by
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X+ AX = (x+ Ax,y + Ay, z+ Az). Let the velocity components in the new position be
(u + Au, v + Av,w + Aw), for which we can write

u+Au =ulx +Ax,y + Ay, z + Az, t + At) (3.12)
v+ Av =v(x + Ax,y + Ay, z + Az, t + At) (3.13)
w+ Aw = w(x + Ax,y + Ay, z + Az, t + At) (3.14)

Figure 3.10: The orange particle travels from its location ¥ to X + 4 in a time interval of At where
it experiences a change of velocity from 4 to i + Au.

The components evaluated at X + AX can be then expanded using a Taylor series expansion about
the point as

u(x 4 AX,V+AV,Z+AZ = u\x, V,Z,t + Ax+ Ay+ Az + At +H()| (3'5)
U(x+Ax +A Z+AZ)—U(X Zt)+ Ax+ A + AZ+ At+IIOI 316

'y Y: '3’: 4 a 3 y aZ at Y ( )
w(x + ) ) Z wix,y, 2z, a a y aZ at .U, ( )
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The H.O.T above represent higher order terms in the Taylor series expansions of each of the terms
above which consist of terms such as At?, Ax?2, Ay?, Az?, etc.

We must also bear in mind that the displacements, i.e. (Ax, Ay, Az) over a time, At are caused by
presence of the velocity field at point ¥ = (x,y, z) at time t. Therefore, we can write

Ax = ult (3.18)
Ay = vAt (3.19)
Az = wAt (3.20)

We can now combine equations (3.14) through and (3.20) to obtain

= une 24 vae 2 war 2 ar 3.21
U G TR ey TR e T R e (321
P VL L VL VLA Yk 3.22
VA G TR G, TR, T A e (322)
aw = uat 2 b one 2 4 wne 2 4 a2 3.23
WU TV ey, TR 5 TR e (323)

where we have now dropped the higher order terms because their magnitudes will be smaller than
the terms that we have retained above.

We can now divide everything by At to obtain

Au_ 6u+ 6u+ ou 3.4
At~ Yox ”ay e (3.24)

Av ov ov ov
VIR PR (3.25)

AW_ 6W+ 6W+ ow (3.26)
At Yox ”ay Yoz ’

If we now take the limit as At — 0, we observe that the left hand side of the equations above reduce
to the Lagrangian description of the accelerations in the x, y, and z directions, i.e.
du - Au

ar = 4% :27)

dv_l_ Av 3.8
& = Aim S (3:28)
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dw Aw
= lim — (3.29)

dt  at-0 At
We can now combine equations (3.24), (3.25), and (3.26) along with the definitions in equations
(3.27), (3.28), and (3.29), we can relate the acceleration obtained through the Lagrangian viewpoint
to the description based on the Eulerian viewpoint as

L. . . du Du u u u u

Acceleration in x direction: I = Dt = s + ua + 17@ + w£
L. . . dv Dv ov ov ov ov

Acceleration in y direction: I = Dt ot + U=~ + 17@ + wo (3.30)
L . . dw Dw ow ow ow ow

Acceleration in z direction: 'y = Dt = Fr + ua + UE + WE

Notice that we have used D as the ordinary derivate operator instead of d because we would like
to emphasize on the fact that the derivative connects the Lagrangian description to the Eulerian
description.

The operator % is known as the total derivative or the material derivative. This means that at a

given point in the domain, the total derivative of the x-component of velocity is given by % which

is described component-wise in equation (3.30) In general for a given field variable, ¢, we can
define its total derivative as

Dp=9.y.
¢ ="L4+V- V¢ (3.31)

Example 3.3

Determine the acceleration for the flow field: V = xyi — 4zj + y?k at the coordinate (1,1,2).

Solution:
Given:
u=xy,v=-2zw=y?
du Ju Ju Ju
a, = E+ U= + 17@+ W= —1+xy.y+(—32z).x +y2.0 = xy? — 3xz (3.32)

dv
@y =—-t+u——+ v—y+ W= —1+4xy.0+ (—32).0 + y%.(-3) = —3y? (3.33)
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0 2
a,=—+u—+ v—y + wo—= —1+4+xy.0+ (—32).(2y) +y=.0 = —6yz (3.34)

Acceleration vector is given by:
d = (xy' —3x2)i — 3y?j — 6yzk
Therefore, acceleration at coordinate (0,1,2) is given by:

d=-5i—3j—12k

Example 3.4

Determine the acceleration for the flow field: V = xyi — (3z — 10e7%)j + y?k at the coordinate
(1,1,2) at time t = 0. Is the acceleration constant with respect to time? Given: u = xy,v =
(=3z+ 10e7%),w = y?

Jdu Jdu Jdu

ou
G =g tug v twa = 0+ayy+(=3z+ 10e7).x +y%.0 = xy? —3xz (3.35)

Jv Jv Jv Jv _t ¢ )
y=a+ua+v5+W£=10e +xy.0+4+ (—3z+ 10e7%).0 + y=. (—3)
= 10et

— 32 (3.36)

a

_ w w w w _ _ —t 20—
az—at+uax+vay+waz—0+xy.0+( 3z+10e7%).(2y) + y“.0 = —6yz (3.37)

Acceleration vector is given by: d = (xy? — 3x2)i + (10e™t — 3y?)j — 6yzk and it is evident
that acceleration is dependent on time. Thus, acceleration at the coordinate (1,1,2) att = 0 is given
by:d = —5i + 7j — 12k

Example 3.5

Determine the magnitude of acceleration for the 2-dimensional flow field V = —yi + xj along a
circle of radius 5 units and centre (0,0).
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Solution:

Given: Velocity field is V = —yi+ xf 2 u= —y&v =x

ou ou ou
=— — —=0 —y).0 (-1
ay at+”ax+”ay +(—y).0+x.(—1)
= (=x) (3.38)
ov ov

ov
y=§+ua+v5=0+(—y).1+x.0

=(-y) (3.39)

a

Magnitude of acceleration = /(—x)% + (—y)? = /x2 + y2. The equation of circle of radius 5
units is given by: x? + y? = 52, Therefore, the magnitude of acceleration of fluid element along

this circle is \/x? + y? = 5 units.
3.2 Flow visualization

In the above sections, we have discussed about the Lagrangian and Eulerian frame of references.
In what follows, we discuss various ways in which a flow may be visualized which are very useful
for analytically plotting flow fields, and also for extracting descriptions of flow fields from
experimental images.

3.2.1 Streamline

Streamlines are geometric ways of describing the velocity in a domain. In an Eulerian description
of velocity, we have the information of velocity throughout the domain. If we freeze time, then a
curve which is tangential to velocity vectors is known as a streamline. We first define what freezing
time means. Freezing time refers to setting time to a particular value, and not treating time as an
independent variable. In the definition of streamline, time is not relevant. We now define what it
means to say a curve which is tangential to velocity vectors.

Figure 3.11: Schematic of a streamline on which the velocity vector at a point and the
displacement along the streamline are parallel to each other.
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Let us consider Fig. 3.11 where we have shown a velocity vector, . We have also shown a curve

whose differential element along that particular curve is shown as dl. If we were to describe the
curve in Cartesian coordinates, then we can write down the components of velocity and curve
length as

= (uuv,w) =ul+vj+wk (3.40)
dl = (dx, dy,dz) = dxi + dyj + dzk (3.41)
where , j, and k represent the three unit vectors in the x, y, and z directions respectively.

A necessary condition for two arbitrary vectors, d and b to be parallel can be given by the vector
identity

daxb=0.

-

Utilizing the vector identity for the case of dl and u, we can write the cross product as

-~

ik ) ,
dx dy dz| = i(wdy —vdz) + j(udz — wdx) + k(vdx —udy) =0 (3.42)
u v oow

Setting each of the components of , j, k to 0 in the expressions above, we obtain

dy—viz=0—2_% 3.43

wdy —vdz = = (3.43)
dz dx

udz —wdx =0= —=— (3.44)
woou

dx—udy =0 =X - Y 3.45

vdx —udy = = (3.45)
dx dy dz

_ = = (3.46)

u v w

The above equation describes the differential equation for a streamline in a Cartesian frame of
reference.

Example 3.6
nd the equation for a streamline passing through (5,0) for the 2-dimensional velocity vector field

Fi
V= —yi + xj.
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Solution:

Given: Velocity field is V = —yi + xj. = u = (—y) & v = x. For the streamline we have: ‘L—x =

dy
v

dx dy
>—=—"=xdx+ydy=0 (3.47)
= [xdx + [ydy =C (3.48)
= x2 +y2 =2C (3.49)

For the streamline passing through (5,0) we get 52 + 0% = 2C Therefore, the equation of streamline
passing through (5,0) is x? + y? = 25.

Example 3.7

Find the equation for a streamline passing through (1,3) for the 2-dimensional velocity vector
field V = y21 + 3xj.

Solution:
Given: Velocity field is V = y21 + 3x) 2 u= y2 & v = 3x

. d. d
For the streamline we have: f = 7y

dx dy )
:F=§=>3xdx—y dy=0 (3.50)
=3[ xdx — [ y?dy=C (3.51)
3
=322~ =12C (3.52)

For the streamline passing through (1,3) we get 3 x 12 —§ = 2C Therefore, the equation of
streamline passing through (1,3) is 3x% — y3—3 = (—6).
3.2.2 Pathline

While the above method of flow visualization was based on an Eulerian method, we can also
track only a single particle as it goes through the flow. A pathline is defined as the trajectory of a
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fluid particle as it moves through the flow. In the definition of a pathline, the identity of a particle
is kept fixed. This is to be expected since in a Lagrangian description, we always define
everything with respect to an object of fixed identity. This is depicted in Fig. 3.12.

Fig. 3.1.2: The pathline of a single particle as it moves through the flow. The initial condition is
also shown in the figure. It is clear that the pathline and the Lagrangian description refer to the
same thing.

Mathematically, we can determine the trajectory of a particle by noting that the velocity of the
particle at a the location of the point in the domain, say (xp,yp, zp) and time ¢, will be equal to the
Eulerian velocity at that same point. The subscript p is to denote the fact that the coordinates are
infact those of the particle in equation. In that case we can write

dx

d_tp = u(xp,yp,zp, t) (3.53)
d

% = v(xp,yp,zp, t) (3.54)
dz

d_tp = w(%p, ¥p) Zp, t) (3-55)

where we note that the above ordinary differential equations represent an initial value problem. An
initial value problem is one which requires a valid initial condition, which in this case represents
the location of particle at a reference time, typically chosen as t = 0. We can therefore write down
the initial conditions as

At t= 0’ xp = xpO' yp = ypO' Zp = ZpO (356)
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3.2.3 Streakline

The concept of streakline is particularly useful for experimental observations. Typically fluid flow
experiments are done with the help of some kind of a tracer material, i.e. something which helps in
aiding in visualizing how the flow is taking place. Examples of tracers can be dye such as ink, or
smoke in air. One is familiar with the flow that takes place above a lit incense (agarbatti) stick. We
are able to qualitatively understand the nature of the flow due to such a source of flow. Similarly,
we are able to judge the direction of flow in the atmosphere if we look at the smoke coming out
froma chimney. In a similar way, if we take an injection syringe and continuously inject a colored
dye in flowing water, we observe that the dye is flown away with the water. These are all examples
of tracers used to visualize flow.

Figure 3.13: Streakline formed due to the collection of all particles that have been injected into the
domain at some earlier time at a given point through an injector. All the individual pathlines are
depicted in translucency. The streakline is the line that is comprised of all the dye molecules and is
represented by the red line in the figure.

Let us now mathematically describe the curve that we see the tracer makes in the flow. A
streakline at any given instant of time is the locus of all particles that have passed through a fixed
point in the flow field at all previous times. It is essentially the curve which is obtained by
connecting the locations of all fluid particles that have passed through a given point in space at all
previous times to the time under consideration. The above definition can be best understood by
means of the visual example given in Fig. 3.13.
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Example 3.8

The  velocity = components in a flow field is given as  follows:

u= t% v =1y, w = 0, where t, and v, are constants. A colored dye is injected at the point
0

A(xg, Vo, Zo) in the flow field. Find the equation of a colored line visible in the flow field at t =
2ty, as a consequence of the dye injection, given that the dye injection starts at t = ¢,.

Solution

The  velocity = components in a flow field is given as  follows:

u= t% v =1y, w = 0, where t, and v, are constants. A colored dye is injected at the point
0

A(xg, Vo, Zo) in the flow field. Find the equation of a colored line visible in the flow field at t =
2ty, as a consequence of the dye injection, given that the dye injection starts at t = t,.

Solution: Here, essentially we need to obtain the equation of streakline at ¢t = 2¢t,. In order to
obtain the same, we consider that the fluid particles are injected through the point at instants of
time symbolically denoted by ¢;, where t; < 2t,. Importantly, ¢; is a variable and not a fixed instant
of time. Now based on the given velocity field, we have

= (3.57)

Similarly,
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y 2ty
=>J dy =J Vo dt
Yo ti

L

=y — Yo = vo(2ty — t;)

Y= Yo

= t; = 2ty + (3.58)
Vo
Eliminating t; from Egs (3.57) and (3.58), one can write
B 3t, B 3ty B 1
o Y —Yo - Yy—Yo Y—Yo
0 2ty + e +ty 3ty + e 1+ Sty
X Y- }’o)
—(1 =1 3.59
x0< + 3tovg ( )

Equation (3.59) is the equation of a colored line visible in the flow field at t = 2t,.
Example 3.9

The velocity components in a flow field is given as follows:

u= t% v = vy, w = 0, where t, and v, are constants. A colored dye is injected at the point
0

A(xg, Vo, Zg) in the flow field. Find the locus of a fluid particle that passes through the point A at
t = to.

Solution

Here, essentially we need to obtain the equation of pathline, corresponding to a fluid particle that
at t = t, passed through (x,, yo)
Now,

dt  t+t,



Fluids under Motion 1: Kinematics of Flow | 112

dex Jt dt

— _— =

xg X to £ T to

x t+t, t+ to
=In

Similarly,

_Y_
=—=

y t
:de=Jv0dt
Yo to

=y — Yo = vo(t — to)

v Vo

Y—DYo
Vo

=>t_t0=

Eliminating ¢t from Egs (3.60) and (3.61), one can write

ty +L=22 + ¢,

X Vg Y—Yo
—= =1+
X0 2t, 2tovg
X Y=Yo
Xo 2tV

(3.60)

(3.61)

(3.62)

Equation (3.62) is the equation of the locus of a fluid particle that passes through the point A at

t=t0.

3.3 Deformation of Fluid Elements

In general in an arbitrary flow, the motion of an imaginary fluid element may be imagined as

being composed of three distinct properties namely

1. Translation
2. Rotation
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3. Rate of deformation

Figure 3.14: (a) Translation of a cubic fluid element, (b) Translation and rotation of a cubic fluid
element.

Translation and rotation are common to the motion of a rigid body as well wherein the motion does
not cause any strain or rate of strain in the body. Such a motion is shown in Fig. 3.14. More
generally, we can say that the fluid element has undergone only translation and/or rotation if the
included angles between the sides of the fluid element do not change. Essentially, two sides which
are initially parallel will be displaced in such a manner that the sides will remain parallel to each
other.

In what follows we will now look at the different conditions under which fluid deformation may
occur. We shall first look into the rate of linear deformation followed by volumetric deformation,
followed by rate of angular deformation.
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3.3.1 Rate of Linear Deformation

Figure 3.15: Linear deformation of a segment AB. After a time At the segment now becomes A’B’.
For sake of clarity the segment A’B’ is shown at a vertical offset. The displacements of points A
and B are shown in the figure. The new length of the segment can then be found out.

Let us consider a linear fluid element as shown in Fig. 3.15. The element is denoted by AB where
the left end, A, is at a distance x from the origin along the x direction. The point at the right end,
B, is at a distance of x + Ax from the origin. It is clear from the image that the initial length of this
element is Ax. We do not consider the y coordinates of the point as we are more interested in linear
deformation along the x direction.

In such a case, we can assume that the velocity component in the x direction is u(x) at point A.
The corresponding velocity at point B can be written in terms of the velocity at point A in terms of
a Taylor series expansion, i.e.

ou

A 3.63
ox x ( )

ou
ulx + Ax) = u(x) +an + - =ulx) +

where we have only retained the first two terms of the Taylor series expansion as the other terms
in the series are higher order terms in Ax.

At the end of time At point A will move to point A’. The coordinate of A’ can then be written as.
A" =x +u(x)At (3.64)

Similarly, point B will move to point B’ and the x coordinate of point B’ can be written as
Ju
B ' =x+Ax+ (u(x) + an) At (3.65)

Using the two coordinates of points A’ and B’ we can then write down the new length of the fluid

element as
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Old length =B — A = Ax (3.66)

ou

New length = B' — A" = Ax +
g x 0x

AxAt (3.67)

We are now in a position to determine the rate of change of length of the fluid element with respect
to the original length in the x direction. This is mathematically written as

Ju
. _Rateofchangeof length 1 B'’A’—BA 1 Ax+ 50 AxAt—Ax gy (3.68)
x = Original length At BA At Ax ©ox

The above expression shows that the length of a line element in a flow will change along the x
direction if there is a velocity gradient of the flow in the x direction.

Using the same logic as presented above, we can easily show that the rate of linear deformations
in the y and z directions are obtained as

. _Ou . O0v . 0w

€y = a €y = E €, = E (369)

The interpretation of the above result can be summarized by saying that the linear dimension of an
element will change if there is a velocity gradient in that particular direction.

3.3.2 Rate of Volumetric Deformation

Using the same arguments made for a linear element deforming in a flow, the ideas can be
extended to the deformation in a 3d flow field. In the following derivation we refer to the figure
of the linear deformation in the previous section and also Fig. 3.16.

Figure 3.16: Deformation of a cubic volume in the presence of a flow. The original lengths and the
final lengths are depicted in the schematic.
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We have already seen that due to velocity gradients, the lengths which were initially
Initial lengths: Ax, Ay, Az,
get changed to the new values due to the gradient in the velocity field:
Final lengths
N Ju
x direction : (Ax + —AxAt)
0x
directi (A + avA At)
irection : —
y Y dy Y
aw

z direction (Az +
0z

AZAt)

The change in the volume of the fluid element can then be figured out using

N I't'IVI—(A +6uA At)(A +aVA At)(A +aWA At) AxAyA 3.70
ew - Initial Vol = xaxx yayy ZaZZ xAyAz (3.70)
= AxAyA [<6u+6v+6W)At] 3.71
_xyzaxayaz (.71

which implies that the rate of change of volume per initial volume can be written down as

du  dv , dw
1 New - old vol AxByAz [(ﬁ Ty T E) At]
At oldvol AxAyAzAt

(3.72)

1DV . du OJdv Jdw

i =+ — +— 3.73
v vl 6x+6y+6z (3.73)

The above equation states that the rate of change of volume relative to the initial volume is given
by the divergence of the velocity field, i.e. V - u.

Incompressible flow (which is not to be confused with an incompressible fluid) is one that which
suffers no change of volume of the fluid element during the flow. This means that the velocity
fields in such flows satisfies V - 1 = 0.
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Example 3.10

Check if the velocity field V = x2yi + y2zj — (2xyz + yz?)k satisfies the steady
incompressible flow criterion.

Solution:
Given: Velocity field is V = x2yi + y2zj — 2xyz + yz)k. > u = x2y,v = y22 &
w= —(2xyz + yz?)

i ible fluid flow: 2% + 22 4 2w _
For steady incompressible fluid flow: Pl 3y +3, = 0.

ou_, 3.74
w_, 3.75
W (axy + 2v2) 3.76
Frl xy + 2yz (3.76)
S LM eyt 2yz— (2xy + 292) = O
ox "9y 9z Ay TeyET YT Ay =

Hence, the above mentioned flow field represents steady incompressible fluid flow.

3.3.3 Rate of Angular Deformation

Physically, we have already seen that the gradient of velocity which is aligned in the same direction
as that of a line segment leads to the elongation or contraction of that element, depending on
whether the gradient is positive or negative. However, such kinds of flows do not lead to any
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angular deformation, i.e. a pair of segments with an included angle in between them, flow in such
a way that the angle between them does not change. This can stem from either translation or
rotation.

On the other hand, there are often cases where the flow is such that an element with an initial angle
between the two line segments changes with the flow. Either the angle reduces, resulting in a
coming together of the two segments, or the angle increases, resulting in an increased separation
between the two line segments.

Let us now understand the basis for such angular deformation of fluid elements. We consider, for
convenience a two dimensional velocity field given by

u=ulx,y) v=uv(x,y) (3.77)

Although the velocity field chosen above is steady, the derivation shown below is equally valid for
unsteady fields as well as the instantaneous deformation does not depend on time derivatives of the
velocity components.

We consider a rectangular fluid element ABCD as shown in Fig. 3.17. The lengths of the sides
along the x and y axis are Ax and Ay respectively. The initial angle between the sides AB and AD

. T
IS —.
2

Now, let us consider what happens physically due to the variation of the y component of the
velocity as a function of x. At point A, say we have a velocity v4. Now at point B, we can write
down the velocity as vz. Now clearly, the points A and B are separated by a distance of Ax. If we

say that the velocity at point B is larger than the velocity at point A, i.e. % > 0, then after a time
At, point B would have moved a larger distance in the y direction than point A. On the other hand,
if we were to have a situation where % < 0, then point A would move a larger distance than point
B. All other things remaining the same, we can conclude that if the segment AD does not deform
at all, then the segment AB would either turn counter clockwise if Z—Z > (0 and vice-versa.

Therefore, we have a very important assessment that the orthogonal gradient of the velocity field
leads to deformation of the fluid element. Let us now formally derive the result using Fig 3.17 as
the reference.



119 | Fluid Mechanics & Hydraulic Machinery

Figure 3.17: Angular deformation of a fluid element in a flow.
We can write down the displacement of points A and B in the x direction during a time At as
Displacement for point A in the x direction: ult (3.78)

Displacement for point B in the x direction:

( +6uA )At 3.79
u Ix X (3.79)

Similarly, we can write down the displacement of points A and B in the y direction during a time

At as
Displacement for point A in y direction:  vAt (3.80)
. . . L Jv
Displacement for point B in the y direction: (17 + an) At (3.81)

With the above equations, we can write down the relative displacement of point B with respect to
point A as:

Ju
Relative displacement of B with respect to A in x direction: anAt (3.82)
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Jv
Relative displacement of B with respect to A in y direction: anAt (3.83)

By the same arguments, we can now write down the displacement of point D with respect to point
A as:

Ju
Relative displacement of D with respect to A in x direction : EAyAt (3.84)
. . . . L. av
Relative displacement of D with respect to A in y direction: a—yAyAt (3.85)

We again reiterate that the relative displacement of B with respect to A in the x direction and the
relative displacement of D with respect to A in the y direction leads to the deformation of the angle
between the line segments AB and AD. The rate of angular strain or angular deformation is defined
as:

€xy = Rate of change of angle between two initially perpendicular segments  (3.86)
_ 2 [Initial angle — Final angle] = 1 [ﬂ (ﬂ Aa — A )] 3.87
= g [mtialangle — Finalangle| = 7|5 = (7 —Aa — A8 (3.87)

1
= [Aa + Ap] (3.88)

which, in the limit of At — 0 can be written as

_da  dp

€y =7+ (3.89)

The above angles may be determined from the trigonometric relationships found from Fig. 3..

B'M g—Z(Sx(St ( )
tanAa = = 3.90
A'M ou
sx (1+ 5 6t)
g—ZAxAt
For small Aa, tanAa = Aa = — au (3.91)
Ax (1 + ﬁAt)
0
Aa %A
N ¢ S (3.92)

which, in the limit of At — 0, can be simplified to
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da 0v

— = 3.93
dt 0x ( )

On similar lines, we can derive the expression for d—’:. The reader is strongly encouraged to derive
the expression on their own. From the same figure, we can write

auAy
d A ay ou
t Ats0 At At-0 4 (1 +@At) y

We can now combine equations (3.93) and (3.) to obtain the rate of angular deformation as

_617 ou

Exy = aﬁ'@ (395)

Therefore we have derived how fluid elements deform in arbitrary flows. The same derivation may
be easily extended to three dimensional flow fields through a pairwise consideration of the
deformations seen through the yz and xz planes (a note of caution - this statement is true only for
Cartesian coordinate systems and not generally valid for other non-orthogonal coordinate systems).
However, it may be easily derived using the basic principles highlighted above.

3.3.4 Rotation of Fluid Elements

While we have derived the rate of angular deformation of two initially orthogonal fluid elements,
we are now in a position to determine the rate of rotation of the fluid elements.

Given the impending motion of the two line segments AB and AD, it is seen that the sense of
direction of the two line segments are in the opposite directions. Line segment AB has a tendency
to rotate counter-clockwise when the velocity gradient, Z—Z, is larger than zero. Similarly, line

segment AD has a tendancy to rotate in the clockwise direction when the velocity gradient, Z—; is

larger than zero. In that case, if we consider the xy plane as that shown in the figure, any counter-
clockwise rotation is considered to be a positive angular velocity and hence the average angular
velocity of the segment is given by

dt dt

3.96
dx 0dy ( )

1/da df 1/0v 0du
o =3 (a ~a0) =2 (G~ ay)
On similar lines, the average rotation rates as seen in the other two planes can also be found out.

We now attempt to connect the result (3.96) with the concept of vorticity.
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3.3.5 Vorticity

We define vorticity as the curl of the velocity field. Mathematically it is written as

i ] k
G=vxu=9 9 9 (3.97)
dx Jy 0z
u v w
. <6w av) N A(@u aw> +E (617 au> 3.8
-t dy 0z INoz ™ ox ox 0Jy (3.98)
here, 0, = (aw av) 3.99
Wi ’ X — ay aZ ( . )
0, = (au aw) 3.100
Y \az ox (3.100)
0, = (av au) 3.101
z = ax ay ( . )
It is clear from equations (3.101) and (3.96) that
1
Wyy = E-Qz (3.102)

Example 3.11

Determine the angular deformation and vorticity for velocity field: V= y21 + 3xj.
Solution:

Given: Velocity field is V = y21 + 3xj. = u = y2 & v = 3x

Angular deformation e,,, = %(Z—Z + Z—;) = %(3 + 2y)

Vorticity 2, = (Z—Z - Z—;) =3 -2y)

Example 3.12

Determine if the following flow field is irrotational or not: u = % +2x —x%*y and v = xy? —

3

2y—x?.
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Solution:
Vorticity
0 - (617 6u>
27 \ox dy
ov
2 42
0x Y x
ou
- — y2 _ .2
y
02,=0
Thus, the flow field is irrotational.
3.4 Unit Summary
e Acceleration
. ) ) du Du
Acceleration in x direction: — = —
dt Dt
Acceleration in y direction: dv_ Dy
ioninydi Io'dt_Dt
.. ) ) dw Dw
Acceleration in z direction; — = —
dt Dt
e Total derivative
D o -
—b=—"+V
Dt ot +
e Equation of streamline
dx dy dz

e Linear deformation rate in x, y, and z direction

(3.103)
(3.104)
(3.105)
_ u u u u
ot T Yax Ty Wz
_ ov ov ov ov
T ot F d 0z
_ ow N ow N ow N ow
"o " Yax TVay "Wz
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. _Ou . _0v . Ow
= o Ey_ay €z = 52
e Volumetric strain rate
1DV . du dv oJdw

vDe T T ay T

e Rate of angular deformation

. _Ov N du
Gy = ox dy
e Vorticity of a flow field
i j k
G=vxz=|9 0 0
dx Jdy o0z
u v w

3.5 Exercises

Multiple Choice Questions
1. A 2-dimensional flow field is given by V=xi+ yj. The flow field is:

a. Uniform
b. Non-uniform
c. Steady

d. Cannot be determined

2. For the 2-dimensional flow field V = 3t + yj, where t is time, the acceleration vector is
given by

a. Time dependent
b. Time independent
c. Spatial coordinate independent

d. Spatial coordinate dependent
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3. For the 2-dimensional flow field V = xti + yj, where t represents time, the acceleration
vector is

a. Time dependent
b. Time independent
c. Spatial coordinate independent

d. Spatial coordinate dependent

4. A 2-dimensional flow field is given by V = —yi + xj. The magnitude of the velocity V
along a circulat path of any radius R is

a. Dependent on the radius R of the circle
b. Constant irrespective of the radius of the circle
c. Cannot be determined from the above information
5. Pathlines, streaklines, and streamlines are the same for which of the following case?
a. Unsteady uniform flow
b. Unsteady irrotational flow
c. Steady incompressible flow

d. Steady non-uniform flow

6. The equation of a streamline passing through the point (0,0) for a flow field V=514 xJ
is given by

a. x2+10y=0
b. x2—10y =0
c. y2—10x=0
d y2+10x=0
7. For the flow field V = x2yi — y2x}, the vorticity vector is in the

a. x direction
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b. y direction
c. zdirection

d. Any arbitrary direction in the 3-dimensional space

8. The flow field V = xi — yj represents a:
a. Steady compressible flow
b. Unsteady compressible flow
c. Steady incompressible flow

d. Steady irrotational flow

9. The flow field V = x21 — y2] represents an
a. Steady compressible flow
b. Steady incompressible flow
c. Steady rotational flow

d. Steady irrotational flow

ANSWER KEY
.b, ¢

. b, d

a

© 0N UAWN R
200 oo
o
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Unsolved Questions

Level - |

1.

10.

For the velocity field V = Ax2yi + Bxy%j, where A = 2m~2s1and B = 1 m~ 2571,
and the coordinates are measured in meters, obtain an equation for the flow streamlines.

The velocity field V = Axi — Ayj, where A = 2s™1, can be interpreted to represent flow
in a corner. Find an equation for the flow streamlines.

A velocity field is given by V = axi — btyj, where a = 1s™! and b = 1s™2. Find the
equation of the streamlines at anytime ¢.

A velocity field is given by V = ax31 — bxy3j, wherea = 1 m™2s > and b = 1 m~3s™ 1.
Find the equation of the streamlines.

Consider the flow field given by V= xy?t — y3 /3] + xyk. Determine the acceleration of
a fluid particle at point (x,y,z) = (1,2,3).

Consider the velocity field V = A(x* — 6x2y2 + y*)i + A(4xy? — 4x3y)j in the xy
plane, where A = 0.25 m~3s™1, and the coordinates are measured in meters. Calculate the
acceleration of a fluid particle at point (x,y) = (2,1).

Consider the flow field given by V = ax2yi — byj + cz2k. where, a =2 m™2s™1, p = 2
s7l and ¢ =1 m~!s™! Determine if it is a possible incompressible flow, and the
acceleration of a fluid particle at point (x,y,z) = (2,1,3).

Given the incompressible flow V = 3y1 + 2xj, find the stream function 1 (x, ).

A two-dimensional unsteady velocity field is given by u = x(1 + 2t), v = y. Find the
time-varying streamlines which pass through some reference point (x,, yo).

Consider the two-dimensional velocity distribution u =- By, v = +Bx, where B is a
constant. If this flow possesses a stream function, find its form. Compute the local angular
velocity of the flow, if any, and describe what the flow might represent.
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Level - Il

1.

The x component of velocity in a steady, incompressible flow field in the xy planeis u =
A/x, where A = 2 m?s™1, and x is measured in meters. Find the simplest y component of
velocity for this flow field.

Ky

2. Atwo-dimensional incompressible flow is defined by u = — iy and v = iy where
K = constant. Discuss whether this flow is rotational or irrotational and how?

3. Consider the flow described by the velocity field V = A(1 + Bt)i + Ctyj, with A = 1 m/s,
B =1s71 and C = 1 s~2. Coordinates are measured in meters. Plot the pathline traced
out by the particle that passes through the point (1, 1) at time t = 0.

4. Consider the flow field given in Eulerian description by the expression V=4i- Btj,
where A = 2 m/s, B = 2m/s?, and the coordinates are measured in meters. Derive the
Lagrangian position functions for the fluid particle that was located at the point (x,y) =
(1,1) at the instant t = 0. Obtain an algebraic expression for the pathline followed by this
particle.

5. Given the velocity field u = ﬁ v = y. (a) Find the stream lines at an instant of time ¢.
(b) Pathline from t = 0 to time t. (c) Streaklines at an instant of time ¢ for particle which
have passed through a point (x,, y,) over a time period fromt’ = 0tot' = t.

ANSWER KEY
Level -1
1. y=C/Vx
2. In(xy)=¢C
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—bt

3. y=cxa
1
4, y=
2(£+c)
5. d=21+2j+2k
3 3 3
6. a=69.9 m/s?
7. d =481+ 4] + 54k
8. Y= %yz — x?
9 y= }’O(X/xo)l/(HZt)

10. ¢y = —g(x2 + y? + constant) and angular velocity = B

Level - 11
1. v==%

x2

2. lrrotational
tZ
3. x_A(t+B7)+1

_ x-1)?

4. y=1 "

5. Streamline: y = Cx*t, Pathline: y = yoe(%_l), Streakline: y = yoe[t_%(“t)“]

3.6 Practical

Aim: Visualizing the flow of air using a smoke-wire apparatus.

Apparatus: A small exhaust fan (for example, a CPU cooler fan), nichrome wires, a DC power
supply (a 12V source would work), building materials for the stand, used toothbrush, black chart
paper, light source, camera (a smart phone camera will also work)

Theory: Air flow can be visualized with the help of smoke. A very easy way of generating smoke
is to flash it with the help of a high temperature surface. In the example described here, we make
use of a heated wire to generate the smoke. The points where the smoke gets generated acts as the
points where the streakline originates. The streaklines can be easily obtained by taking a single
snapshot of the smoke particles in the flow at a chosen later time.
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Figure 3.18: Schematic of the smoke-wire apparatus in a flow field. At a certain instant of time, the
smoke emanating from the heated wire will be visible against a dark background. (a) An isometric
view of the experiment showing the frame which holds the wire and the streaklines due to the flow.
(b) A side view of the demonstration. The air is drawn in by the fan from the wire towards it. An
interested student may try various locations and observe the streaklines.

Procedure:

1. Two Nichrome wires of length 10 cm each are twisted like a braid.

2. The wires are fixed at the two ends of a stand which is made with the help of a non-
conducting base such as wood.

3. The ends of the wires are then connected to the DC power supply. The current passing
through the Nichrome wires causes heating of the wires.

4. With the help of a old toothbrush, kerosene oil can be coated onto the wires.

5. This apparatus can be placed in the suction region of the CPU cooler fan which is drawing
air from one direction.

6. A black background can be used in conjunction with a strong light placed orthogonal to
the apparatus as shown in the figure.

7. The apparatus can be placed at various points in the domain to understand the nature of the

fluid flow.

Observations: The person performing the experiment will observe that when the apparatus is
placed in the suction region of the fan, then the streaklines do not fluctuate a lot and the flow
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upstream of the fan appears to be rather stationary and well-behaved. On the contrary when the
apparatus is placed in the region downstream of the fan, the disturbances are such that it is not
possible to clearly elucidate the flow. There appears to be a rapid dispersion of the smoke particles
in such kinds of flow. The pattern of the smoke captured by a single photograph represents the
streaklines formed due to the smoke originating from various points on the heated wire.

3.7 Know More

In fluid dynamics, Leonard Euler and Joseph-Louis Lagrange independently formulated distinct
mathematical methods for analyzing fluid movement, each offering valuable insights into the
phenomena. The Eulerian approach examines changes in velocity (speed and direction) at fixed
points, while the Lagrangian approach tracks the positions of individual fluid particles over time,
with both methods complementing each other effectively.

These methods employ different mathematical techniques, which makes integration challenging.
Euler's method is particularly suited for analyzing data collected at stationary locations, whereas
Lagrange's method excels in measurements from drifters and floats. This distinction underscores
the unique strengths of each approach in the study of fluid dynamics.

[Source:
https://incois.gov.in/Tutor/science+society/lectures/illustrations/lecture21/lagrangian.html#:~:text
=Leonard%20Euler%20and%20Joseph%2DL ouis,are%20complementary%20in%20their%20use

]
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Fluids under Motion 2:
Conservation Laws

In this unit we will discuss about the following topics:
1. Conservation of mass and various approaches towards it.
2. Conservation of momentum and the inviscid equation which describes it.
3. Anintegral approach to the conservation of momentum

4. Bernoulli’s equation as obtained through the conceptual framework of the conservation
of momentum

While the previous unit delved deep into the understanding of the various descriptions of fluid
flow, there was no connection to the actual forces which cause the flow. A very natural and
important aspect of fluid mechanics is how we can describe the connection between the flow itself
and the nature of forces acting upon it. While we have briefly touched up on the idea of a pressure
gradient in Unit 2, we are now able to formally introduce it through the idea of conservation laws.

The most elementary conservation law that must hold true, in systems beyond fluid mechanical
systems, is the conservation of mass. In what follows we have first described general frameworks
to address this conservation law and shown that regardless of the approach, we naturally arrive at
the same result.

The other elementary conservation law is that of momentum. The basis of the conservation of
momentum lies in the Newton’s second law which states that the rate of change of momentum of
a body is equal to the sum of all forces acting on it; an idea which has been introduced at a high
school level. Extending this to fluid systems is not straightforward as fluids are not discrete objects
such as billiard balls. In this Unit, we will address these issues and obtain some very important
results such as the Euler’s equation and the Bernoulli’s equation which are extremely useful in
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many day-to-day applications and observations. In this sense, this chapter lays down useful ideas
which the practicing engineer should be very conversant in.

Pre-requisites

1. Elementary calculus

Unit Outcomes

1. U4-01: Conservation of mass
2. U4-02: Conservation of momentum
3. U4-03: Euler’s equation

4. U4-04: Bernoulli’s equation

Unit -4 Expected Mapping with Programme Outcomes
Outcomes (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6 CO-7
U4 -01 2 - 1 3 - 2 3
U4 - 02 2 - 1 3 - 2 3
U4 - 03 2 - - 3 - - 2
U4 - 04 2 - 2 3 3 2 3
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4.1 Conservation of mass

Figure 4.1: Control mass moving with a velocity moving with a velocity V.

Let us first begin by looking at the most fundamental premise of any transport process, i.e.
conservation of mass. We all know that mass can neither be created nor be destroyed. The case of
fluid mechanics is no different. In this case, let us begin by consider a control mass of a fluid as
shown in Fig. 4.1. We have shown a control volume having a volume ¥ and density p. The total
mass of the system can be written as

m= p¥=Inm=1Inp+Inv (4.1)

Now, if we track this control mass, the volume may deform in time but the deformation will be
such that the total mass inside the chosen control volume will be constant. This implies

Dl —Dl +Dl’v‘ 4.2

pe T pe P T e (4:2)
D D

0= —=lnp+ — In¥ (4.3)

We can now expand the above expression to write

10 +1D’v‘—0 4.4
oDt Twpe T (44)
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Making use of the definition of the total derivative given in the previous Unit, equation Eq. (3.31)
and the definition of the volumetric strain rate derived also in the previous chapter, Eq. (3.73), we
can write down the above equation as

dp dp dp dp -
0= — V-V 4.5
p(6t+ 6x+v6y+ 6z>+ (4:5)
The above equation can now be simplified as
1/0p dp p dpy Ou OJdv OJw
0 =—(—— —+v— —+—+—
p<6t+u6 V% Waz> ax "oy "z
dp dp dp dp Ju Jdv OJw
0 =— — =0 ——t—+=
= ot Yax T Vay oz p(ax+ay+az>
The above equation can thus be finally simplified to
d d(pu) J(pv) d(pw
% . (p )+ (p ) (ow) _ (4.6)

at 0x dy 0z

The above equation represents the differential form of the conservation of equation. To this book,
it is more suitable for us to work with integral forms of the conservation of mass.

Let us first look at why such an integral conservation law is useful to us. If we consider a simple
tank which has multiple inputs and multiple outputs, we would like to assess how the total mass in
the tank is varying in time, for such a case it is prudent to consider the conservation of mass
contained in the entire tank, rather than analyzing a small differential element inside it.

Similarly, if we consider syringe pushing a fluid due to the user pushing the injector, we are
interested to know the rate at which fluid is coming out of the needle in terms of gram per hour.
We do not bother much about the state of a differential element inside the syringe.

The differential approach established through Eq. (4.6) helps us in assessing very fundamental
properties of flow fields and density fields because as the equation reveals, the density and velocity
field must be such that the Eq. (4.6) must be identically satisfied. We cannot have an inconsistent
velocity field in conjunction with a density field which does not satisfy the conservation of mass.
Notwithstanding this importance of a differential field, for the purpose of this Unit, it is more
important to us to analyze larger systems.
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Figure 4.2: A control volume depicting mass flow in and out of a control volume.

We can now work with a control volume rather than working with a control mass and obtain a
simpler physical understanding of Eq. (4.6). Let us consider a control volume as shown in Fig. 4.2.
The control volume is fixed while the flow crosses the control volume. It is clear from the schematic
that flow enters and exits the control volume. We can now proceed to perform a balance of mass
on the control volume. We can say that the rate of increase of mass inside the control volume is
equal to the net mass brought into the control volume by the flow. When written in the form of an
equation we can write

Rate of change of mass inside a CV = Rate of influx into the CV (4.7)

We can write down the rate of change of mass inside the control volume as

0
Rate of change of mass inside a CV = TS (J pd ’v‘) (4.8)
If density is constant inside the control volume = % (pvw) = % (pAxAyAz) (4.9

Figure 4.3: (a) Determination of mass flux through an area when the area vector and velocity vector
are arbitrarily oriented. (b) When they are collinear, (c) When they are perpendicular to each other.
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The thing left to do now is to figure out the rate of influx of mass into the control volume. To
understand this better, we take a small detour and refer to Fig. 4.3 which shows an area A with a

normal vector 7i. If we now consider a uniform velocity field at the area equal to V, then the volume
flux brought by the flow through the area is equal to

Q= V.74 = Projection of V onto the direction of area times area (4.10)

The reason why we must consider the projection of the velocity onto the area is clear from the Fig.
4.3(b) which shows that if the area is along the surface of the area, i.e. the normal vector of the area
is orthogonal to the velocity vector, then essentially no velocity vector cross the area and hence
there is actually no flux crossing the area. Using this idea, we can write down the mass flux due to

a uniform velocity field V through an area A having a normal vector 7 as
m=pQ =pV - -HA (4.11)

In case the velocity field and density field vary as a function of space over the area A then we can
rewrite the total mass flux through the area A as

General expression for mass flux: m = fpl7 - 1ldA (4.12)

when velocity is normal to area: hn. = [ pVdA (4.13)

When the density is constant over the area: i = pf VdA (4.14)
When the velocity is uniform over the area: m = pV [ dA = pVA (4.15)

In the expressions above, V represents the magnitude of the velocity vector V.

With this information we are now able to write down the rate of influx into the control volume. We
refer to Fig. 4.2. Let us first consider the flux through the area given by AyAz. The mass flux per
unit area on the left face is given by pu, where u represents the x component of the velocity field.
Using the Taylor series expansion, we can write down the mass flux per unit rea on the right face
as

dp

u
pu+EAx+ (416)

Therefore, the net mass flux coming in through the two areas having area AyAz is given by

d(pu)

: d(pu)
my = pulyAz — | pu + Ax | AyAz = —TAxAyAZ (4.17)

X

On similar lines we can write down the net mass flux coming in through the other two faces as
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y = — a(a’; v) (4.18)
= — a(g;’) (4.19)

We can now combine the Eqg. (4.9), Eq. (4.17), and Eq. (4.19) to obtain
(prAyAZ) = —%A xAyAz —%A xAyAz —%A xAyAz (4.20)

If we now consider a control volume that does not change in time, we can reduce the above
equation by cancelling the terms AxAyAz and obtain

ap N d(pu) N d(pv) N d(pw)

ot dx oy 0z (4.21)

which eventually yields the same result that we have obtained earlier from a Lagrangian approach
of a control volume moving with the fluid.

Figure 4.4: Flux through a surface when the surface is moving with a velocity I7Surf.

We now address another important aspect of mass conservation, in particular, the flux passing
through a surface. If we consider Fig. 4.4, where we have a surface moving with a velocity I7surf
and if the flow velocity is now V, then the expression for the mass flux has to be modified to

= [ p(V = Veur) - idA = [ pViqy - idA (4.22)

where I7,e| represents the relative velocity of the flow relative to the velocity of the surface. This is
important to note as the flow velocity relative to the control surface determines the flux, not the
velocity only. In fact if we have the special situation where the velocity of the control surface is
exactly equal to the velocity of the flow, then there is no flux that crosses the surface.

Therefore, we can write down the conservation of mass as
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0 -
0= &( J pd v) + J pVre. RdA (4.23)

Conservation of mass for control volumes therefore involves understanding the fluxes entering the
control volume through various control surfaces and how it leads to a net change in the mass of the
system. A better understanding of this may be obtained through the solved examples below.

4.1.1 Examples of conservation of mass
Let us now consider some examples where we can apply the ideas learnt in the previous section.

Example 4.1

Consider the tank shown in the figure. It has two pipes, one inlet and another outlet. Fluid enters
the tank at a constant and uniform velocity 171 into the tank and exits the tank at a constant and

uniform velocity 17; The diameter of the inlet and outlet are a and b respectively. Determine a
relationship between the magnitudes of the inlet and outlet velocity.

Solution

Let us make use of the conservation of mass obtained in the section above. Here we note that the
control volume is chosen as the entire tank along with the inlet and outlet pipes. In this case, we
can make the following observations:

1. The chosen control volume is stationary and hence, I7surf =0

2. The problem is a steady one since there is no accumulation of mass in the control volume
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In that case, we can reduce Eq. (4.23)to 0 = fpl7 - 7id A, where the integral can now be
expressed in terms of the inlet and outlet solely. We can therefore write the equation by
eliminating p from both the inlet and outlet fluxes to write:

0 J 7 "dA+J V- -idA = 0=—V, a2+V bE_ Vi b
= 1 ‘MdA = 0= -V;r— T— = —=—.
inlet outlet 4 4 Ve a?

Let us spend some time to discuss the way the integrals for the inlet and outlet flux are evaluated.
At the inlet, we refer to the subfigure (b). It is seen that the velocity vector and the normal vector
are in opposite directions. In fact, in this situation, the angle between the two vectors is 180 °. This

means that the expression for the integrand can be expressed as 171 - ldA = V;cos180°dA =
—V;dA. Therefore, the integral for the inlet flux can be finally expressed as [ V;dA = V;A; =
Vina:z, where we have made use of the fact that the magnitude of the inlet velocity, V; remains
constant over the entire face, i.e. the velocity is homogeneous on the entire inlet face.

On similar lines, we can find out the integral at the outlet face. If we refer to subfigure (c), we
observe that the velocity at the normal area vector is aligned in the same direction. Therefore the

integrand for the flux can be expressed as 17; -ndA = V,dA and therefore the integral can be written
2

as [V,dA = V,m b:, where once again we have made use of the fact that the magnitude of the exit

velocity, V, remains constant over the entire face.

The above solution can be also interpreted in the simpler way learnt at the high school level as the

continuity equation i.e. V; A; = V, A, where points 1 and 2 are at two different cross section of a

pipe. One can infact easily derive this result with a more concrete theoretical framework as
described in the above section.

Example 4.2

Let us now consider the same problem as above but instead of having a uniform velocity at the
inlet and outlet we have a parabolic velocity profile, the magnitudes of which are given by:

r? r?
Vi=A<1—;> Ve=B<1—b—2>

The velocities at the inlet and exit faces are shown in the figure. The remaining figure is the same
as that of the previous example.
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Solution

Given that the problem has not fundamentally changed, i.e. the control volume is the same and it
is stationary. We must only figure out how to determine the flux. Let us consider the inlet flux first.
The direction of the velocity and the normal vector of the area are still 180 ° in directions. Therefore,
we can write down the integral as

o r? a r? a’> a?
fVi-ndA=—fVidA=—fA<1—;>dA=—JOA(l—;)Zm‘dr =—27TA<7—Z>
—_ Aaz
= TT. 2

On similar lines, we can write down the flux at the exit as

- r? b r? b? b2
[V, -ndA=[V,dA=[B 1—b—2 dA=—JOB 1—b—2 2nrdr = —2nB > 7

= —nB—.
5

We can therefore combine these two fluxes with the result of the conservation of mass and write

0 N B
= — — _— = — =,
oy Ty T &2
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Example 4.3

Let us now consider a problem where the control volume is chosen in such a way that it deforms.
Such a problem is quite relevant for problems occurring in real life as we shall see.

A large tank with its top open has an inlet and outlet such that the velocities are V[ and 17;
respectively. The base area of the tank is given by A, is significantly larger than the area of the
inlet and outlet, i.e. A; and A,. At a given instant of time, the height of water in the tank is h. Find
out the rate of change of the water in the tank in the situation described above.

Solution

Let us consider the control volume as shown in the figure. Notable points of the control volume
are as follows:

5. The control volume is such that the control surface contains the inlet and outlet surfaces.

6. Apart from the surface consisting of the inlet and outlet faces, the control volume is such
that it is coincident with the top surface of water inside the tank. This implies that when
the water level in the tank rises, the control volume also rises along with the tank level.
Mathematically this means that the there is no flux which crosses the surface which is
coincident with the top surface of water. Essentially, we can mathematically recast the
statement as Viuig = Vsurface 1N the tank. This directly implies that the relative velocity at
this surface in the tank has a zero relative velocity.

Let us first write down the statement of the conservation of mass for such a system

0 ., 0
0=afrhodV+fer-ﬁdA=>a(pV)+J

inlet

IZ-ndA+f17e-ndA+J Vet - IdA
top
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where we have now conveniently broken up the fluxes into the three different parts. Using the
logic mentioned before, we can now simply the equation to yield

d d
0=pV—pVidi+plede = pV = pVid; — pled.

where we have made use of the fact that for the top surface, there is no flux owing to a net zero
velocity. The above equation may be easily be physically understood. The rate of change of volume
of the system is due to the net influx of the system minus the net outflux of the system. Upon
simplifying the above equation by cancelling p from all the terms, we can now obtain

dh V,A, —V;4;

d
0 =—Ayh—pViAi+ V4, = —=
dt b pVid; + VA, dt Ab

4.2 Conservation of momentum

Figure 4.5: A rectangular parallelepiped is acted upon by body forces and surface forces thereby
causing the mass inside the control volume to experience acceleration.
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Let us first consider the derivation of the equation of motion for a flow in a Cartesian coordinate
system. We consider a rectangular parallelepiped as shown in Fig. 4.5 where the length of the sides
are represented by Ax, Ay and Az respectively along the x, y, and z directions. The forces acting
on the system are due to action of pressure, viscous stresses acting on the element due to the
presence of the flow, and body forces acting on the entire volume of the body. The force due to
pressure has already been discussed in Unit 2 where we dealt with hydrostatics. We will later see
how this is responsible for the generation of flow, however, from common experience we know
that a flow happens from a region having a relatively higher pressure to a region of lower pressure,
for example, water flows naturally from a higher height such as an overhead tank, to ground level.
The body force that is most encountered in such studies are due to the action of gravity. The total
body force acting on a volume dv is equal to p ¥ g. The viscous forces act primarily due to the
presence of velocity gradients. In the absence of any flow or where the flow is uniform throughout
the domain, i.e. where the velocity gradients are also zero, there is no viscous stress.

Let us now consider the familiar Newton’s second law of motion applied to the fluid element as
shown above. In component form, we can write the sum of all forces is responsible for the fluid
acceleration times the mass of the fluid element, as

YE, = Ama,
2F, = Ama,,
2JF, = Ama, (4.24)

where, XF,, XF, and XF, represent the forces acting in the x, y, and z directions respectively, Am
represents the mass of the control volume, and ay, a,, and a, represent the components of the
acceleration vector d.

Mathematics Concept 4.1: Traction Vector

Consider the rectangular parallelepiped in the same example as before. We define the traction
vector as the force acting on the area dA oriented along the 7 direction.

—n SF
= lim — 4.25
A, 52 (*25)
which essentially implies that the traction vector, T is the force per unit area outward at a point
on the surface (refer to the figure).
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T has three components T7*, T;, and T3* which represent the force per unit area acting on the x, y
and z directions on a surface oriented along the 7 direction. When the control volume is consider
as shown above, we can write down the traction vector in the more popular motion of

=T, =123 j=123 (4.26)

which simply implies that the area under consideration is oriented along the i direction and the
force acts in the j direction. This is referred to as the Cartesian notation and the components 7;; are
referred to as the Cartesian stress tensor components.

Schematically, the various components of the stress are shown in the figure below. In the figure,
we have not shown the pressure acting on the faces as this has been already discussed in Unit 2.
The stresses on the faces visible to us on the figure are marked in black while the stresses on the
faces not visible to us (i.e. the faces on the left, back, and bottom) are marked in red.
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We can write down the force acting on any arbitrary surface oriented along the 7 direction in
terms of the various Cartesian components z;; as

Tin = ‘[jinj l = 1’2,3 ] = 1,2,3 (427)

Now, the force acting on the element may be written down in terms of the definition of the stress
tensor:

dF = TPdA = 1;n;dA (4.28)

which implies that the total force can be written as

- - a =

]

where we have made use of the Gauss divergence theorem to convert from the surface integral to
the volume integral. The last term appearing in the equation above is read as the divergence of the
stress tensor.

We can now proceed with Eq. (4.24) and we can write down the left hand side of the above equation
as

X'F, = Surface forces + Body forces (4.30)

where, the surface forces may be obtained by summing all the forces acting on the surface of the
body, i.e. the force due to action of the pressure and the traction vector:
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sz - szAyx + sz|z+Azsz

(4.31)

pryz - px+AxAyz - TxxAyz + Tux |x+AxAyz - Txysz + Txy |y+Ay

where the area of the face is represented by A,,, and is represented by
Ay, = Ay X Az, Ayy = Ax X Ay, Ay, =Ax X Az

where p, and p,, 4, represent the pressures acting on the faces at location x and x + Ax. Similarly,
the Cartesian stress tensors are shown in the mathematical concept above. We can now make use
of the Taylor series approximation for the differences in the quantities in the above expression and
finally obtain:

= F = apAAA +aTxxAAA +aTxyAAA +aszAAA 4.32
And the body force = pb, AV (4.33)

Additionally, we have assumed that there is a body force which acts on the control volume. The
body force is defined as following

Fhody forcex = Mass X body force per unit mass = p X AV X b,

where b, presents the body force per unit mass of the fluid control volume. An example of a
commonly encountered body force is gravity. If we consider that the gravity acts in the —z
direction, we can then write down the body force in the following manner

Fpody force,z = P X AV X (=9)

apAAA +aTxxAAA +aTxyAAA +aszAAA +pb, AV =A 4.34
axxyz o xAyAz ayyxz aszy pb, = Ama, (4.34)

ot ot ot
a;" AxAyAz + a—;yAyAxAz + a—;ZAZAxAy + pb, AV

D AAVA 6u+ 6u+ 6u+ Jdu
TP T Ty T Wz

dp
= — a—AxAyAZ +
x (4.35)

where we have explicitly written down the expression for the mass of the control volume and the
component of acceleration in the x direction as

Mass of the control volume, Am = pAxAyAz

. . . L ou Jdu Ju ou
Acceleration of the fluid element in x direction,a, =—+4+u—+v—+w—
Jt 0x dy 0z
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We can then rearrange this equation by cancelling the term AxAyAz from both sides of the
equation to obtain

du du du du 0p 0Ty N 0Tyxy N 0Ty,

__ __ __ = ob., — —
p +u—+tv—+w_—|=p0y ax+ Ox 3y 32

ot dx oy 0z (4:36)

Similar equations may be obtained for the momentum balance in the y and z directions. We do not
mention them here for the sake of brevity. However, the three equations may be combined in the

form of a single vector equation for the case where b is the body force in the system as

/4 - -

p—=—-Vp+V-T+pb (4.37)
Dt

The above equation describes the differential form of the conservation of momentum and is

known as the Navier’s equation.

4.2.1 Inviscid Flow: Euler’s equation

The origin of the stress, as described above through the stress tensor and its divergence V - T, lies
in the fluid property of viscosity. In many cases, however, the influence of viscosity remains closely
bound near the solid surface. This is particularly true for high-speed flows such as the flow over an
aero plane wing. For such flows, a first approximation that may be done is to assume that the flow
is inviscid. This means that the influence of viscosity is neglected, and that directly implies that we
can drop the influence of the stress tensor.

When this is done, we obtain the Euler’s equation. This equation was originally analyzed by Euler
where the ideas behind boundary layer theory were not quite developed, despite there being a broad
idea about the fluid property of viscosity. The analysis of inviscid flows has played a major role in
the development of fluid mechanics on a whole and it is far from being irrelevant. We can therefore
drop the viscous stress and write down the Euler’s equation as We can write down the three
equations, i.e. the Euler equations of motion along the x, y, and z directions as

Ju Ju ou] dp

p[ u—x+vE+W£_ =pbx—a (4.38)
Jv o0v] dp

p[ u—x+v£+waz_ =pby—£ (4.39)
aw aw ow] dp

p ot aﬂ'l?@ﬁ'WE_ :pbz—z (440)

It is not always convenient to write down the above three equations in component-wise form.
Often it is reported as a single vector equation. This may be useful for some of the readers and we
mention it below for ready reference:
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DV S
pE =pb—Vp (4.41)

ou -
Pl3; + - V)u] =pb—Vp (4.42)

When gravity points in —z direction

When the body force is such that, it only acts in the —z direction, i.e. along —Fk, such that we can
write down the body force as b= —gk, we can write down the Euler equations of motion as

Ju ou] dp
p[ +u—x+17@+wE_ :—a (443)
617 Jv v dp
p [ tvgotwa] =-5 (4.44)
aw ow1 dp
P[ 7*"@*‘”5_ =PI 5, (4.45)

Reduction to hydrostatics equation in the absence of motion

Interestingly, we observe that when there is no motion, i.e. u = 0, i.e. (u, v,w) = (0,0,0), we can
simplify Eq. (4.45) as

dp
0= r (4.46)
dp
0= % (4.47)
0
0= —gz— o (4.48)



Fluids under Motion 2: Conservation Laws | 150

4.2.2 Euler’s equation in streamline coordinate system

Figure 4.6: The streamline coordinate system along a streamline is shown. The two mutually
orthogonal directions are 7 and $ respectively. By the very definition of being a streamline, there
is no flow in the 71 direction and hence the component of velocity is only I in the $ direction.

While the above section dealt primarily with the Cartesian coordinate system, it is often desirable
to describe the equation of motion in a streamline coordinate system. A streamline coordinate
system is shown in Fig. 4.6. The streamline represents the direction of the flow by its very definition
and hence an imaginary particle is bound to follow the trajectory of the streamline, at least
instantaneously. In such a case, the flow of motion can therefore be decomposed into two
directions, one along the streamline and the other orthogonal to the streamline. The first direction
is represented by the unit vector $ while the other is 7.

Euler’s equation in the streamwise direction

We can begin by applying Newton’s law along the streamline and obtain
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2 F, =Am ag (4.49)
9]
where, pressure on lower face is p, and on the upper face is p + a_ZAS (4.50)
9]
= pAn — (p + 6_ZAS) An — pgAsAncosf = pAsAnag (4.51)
But, cosd = = 4.52
ut, cosd = s (4.52)
dp Az
KX _g —_— ng = pa’S (453)

In the expression above, it may be noted that the acceleration a, along the streamwise direction is
obtained as

bV ov av

_Zr_9v. 9 4.54
%= Dt at+Vas ( )

where V represents the velocity along the streamline. We reiterate here that the velocity vector is
only along the $ direction and hence we only have one component of the velocity vector. There is
no component of velocity in the 7 direction.

We may now substitute the expression of the acceleration in the Newton’s law to obtain

dp Az (E)V n 6V> A5E
as  PIas ~P\ar ds (4:55)
We can now choose an infinitesimally small element to write
Az 0z
As  0s
and obtain the Euler’s equation of motion along a streamline as
av av dp 0z
_ — ==X _pg=—= 4.56
p(6t+Vas> as P9%s (4:56)

Euler’s equation in the direction normal to the streamline

We can now consider the Newton’s laws in the normal direction. We can write down
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JE, =Ama, (4.57)
d
pAs — (p + %An) — pgdlsAncosd = pAsAna, (4.58)
- dp Az 459
on PG An pan (+:59)

Again, considering the limit of an infinitesimally small element, we can write down

0 0z
g ~— = pan (4.60)

on
We note that the acceleration of a fluid element going about a streamline which has an
instantaneous radius of curvature r is the centripetal acceleration which is given by
VZ
ay = —— (4.61)
Combining the expression for a,, in the Euler’s equation, we can finally obtain the equation of
motion as

op 0z &

el L, 4.62
6n+pg6n pr ( )

Let us now consider two cases of the above equation. First, if the motion of the fluid is occurring
in a single plane, then we have Z—Z = 0 and therefore Eq. (4.60) can be simplified to

&, (4.63)

Which implies that the pressure gradient in the normal direction is what balances the centripetal
acceleration of the fluid element if it is going along a streamline which has an instantaneous radius
of curvature r.

The second case that we can study is a further simplification of Eq. (4.63) for the case where the
motion is along a straight streamline. In that case, the curvature is zero and essentially that means
that the radius of curvature is infinite. In that case we obtain

0
I _,

~ (4.64)

This means that for flows along a straight path, there is no normal pressure gradient to the
streamline.
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4.2.3 Integral form of the conservation of momentum

As was the case for the conservation of mass, we can now write down the statement for the
conservation of momentum for a control volume. Let us first mention the statement in plain
language after which we will cast it in a more convenient mathematical form. The total rate of
change of momentum within a control volume is due to the net influx of momentum into the control
volume and the total force acting on the control volume. Let us now break down the different terms
mentioned in the statement above.

Total rate of change of momentum inside CV: %fde ¥ (4.65)
Total influx of momentum into CV: [ pV(V - i)dA (4.66)
When the CV is moving with respect to the fluid: [ pV (Vi - 71)dA (4.67)

Figure 4.7: Flux of momentum crossing an area.

Let us take a moment to elaborate on the term above. The flux crossing any surface has already
been discussed in detail in the discussion of the conservation of mass and is written down as
fdeA. Now when this flux of mass is entering into the control volume, what momentum is it
bringing along with itself? If we refer to the Fig. 4.7, we see that at the surface shown the
momentum brought in is equal to fpl7(l7 . ﬁ)dA. The term inside the bracket is the volume flux
that crosses the area and it is obviously the projection of the velocity in the direction of the area
vector. However, the term outside the bracket, i.e. pl7 represents the momentum that this flux is
bringing. Note that this is not any projection however it is the total momentum. In the same way,
if the surface is now moving with respect to the flow, then we must account for this relative velocity
through the term mentioned in equation Eqg. (4.67).

This brings us to the last point, i.e. the total force acting on the control volume. This force could be
due to the any of the points mentioned in the discussion of the stress tensor. This could be due to



Fluids under Motion 2: Conservation Laws | 154

the pressure gradient or due to the presence of viscosity, or due to any other body force acting on
the fluid.

Figure 4.8: All the forces acting on a control volume causing change of momentum of the fluid.

In the control volume depicted in Fig. 4.8, we have shown the force acting on the control volume
as ﬁc\, and is responsible for slowing down the flow.

We can therefore compile all the terms into a single equation and write down the statement of the
conservation of momentum for a control volume as

0 - -, — >
S pVdv+] pV(Vypey - )dA =Y Fey (4.68)

Let us now look at some examples where we can apply the conservation of momentum for practical
problems.

Example 4.4

Let us consider the jet of water shown in the figure which strikes a flat plate. The plate is held in

place by the application of a force F. If the diameter of the jetis 10 cm, and if the jet velocity is 5
m/s, find out the force required to hold the plate in place.

Solution

From common experience, we can first conclude that the jet which strikes the plate, also known as
an impinging jet would lead to a force acting on the jet towards the right. For the plate to be held
in place, one must therefore apply a force in the opposite direction, i.e. the direction which is shown
in the figure.
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Let us now apply Eg. (4.68) to determine the force acting on the plate. We choose the control
volume as shown in the figure. We note that the control volume in this case only encloses the water
jet which strikes the plate. We can therefore write

a — o ] — -
af pVdVv + f,DV(V : Tl)dA = Fev plate
where we have made use of the following observations
7. The control volume is stationary, i.e. I7surf =0.

8. ﬁc\,lmate represents the force acting on the control volume due to the plate.

9. The control volume is such that there is no accumulation of mass or momentum inside. We
can therefore drop the first-time derivative in the equation above.

If we now focus only on the x momentum equation, we can write down
fpu(V : ﬁ)dA = Fx,cv,plate

If we focus on the flux that enters the left face, we can write down the first term in the equation
above as
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fpu(l7 -7)dA = [ pu(—u)dA
where we have made use of the fact that the area vector and the velocity vector are 180° apart.

Now, utilizing the fact that the velocity in the jet can be homogeneous over the entire cross section,
we can write the above equation as

0.12
[ pu(—u)dA = —pu?A = —1000 x 25 x = —196.35N

Let us now focus on the two outfluxes of the control volume. If we now write down the x
momentum at the two faces, we have

Momentum flux exiting: [ pu(V - #)dA = 0

The above expression is zero because there is no u or x component of velocity the exit faces. The
jet gets turned in the direction orthogonal or perpendicular to x direction and hence, it is devoid of
any momentum in the x direction.

Therefore, we can now write down the statement of the conservation of momentum as
—19635 == Fx,CV,pIate

This means that the plate exerts a force on the jet of water in the —x direction with a magnitude of
-196.35 N.

If we now consider a force balance of the plate, we have, for the equilibrium of the plate:
Fyplatecy + F =0
where now we can make use of Newton’s third law and make use of
Fyplate.cv = —Fxcv plate = 196.35N
In that case, the equation yields

F = —Fypiate.cv = —196.35N

This means that the force that must be exerted on the plate has a magnitude of 196.35N and points
in the —x direction, as we had logically reasoned in the beginning of the solution.

The same solution can be directly be obtained if we expand the control volume directly to include
the plate as well. In this case, we will not have to apply Newton’s third law and perform the
equilibrium condition for the plate. This internal force balance is then directly built into the control
volume.
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The reader is instructed to go through this exercise once to consolidate this idea.

4.2.4 Bernoulli’s equation

The Euler equation in the streamwise direction serves as the basis for the derivation of the Bernoulli
equation. For convenience, let us first write down the Euler equation in the $ direction. We have

<6V+V6V>_ dp 0z
P\or ™V 3s) T " as PI%s

Let us now assume that the flow is steady so that Z_Z = 0. The equation for steady flow is
therefore

=—— —pg— 4.69
PI 5 (4.69)

which can be simplified to

yv o, oz 4.70
ds pas 93s (4.70)

Given that the above equation is valid for any arbitrary streamline s, we can simplify the above to

9
?p+V6V+gaz=0 (4.71)

Let us now assume that the density is constant, i.e. the flow is incompressible. The above
equation can now be integrated to obtain

p &
E +g9z+ -5 = constant (4.72)
p V?

or, —+—+z = constant (4.73)
pg 29

Equation (4.73) represents the Bernoulli equation of a steady, inviscid, incompressible flow.

In the expression above, the first term, i.e. p/pg represents the pressure head or the pressure energy
per unit weight of the fluid. The second term, i.e. V2/2g represents the kinetic energy per unit
weight of the fluid or the kinetic head while the third term, z, represents the potential energy per
unid weight of the fluid, or the potential head of the system.

To this book, we mention here the important assumptions behind the Bernoulli’s equation

1. The flow is steady
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2. The flow is incompressible
3. The flow is inviscid

4. The equation is applied along a certain streamline; unless the flow is irrotational
everywhere, we cannot apply Eg. (4.73) between any two points in the flow.

5. No heat transfer to and from the flow

6. No work is being done between the two points across which the Bernoulli equation is
applied; i.e. no pump or turbine exists

The terms appearing in Eq. (4.73) have the units of length, and are often reported as meter.
Therefore, each of the three terms in the equation are referred to as the potential head, kinetic
energy head, and the potential head respectively.

Figure 4.9: Explanation of the work done due to pressure and its connection with the pressure head.

While the meanings of the second and third terms are clear, i.e. the kinetic energy per unit weight
and the potential energy per unit weight, the physical meaning of the first term can be understood
by looking at the work done to maintain the flow. Consider the schematic below where the pressure
acting on the fluid element is p, the cross-section area is A. In that case, the work done to maintain
the flow over a distance Ax is pAAx. The work done per unit weight is then

pAAx  p
pAAxg  pg

This basically defines the flow work of the system.

To conclude, Bernoulli’s equation describes that along a streamline, the total of the flow energy,
kinetic energy, and potential energy per unit weight remains conserved, under the assumptions of
an inviscid, steady, and constant density flow.

4.3 Unit Summary

e Continuity equation
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ap N d(pu) N d(pv) N a(pw) _

0
at 0x dy 0z

e Conservation of momentum

V - .
— = —Vp+V-T+pb
P o p+V-T+p

e Euler’s equation
DV _ b-V
Ppe=P p

e Integral form of conservation equation

a — - = — =
Efde vt [ pV (Vi - )dA =T Fy

e Bernoulli’s equation

p &
—+ gz+— = constant
p 2
p V2
o, —+— Z = constan
+ 2 + tant

4.4 Exercises

Multiple Choice Questions

1. For an incompressible flow through a pipe of constant diameter, which of the following
is/are same at the inlet and outlet of the pipe:

a. Mass flow rate

b. Density

c. Velocity

d. Cannot be determined from the above information

2. For a compressible fluid flowing through a pipe of constant diameter, which of the
following is/are same at the inlet and outlet of the pipe:
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a. Mass flow rate

b. Density

c. Velocity

d. Cannot be determined from the above information

3. For aninviscid fluid flow; pressure in the normal direction (neglecting gravity) to
streamlines which are straight in nature:

a. Decreases in the direction of the normal vector
b. Increases in the direction of the normal vector
c. Remains constant
d. Cannot be determined

4. For a surface which is normal to the direction of flow:
a. Mass flux is zero
b. Mass flux is non-zero
c. Momentum flux is zero
d. Momentum flux is zero

5. For an incompressible inviscid fluid flow through a nozzle (a conduit whose area
continuously decreases in the direction of flow), which of the following is/are true:

a. Velocity is higher at the inlet than at the outlet

b. Velocity is lower at the inlet

c. Fluid pressure reduces in the direction of the flow
d. Fluid pressure increases in the direction of the flow

6. For anincompressible inviscid fluid flow through a variable cross-sectional area conduit,
how are the pressure at the inlet related to pressure at the outlet?

a. Pressure at the inlet is always greater than at the outlet

b. Pressure at the inlet is always equal to that at the outlet
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c. Pressure at the inlet can be lower or higher than the pressure at the outlet
d. Cannot be evaluated from the given information

7. If the streamlines in the fluid flow are curving, then:
a. Bernoulli’s principle cannot be applied along the streamline
b. Bernoulli’s principle cannot be applied along the normal to the streamline
c. Bernoulli’s principle can be applied along the streamline

d. Bernoulli’s principle can be applied between any two points in the flow field

ANSWER KEY

1. ab,c

2. a

3. ¢

4, a,cC

5 a,c

6. ¢

7. b, c

Unsolved Questions

Level - |

1. A 30 cm diameter pipe carries oil of specific gravity 0.8 at a velocity of 4 m/s. In another
section, the diameter is 15 cm. Determine the mass flow rate of oil as well as the velocity
of oil at a smaller section of the pipe.

2. Water flowing through an 8-cm-diameter pipe enters a porous section, as shown in the
figure, which allows a uniform radial velocity v,, through the wall surfaces for 1.2 m. If
the entrance average velocity V; is 10 m/s, find the exit velocity V, if (a) v, = 13 cm/s out
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of the pipe walls; (b) v, = 9 cm/s into the pipe. (c) What value of v,, will make V, =7
m/s?

3. Water at 20° C flows steadily through a closed tank, as shown in the figure. At section 1,
D, = 8 cmand the volume flow 50 m3/h. At section 2, D, = 7 cm and the average velocity
is 3 m/s. If D; = 6 cm, what is (a) Q5 in m3/h and (b) average velocity V5 in m/s.
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4. The converging-diverging nozzle shown in the figure expands and accelerates dry air to
supersonic speeds at the exit, where p, = 10 kPa and T, = 250 K. At the throat, p; =
300 kPa, T; = 670 K, and V; = 515 m/s. For steady compressible flow for an ideal gas,
estimate (a) the mass flow in kg/h, (b) the velocity V.

6. Oil (SG 0.88) enters section 1 as shown in the figure at a weight flow of 200 N/h to lubricate
a thrust bearing. The steady oil flow exits radially through the narrow clearance between
the thrust plates. Compute (a) the outlet volume flux in m3/s and (b) the average outlet
velocity in m/s.
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7. Water, considered incompressible, flows slowly through the round pipe depicted in the
figure. The entrance velocity is constant, u = U;,, and exit velocity follows the

2 1
hypothetical velocity profilei.e., u = Upay (1 — %)E. Determine the ratio U;,, /umayx for this

flow.

8. According to Torricelli’s theorem, the velocity of a fluid draining from a hole in a tank is
V = (2gh)'/?, where h is the depth of water above the hole, as in Fig. Let the hole have
area A, and the cylindrical tank has a bottom area A,. Derive a formula for the time to
drain the tank from an initial depth h,.

9. Three pipes steadily deliver water at 20°C to a large exit pipe as shown in the figure. The
velocity V, = 500 cm/s, and the exit flow rate Q, = 0.033 m3/s. Find (a) V;; (b) V5; and
(c) V, if it is known that increasing Qs by 20 percent would increase Q, by 10 percent.
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10. A laboratory test tank contains the seawater of salinity S and density p. Water enters the
tank at conditions (S;, p, 41, V1) and is assumed to mix immediately in the tank. Tank
water leaves through an outlet A, at velocity V,. If salt is a “conservative” property (neither
created nor destroyed), use the conservation of mass principle to find an expression for the
rate of change of salt mass M,; within the tank.
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11. The diameters of the pipe at sections 1 and 2 are 25 cm and 30 cm respectively. If the

velocity at section 1 is 5 m/s find the discharge and determine the velocity ratio i.e., %

2

12. A stream of water enters a pipe bend in a horizontal plane through section 1 at the rate of
1800 m3/h as shown in the figure. Water is discharged to the atmosphere at section 2. The
cross-sectional area at sections 1 and 2 are 1 m? and 0.25 m? respectively. The central axis
of the pipe makes an angle 60° with x-direction. Neglect the friction, determine (a) Velocity
at section 2, (b) Pressure at section 1, and (c) Force required to hold the pipe in the x-
direction.
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Level - Il

1. Water assumed incompressible, flows steadily through the round pipe as shown in the
figure. The entrance velocity is constant, u = Uy, and exit velocity approximates turbulent

1
flow, u = Uy (1 — %)7. Determine the ratio Uy /umay for this flow.

2. The open tank depicted in the image has water at 20°C and is being filled via section 1.
Consider incompressible flow. First, calculate the water-level change Z—h in terms of

arbitrary volume flows (Q;, Q,, Q3) and tank diameter d. Determine the exit velocity v,
for the provided data v; = 5 m/s and Q5 = 0.02 m3/s if the water level h is constant.

3. Water enters the bottom of the cone at uniformly increasing average velocity V = kt as
shown in the figure. If d is very small, derive an analytical formula for the water surface
rise h(t) for the condition h = 0 at t = 0. Assume the flow is incompressible.
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4. A 0.3 m diameter pipe transporting 0.30 m3/s of water has a right-angled bend in a
horizontal plane. Determine the resulting force imposed by the water on the bend if the

pressures at the intake and outflow of the bend are 245.25 kPa and 235.44 kPa,
respectively.
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ANSWER KEY

Level -1

m = 225.92 kg/s, V, = 16.61 m/s

2. (@ Vy,=22mls, (b)V, =4.6mils, (c)V, =5.0cm/s
3. (a) Q3 = 8.44 m3/h, (b) V53 = 0.83 m/s

4. (a)mh = 908.67 kg/h, (b) V, = 1883.26 m/s

5. (@) Q =6.43 x 1076 m3/s, (b) V = 5.68 x 1073 m/s
6. Uin/Umax =6/7

7. t= j—s :—;

8. @)V, =545m/s, (b) V3 =5.89 m/s, (c) V, =5.24 m/s

dM;
dt

9. (=) cv = S1p1A1V: — S2p245V;

10. Q = 0.25 m?/s, - = 1.44
2

Level — 11
1. Up/umax = 49/60
2. v, =43464m/s
3. h(t) = [Zktd2cot?]'/?
4. 25829.3N
4.5 Practical

Aim: Understanding conservation of mass and momentum by means of PET bottle experiments

Apparatus: A 2-liter PET bottle (these kinds of bottles are the typical ones in which soft drinks
such as Coca-Cola are sold), plastic straw, m-seal or araldite, binder clip.
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Theory: The fundamental ideas behind mass conservation can be easily understood with the help
of understanding the draining rates of the bottle mentioned above. The conservation of momentum
can be deduced through a slightly indirect, but related, concept discussed in this Unit. By allowing
water to exit through the PET bottle in certain directions, a net force and torque is seen to act on
the bottle, thereby causing it to rotate. We will now discuss the specifics of the experiments.

Figure 4.10: The bottle with markings, and the top view of the bottle with the straws inserted at the
bottom for the 2 straw and 3 straw setups. Owing to the outflow of water in a relatively tangential
direction for the 3-straw setup, the bottle will begin to rotate.

Preparation of the bottle: Take one such bottle mentioned above.

1.

2.

3.

Remove the label and clean the bottle.

Use a measuring cylinder to pour 50 ml of water into the bottle.
With the help of a marker mark the location of this level.
Similarly, add 50 ml more and make a new mark of 100 ml.

In this manner, keep marking the bottle until the bottle is completely full. This particular
step helps in the student to use odd shaped PET bottles.

Make a small vertical hole towards the bottom of the bottle so that the plastic straw goes
into the hole. After this use some m-seal or araldite to make this assembly watertight.

In another bottle make the same volume markings. Apart from this create 4 equal angle
markings on the bottle and clearly label it 1, 2, 3, 4. This label will help the student to
measure the rotation rate of the bottle.
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8.

10.

On this bottle make 3 holes in the bottom so that the straws can be inserted as shown in the
figure.

On the cap of this bottle, make a hole so that some fine nylon string (fishing wire) can be
passed. Connect this string to the cap by passing it through the hole and then making a
broader knot inside. Connect the other side of the string to a fixed stand so that the bottle
can freely rotate.

In both the bottles, it is also useful to have the height of the free surface of water in the
bottle from the centerline of the straws. You can do so with the help of a ruler and marking
different spots on the bottle surface with the help of a different colour.

Conservation of Mass

Procedure:
1. The first practical will be done with the help of the first bottle that was made.
2. Fill water in the bottle while keeping the straws shut with the help of a binder clip.
3. Carefully open both the clips and let the water drain.
4. Capture the video with the help of a smartphone camera.
5. If without a smartphone, then a friend can help to loudly say the volume that he sees and

6.

7.

someone else can use a stopwatch with a split timer to record that what was the volume
in the bottle at the certain time elapsed. This same procedure can be done by a single
person with the help of a video as well.

Plot the total volume seen inside the bottle as a function of time.

Also plot the total height from the straw bottom part to the free surface of the water.

Theory: The observant student will notice that the flow rate coming out from the straws reduces
as the level of water reduces in the bottle. This aspect will be solved as an example in the next Unit.
For now, we recall the famous result studied in high-school due to Torricelli, which says that the
average velocity at the output of the straw will be V' = \/ﬂ where h is the height of the water
above the straw.

We can now apply the conservation of mass and say that

dM
Rate of ch. of mass =2 x mass outflux = — = =2 X pAV = =2 X pA,/2gh

dt
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The area of the straw can be figured out before the experiment itself. From the plot that the student
has draw, they will have an estimate of the rate of change of the mass in the control volume as the
slope of the curve.

By substituting the value the area of the straw, gravity, density of water, and the height vs. time,
the student can find another theoretical estimate of the rate of change of mass.

Ideally these two should be equal. However, they will appear to be different slightly. The reason

will be the deviations in the exit velocity through the straw as ,/2gh, which was derived by
Toricelli with appropriate assumptions.

Conservation of Momentum (Optional)

Procedure

1. The practical of the conservation of momentum will make use of the second bottle that
was made.

2. Hang the bottle so that the bottle is now steady with the mouths of the three straws closed
with the help of a clip.

3. Now fill water in the bottle slowly so that no motion is created in the bottle.

4. Allow for the bottle to be as motionless as possible.

5. Remove the clips from the three straws. This particular step may require some friend’s
assistance.

6. Now capture the video of the bottle as it begins to let water out through the three straws.

7. The important things to capture are the angles as seen by the user, the height of water in

the bottle and the volume markings.

Plot the volume of the water in the bottle as a function of time, plot the height of the free
water surface from the center of the straw as a function of time, and plot the angles seen
as a function of time. For plotting the angles, remember that once 360 degree is passed,
we have to to keep adding the angles to this. The angles can be estimated from the video
by looking at the angle markings that you had made on this bottle.

Theory The force exerted by the water as it exits the jet is responsible for the bottle to start rotating.
If the bottle were to be held still, then the total force would be equal to pAV?, where V = ,/2gh.
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At this very instant, if the bottle is now let to rotate freely, then the angular acceleration would be
equal to I& = 3 X pAV?2 x r, where r is the radius of the bottle, I represents the moment of inertia
of the filled bottle, and w represents the rate of angular acceleration.

However, when the bottle starts to rotate, then the relative velocity of the water at the exit of the
bottle must be accounted for when trying to find out the total torque acting on the bottle. The
observations and calculations are left to the reader as an exercise.

4.6 Know More

Daniel Bernoulli (1700-1782), son of Johann Bernoulli, spent several years teaching mathematics
in St. Petersburg. During this time, he began writing Hydrodynamics in 1729, leaving an
incomplete manuscript in Russia upon returning to Basel four years later. The book was published
in Germany in 1738, but Bernoulli requested the destruction of the Russian manuscript, which still
exists at the Soviet Academy of Science.

After Hydrodynamics was released, Bernoulli faced competition from his father, whose Hydraulics
(1743) and Jean le Rond d'Alembert's Traité de I'équilibre et du mouvement des fluides (1744) were
published around the same time. This led to a distinction between hydrodynamics, which focuses
on the theory of fluid motion, and hydraulics, which deals with practical applications. In the Preface
to Hydraulics, Johann Bernoulli argued that the field needed a stronger foundation in Mechanics
rather than relying on uncertain empirical theories, advocating for a basis in Newtonian principles.

[Source:
https://www.researchgate.net/publication/333766804_History _of the Bernoulli_Principle]
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Engineering Applications 1:
Flow through Pipes

In this unit we will discuss about the following topics:
1. Applications of Bernoulli’s theorem
2. Concept of laminar and turbulent flow
3. Losses in flow through pipes

4. Concept of friction factor

In the previous Unit, we have discussed various aspects of conservation laws in fluid mechanics.
We concluded the previous Unit with the discussion of Bernoulli’s theorem. In this Unit we aim to
discuss various applications of the concepts and ideas laid down in the previous Unit. Bernoulli’s
theorem leads the way for a broad variety of applications which we first discuss in details. We then
discuss about the various losses and their quantification in flow through pipes. We delineate
between laminar and turbulent flow after which we quantify the pressure loss in terms of the friction
factor. We discuss the flows through pipes in a network, the hydraulic grade line, and the total
energy line. Finally we discuss about water hammer to conclude this Unit.

Elementary calculus

1. U5-01: Application of Bernoulli’s principle to
a. Hydraulic siphon

b. Flow measuring instruments
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c. Pressure measuring instruments
2. U5-02: Concept of laminar and turbulent flow
3. U5-03: Frictional losses in laminar and turbulent flow
4. U5-O4: Minor losses in flows
5. U5-05: Pipes networks

6. U5-06: Water hammer

Unit -5 Expected Mapping with Programme Outcomes
Outcomes (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6 CO-7

U5-01 2 1 1 3 3 2 3
U5-02 2 - 2 2 - 2 3
U5-03 1 - - 3 2 2 3
U5 - 04 - - 1 2 2 - 2
U5 - 05 - - - 3 - - 2
U5 - 06 - - - 3 1 1 2

From the previous unit, we have seen that Bernoulli’s equation describes the nature of the variation
of the pressure, kinetic energy, and potential energy in a flow, with appropriate assumptions. We
start with the application of the Bernoulli’s equation by analyzing a very common phenomenon,
the hydraulic siphon. Let us consider a tube T;, which is initially completely filled with the working
liquid. Consider also a tank T, which contains stationary water. If one end of the tube, T; is then
dipped into the tank, then we observe that the liquid will flow from the tank T, and get discharged
from the other end of the tube T;. This particular action is known as the siphonic action.

Several real-world applications of a siphon can be seen around us. A very commonly seen
phenomenon is where one wants to withdraw liquid from a tank without any pump - say for
example, you would like to extract some fuel from a fuel tank of your friend for your vehicle. In
this case, a small suction on the exit side of the tube is maintained by sucking on the tube and
closing it suddenly with a thumb and then inserting the other end into the tank. Another place it is
seen is in emptying on a large sump or reservoir - a pump is used to start the flow after which the
tube is immediately put into the reservoir, thereby using the siphon action to continue the drainage
of the sump.
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Figure 5.1: A hydraulic siphon. The point most prone to cavitation is the highest point D.

Let us refer to the schematic. Let us label different points in the flow. Immediately important to us
are points A and B. The difference in the height between the two points is Az. It is immaterial to
note the absolute locations of the points A and B. For the sake of the analysis, we may assume that
the levels of the two points are z, and zg respectively, with respect to some arbitrary datum.

If we neglect the frictional effects, we can write down Bernoulli’s theorem between points A and
B as

PA P VB2
+ +z = —+4+-—=+z (5.1
pg 29 4 pg 29 °°
TS I 52)
pg AT pg 29 B '

Note that we have neglected the velocity at point A because the area of the tank is assumed to be
large enough so that any change in the liquid volume in the tank leads to a negligible rate of change

of the height of the liquid level. Mathematically, the velocity of the liquid at point A is 224 and the
rate of change of the volume of liquid is Q = %Asurf which automatically implies that if the
Agyry is very large, then for finite Q, %f* - 1.

Now, we can further simplify Eq. (5.2) by noting that the pressures at both points A and B are

equal to the atmospheric pressure. In that case we can simplify equation Eqg. (5.2) to isolate an
expression for the velocity as
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Ve =29(za — z5) = \[294z (5.3)

We observe from equation Eg. (5.3) that the flow and velocity head at point B is obtained solely
through the difference in the potential head between points A and B.

While the flow being inviscid is a very fundamental assumption behind the Bernoulli’s equation,
we can account for the losses due to friction (which are essentially always present due to the
presence of viscosity) through a head loss, h;. We can modify equation Eq. (5.2) as

Pa P VB2
PA L, =B B L th (5.4)
pg Mt pg 29 BT

= Vg = J29(4z — h;) (5.5)

It is clear that the presence of head loss leads to a reduction of the velocity Vp at the exit as
compared to the case where there is no head loss.

Let us now consider a point inside the tube, C. We can then write down Bernoulli’s equation
between points A and B.

Pa Pc ch
Stz =—t =tz (5.6)
pg T pg 29 ¢

realizing that V3 = V. owing to the fact that the tube cross section does not change and the density
as well does not change, we can write down the above equation as

Pc _Pam Vg

—h 5.7
pPg pg 29 (37)

where we have made use of the fact that p, = pgsm and zc — z4 = h. The above equation can be
interpreted as the atmospheric pressure (at point A ) being responsible for the velocity and potential
head at point C and the drop in the pressure head at C. We can easily extend this analysis to the
highest point in the tube, i.e. point D where we can write down the pressure as

Po _Pam V8

-—_H 5.8
Py pg 29 (58)

We can now utilize the fact that

and rewrite the expression for pp as
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bp _ Patm

YR —(Az + H) (5.9)

A careful reader may notice that the above expression can be equally easily be obtained by writing
Bernoulli’s equation between points D and B.

An important conclusion of the above expression for the pressure at the highest point is that it is
lower than the atmaospheric pressure. If this reduced pressure becomes equal to the vapour pressure
of the liquid at the given temperature, then the liquid begins to boil. The boiling causes pockets of
vapour to form in the tube and create a zone where there is more compressible vapour existing
inside the tube. This causes the incoming flow to not be able to drive the fluid because the pressure
is used to compress the vapour bubble. If the vapour pocket gets further carried downstream into
the flow, it may so happen that it encounters a region of a relatively higher pressure. If the pressure
again becomes larger than the vapour pressure at the given temperature, then the vapour pocket
collapses, often violently. The collapse of the vapour pocket leads to a sudden rush of liquid and
this may cause damage to the nearby solid surface (imagine the liquid hitting the former vapour
pocket like a hammer). This particular phenomenon is called as cavitation. In order to avoid this
matter, the height of the tube is kept such that the pressure does not fall below its vapour pressure.
For the case of water, the minimum pressure is approximately 20 kPa, which corresponds to a head
of 2 m. Therefore, in the context of the analysis done above, we must ensure that p, > p,q,,, Where

Pvap represents the vapour pressure of the liquid at the given temperature.
Example 5.1

Consider a tube used as a siphon to discharge water from a large vessel to drain it to atmospheric
pressure. Calculate

1. The pressure at point A
2. The pressure at point B.
3. Velocity of water through the tube

4. Maximum height of the tube above the liquid surface, assuming a vapour pressure of 20
kPa.

Take the atmospheric pressure to be 100 kPa and gravity as 9.81 m/s?.
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Solution

Given that the velocity of the liquid in the tank is quite low, we can identify the pressure at point
A through the hydrostatic equation. Thus,

Pa = Patm + pgz = 100 x 10% + 1000 x 9.81 X 1.5 = 114.71 kPa.

Before proceeding to determine the pressure at point B, we first find out the velocity of water in
the tube. For this, let us apply Bernoulli’s theorem between a point W on the surface of the tank
and point D. We can therefore write

Datm pp V2 100 x 103 100 x 103 V2
bz =242 T 5= 4Py, =/29%5
pg 2t T pg " 29 T~ 1000 x 9.81 1000 x 9.81 ' 2g D=V4g
=99m/s.

where, we have used the point D as the reference for the z displacement. We also note that the
pressures at points W and D are equal to the atmospheric pressure.

Thus, we are now in a position to find out the pressure at point B. Writing Bernoulli’s equation
between points A and B by noting that the height of points A and B with respect to the datum D is
the same, we have

V2 V2
Pa _Ps Ve _Ps Vo

P2
= = — wVg=Vp = =py —=V5 = 65.71 kPa.
pg P9 29 pg 29 B=Y0 = Ps =PaT o0 ¢
Finally, we can figure out the maximum height of the tube above the surface of the water by writing
Bernoulli’s equation between the free surface and the highest point, which we assume to be at a
distance H above the free surface. In order to do so, we will assume that the pressure at the top-
most point will be equal to the vapour pressure. Thus, we have
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VZ _ VZ
+-S4H =H :—(p“”" Pran) _ Vi = H =3.16m

Py pg 29 rhog 29

Patm _ Pvap

5.2 Flow measurement instruments

Measurement of flow through pipes can be achieved with the help of coaxial area contractions in
the same pipe. Typically the pressure drop across two points in the device described above helps
in assessing the flow rate through the pipe. The mathematical foundation of the principle behind
the flow rate measurement lies in the application of the Bernoulli’s theorem. Typically there are
two primary flow meters which fall under this category. They are (a) Venturimeter and (b)
Orificemeter. Next, we will discuss each of these devices.

5.2.1 Venturimeter

Figure 5.2: Schematic of a typical venturimeter.

A venturimeter, named after the Italian scientist Giovanni Venturi, is fundamentally a pipe which
consists of three sections - a conical converging section, a constriction or throat, and a conical
diverging section. It is obvious from the figure that the throat has the minimum cross section area.
As is also observed from the figure, the converging section cone angle is higher than the diverging
section cone angle. As a consequence, the inlet section is shorter than the outlet section, thereby
causing a rapid convergence of the flow into the throat followed by a gradual divergence. This is
done so that the flow does not separate after the throat. Any incidence of flow separation after the
throat will cause undesirable energy loss and inaccurate measurements of the flow rate. It is clear
that the geometry described would cause an increase in the velocity at the throat along with a
reduction in the pressure.
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Figure 5.3: Schematic of an inclined venturimeter.

In order to mathematically assess a venturimeter, we consider the case of an inclined tube as shown.
We consider a steady, inviscid, and one-dimensional flow along the axis of the venturimeter,
thereby ensuring that the velocity and pressure profile at any cross section remain uniform. We
consider two points, as shown in the figure. Apply Bernoulli’s theorem between points 1 and 2, we

obtain
D1 V12 D2 sz
btz = =t
pg 29 ' pg 29 *
Vi — Vi P1— D2
= 2291— + (2, — 23)

By utilizing the fact that from the continuity equation we have

VoA, = VA,

(5.10)

(5.11)

under the assumption that the density remains constant, we can simplify the expression above to

V.2 A?
_z<1__;> = (Brz)-(Zaz)
29 A3 Py pg

where the term inside the brackets is known as the piezometric head, i.e.

h*=£+z,=>h{=&+z1 h§=&+zz

PY PY Pg

Therefore, we can finally obtain an expression for V, and the volume flow rate, @, as

(5.12)
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1 A
Vy = ———12g(h] — k) = Q = A,V, = ——1/2g(1h} — }) (5.13)

We can now apply the principles of hydrostatics between points 1 and 2 for the u-tube manometer
shown in the Fig. 5.3 and write down the pressure at the origin points O in the figure to obtain

p1+pg(z1 = ho) = pz + pg(2; — ho — 4h) + Ahppg (5.14)
pm = Density of manometric fluid

which may be simplified to

(&+21> - (&HZ) - (p—m— 1>Ah =R —hy = (p—m— 1>Ah (5.15)
pg pg p p

We can now substitute Eq. (5.15) in Eq (5.13) and write down an expression of the flow rate in
terms of the height difference observed in the manometer as

A4
L S (p—m - 1>Ah (5.16)
x|\

As a simplification of the above equation, we have the situation where the venturimeter is not
inclined but horizontal in which case, z; = z, which implies that the piezometric head is simply
equal to the static pressure head, i.e.

P1 b2 (Pm )

hj=—, hy=—= hy— h,=|——=1)Ah
L A )

A very important observation in the derivation is that regardless of the fact that the venturimeter is

inclined or not, the final expression for the flow rate in the pipe remains unchanged.

Coefficient of discharge

In reality, the measured values of Ah are always larger than the ideal case of an inviscid fluid
because of the additional pressure loss that happens due to the presence of friction. As a
consequence, Eg. (5.16) would always overpredict the actual flow rate in practical cases. In order
to correct this overprediction, we typically multiply the flow rate with a factor, C;, the coefficient
of discharge and write down

A A '
Qucun = €40 = Ca 22 ([29¢2 - 1)) (5.17)



183 | Fluid Mechanics & Hydraulic Machinery
In other words, the coefficient of discharge, C;, IS

Actual flow rate
d =

Ideal flow rate

In practice, the value of C; is somewhere between 0.95 and 0.98, thereby implying that the viscous
effects do not signficantly cause us to overpredict the flow rate for flows through pipes as measured
through venturimeters.

Example 5.2

For a given condition, water flows through a 400 mm x 200 mm venturimeter (which means that
the pipe dimater is 400 mm and the throat diamter is 200 mm) at a rate of 0.068 m3/s and the
differential gauge is deflected 1 m as shown in figure. Considering the specific gravity of the gauge
liguid to be 1.27, determine the coefficient of discharge of the venturimeter.

Solution: The coefficient of discharge is defined as the ratio of actual rate of discharge to the
theoretical rate of discharge. The theoretical discharge rate is predicted from the relation

A A
Qz% 2g<p—m—1)Ah
VAT — 45 p

where, the value Ah is measured from the gauge height difference and the actual rate of discharge
is the discharge rate measured in practice.

To find out the coefficient of discharge, first let’s apply the Bernoulli’s equation between
A and B considering the fluid to be inviscid. Considering the axis of the venturimeter to be
horizontal, the Bernoulli’s equation between A and B becomes

V2 V2
Py di0=P2,2, (5.18)
pg 29 pg 29
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Again from the continuity relation we get

» (A8 2
V2 = ™ Vs (5.19)
A

We proceed to solve for V; from the Bernoulli’s equation (Eg. 5.18) with the help of the
continuity relation (Eg. 19), we obtain

V. = 2(pa —pB)/P
BT 1= (Ap/A0)

We can write the actual rate of discharge (Q) to be a function of coefficient of discharge (Cp) and
the theoretical discharge (Q¢neo = AgVg), Which is

Q = CpApVs
_ 2(pa—pB)/P
= 0= T (a,4,)°

Again, from the principle of hydrostatics applied to the differential gauge, we get

(pa/pg —2z) =pg/pg —(z+ 1) +1.27 x 1

—PATPE _ o7 m
pg

Let’s put the obtained values in the equation Q = CpAp /% to find the value of Cp. After
—\4B/A4A

substituting the values the equation becomes
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VA
0.068 = Cp Z(O'Z)Z‘/Z X 0.27 x 9.81/(1 — 1/16)

After solving the above equation we obtain the value of the coefficient of discharge for the
present flow condition to be C, = 0.91.

5.2.2 Orificemeter

An orificemeter can be thought of a geometrically simpler and cheaper means for the measurement
of flow through a pipe. An orificemeter does not have the requirement of having double conical
geometry but rather it is simply a concentric circular blockage in the pipe as shown in the figure.
The concentric hole is referred to as the orifice plate and is responsible for creating the obstruction
to the flow. The orifice area is typically much smaller than the cross-section area of the pipe. The
flow, after crossing the orifice, continues on due to its momentum where it contracts a point
downstream of the orifice. This is the region where the streamlines converge to the smallest area.
This is called as the vena contracta. After this, the flow then expands to the entire pipe again.
Pressure tappings are provided at a location upstream and just after the orifice. The presence of the
sudden orifice leads to the formation of the vortices in the corners of the orifice downstream of the
flow, thereby leading to a loss of energy and therefore we expect that such a flow measurement
device would significantly overpredict the flow rate - as aspect which we shall see in the
derivations.

Figure 5.4: An orificemeter used to measure flow through a pipe.
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The various parts can be seen in Fig. 5.4. We can apply Bernoulli’s theorem at the centerline
streamline between sections 1-1 and section c-c (which is at the vena contracta). We can therefore
directly write

pi V& p; V2
Sy =24 C 5.20
pg * 29 pg * 2g (>-20)

where p* = p + pgz represents the piezometric pressure. Proceeding further, we can make use of
the continuity equation wherein for a constant density flow we have
V1A, =V A, (5.21)

where A, represents the cross section area of the vena contracta. Therefore, we can substitute the
continuity equation in the Bernoulli’s equation to obtain an expression for the velocity at the vena
contracta as

(5.22)

We can further make refinements to the expression for the velocity by accounting for the viscous
nature of the flow and introduce the coefficient of viscosity, C,,. This will help us to assess the
actual velocity as measured through the height difference between the two limbs of the
manometer and obtain

P 1) n

)
Al

(5.23)

where we have made use of the fact that p; — p: = (o, — p)g4h as obtained from hydrostatics
for the manometer.

We also define the coefficient of contraction as

A. Areaof vena contracta

C, =%
< A Area of the orifice

Consequently, we have the volumetric flow rate
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Pm _
o 29 ( - 1) ah ) 2 .
0 = AV, = C,A,C, = GCeAy [ [(- 1)k (5.24)
( __c> 1S P
A7 A7

We can now combine the geometric and various coefficients into a single coefficient as

29
C=C,C. Ay |———— 5.25
vcalo 1—CC2A%/A% ( )
and finally obtain an expression for the flow rate as
Pm

For practical uses, the value of C depends on the diameter of the pipe and orifice and the actual
flow rate (through the Reynolds number). Typically, the value of C is determined for various flow
rates for a given pipe and this process is known as the calibration of the orificemeter.

Example 5.3

For a given system, water flows at a rate of 0.028 m3/s through a 150 mm diameter orifice used in
a 300 mm pipe. Considering the coefficient of contraction C. = 0.7 and the coefficient of velocity
C, to be 0.9, find out the difference in pressure head between the upstream section and the vena
contracta section.

Solution: Before solving the above problem, let’s recall that the measured value of the piezometric
pressure drop for a real fluid is always more due to friction than that assumed in case of an inviscid
flow. Hence a coefficient of velocity (C,) is introduced which will always be less than, to determine
the actual velocity at the vena contracta of the orifice V. when the pressure drop is measured in
terms of the manometric deflection. It is also worth mentioning that, the coefficient of contraction
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is defined as the ratio of cross sectional areas at the vena contracta to the area of the orifice i.e.
C. =A:/Ap.

Solving the Bernoulli’s equation, the actual velocity at the vena contracta of the orifice becomes

V. =

c 29(pm/p — DA
'y 1-(4:/A)?

where, Ah is the difference in liquid levels in the manometer and p,, is the density of the
manometric liquid. Then, the volumetric flow rate becomes

2g9(pm/p — DAR
1—(A;/A1)?

Q=AV = CCAOC‘U\]

= Q = (,CcAp (CZ—AE/A)\/(pm/p—m

for the differential pressure head in manometers, we can replace (p,,/p — 1)Ah with Ap/pg
since we want to write down the difference in the pressure between the two limbs of the
manometer in terms of the head of water.
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—=0=C,C.A 29 4p
@=Gledo (1—-C2AZ/A) |pg

Hence, substituting all the known relevant values in the above equation, we can obtain the value
of Ap/pg, which is the difference in pressure head between the upstream section and the vena
contracta section.

=>0028—09><07><"(015)2 2x 981 4p
T T T (1-0.72(1/2)*) |pg

4p
= — = 0.559 mof water
Py

5.3 Pressure measurement instruments

5.3.1 Static pressure

Static pressure is the manifestation of the thermodynamic collisions of molecules in a fluid. When
the fluid is at rest, the pressure is known as the hydrostatic pressure. We have seen from Bernoulli’s
theorem that the static pressure is a means of quantifying the pressure head, which can also be used
to estimate changes in the velocity in an ideal flow. Static pressure represents the pressure of the
fluid which is measured while the fluid is in motion. In this section we will look at the means of
measuring various pressures in a moving fluid.

Figure 5.5: A wall tap used to measure the static pressure at a point in the pipe.

Consider the flow as shown in Fig. 5.5, which shows a pipe flow with a port, which is basically
a hole which is flush with the internal surface. This is also known as a tap. The pressure measured
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by the tap will be the static pressure. An important aspect of the wall tap is that there is no flow
into the tap, i.e. the flow remains along the axis. For an ideal flow, the pressure sensed at the
location of the tap is constant throughout the cross section, and is the static pressure. Typically, the
tap is connected with the help of a tube to a manometer or a pressure transducer. This helps us to
measure the static pressure at the point in the fluid.

Figure 5.6: An arrangement of holes on the periphery of the tube to measure the static pressure at
a point in the flowing fluid.

More generally, this can be extended to an arrangement of tubes all around the periphery of the
tube so that the values of pressure can be averaged at a certain cross section. This helps to reduce
the variability in the measurement of the static pressure. This arrangement is shown in Fig. 5.6.

Figure 5.7: A static probe used to measure the static pressure at a point in the flow.

Besides this, we can also have a probe which is shown in Fig. 5.7 where a tube is introduced into
the flow. The tube has a hole on its periphery. There can be multiple holes on the periphery. Given
the fact that the static pressure remains constant throughout the pipe cross section, the probe, known
as the static probe is able to measure the static pressure at the point. The outlet of the static pressure
IS connected to a manometer or a pressure transducer.
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5.3.2 Stagnation pressure

Figure 5.8: A stagnation pressure probe with a hole in the front as opposed to a hole on the side
wall, which measures the static pressure.

The stagnation pressure concept is derived from the hypothetical process where in the flow is
brought to rest in an isentropic manner, i.e. the process is reversible and adiabatic. The pressure
measured at this point is known as the stagnation pressure. Consider the flow in Fig. 5.8 wherein
the flow is thought to be brought to rest in isentropically between points A and B. At equilibrium,
the velocity of the flow at point B will be equal to zero. Consequently, if we look at the Bernoulli’s
equation, we can conclude that the pressure at point B will be higher than the static pressure at
point A. We can thus say that the pressure measured at point B where the fluid has zero velocity,
i.e. the fluid is stagnant is the stagnation pressure.

Figure 5.9: A stagnation pressure probe can be used to measure the stagnation pressure in an open
flow as well.

Note, that the same arrangement can also be used to measure flow in an open channel where the
probe, which is known as the Pitot tube, is simply inserted from the free surface. The level rise of
the fluid in the tube is a measure of the stagnation pressure (see Fig. 5.9). This pressure, relative to
the atmospheric pressure, can be easily determined with the help of the manometry pressure
calculations between the stagnation point and the top surface of the liquid. The pressure can be
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related as py = paem + pg(h + hy). This gives us a means to determine the stagnation pressure.
However, the relation between the stagnation pressure and the flow velocity can be established
through the Bernoulli’s theorem between points A and point B.

pV?
Po=p+ T (5.27)
Stagnation pressure = Static pressure + Dynamic pressure (5.28)

== /w (5.29)

Therefore, it implies that the measurement of both the static and stagnation pressure of a flowing
fluid would allow us the measurement of the flow velocity. We also note that in reality, the
stagnation pressure that will be measured through experiments will be always be lower than the
actual stagnation pressure because there will be some irreversibility in the flow. In that case some
of the energy of the incoming flow will be converted into heat when it is being brought to a zero
velocity. Therefore, we can account for this non-ideality by introducing a correction factor € which
is multiplied to the expression of the velocity as

V=c /w (5.30)

5.3.3 Pitot tube

Figure 5.10: A pitot tube with a static wall tap.
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The ideas mentioned above can be utilized for the measurement of the flow rate by means of a
device known as a Pitot tube, named after the French engineering Henri Pitot. The device is shown
in Fig. 5.10 which shows the Pitot tube inserted in such a manner that the stagnation point and the
static pressure wall tap are almost at the same location. The same fluid moves up the stagnation
tube and static wall tap tube as well. The difference in the height between the two limbs is the
resultant flow velocity. We can write down the expression for the difference between the stagnation

and static pressures in terms of the velocity aspy — p = % pV? and then relate the static pressure to

the height of liquid in the tube as p = pgh4, while the height of liquid in the other tube as p, =
pgh + pghy. Upon substituting these values, we obtain that

vV =./2gh (5.31)

5.3.4 Pitot static tube

The above idea of simultaneously measuring the static and stagnation pressure is typically
combined into a single device known as the Pitot static tube as shown in Fig. 5.11. In this there is
one coaxial hollow section (colored blue) and a set of peripheral tubes (colored orange). The former
measures the stagnation pressure while the peripheral tubes measure the static pressure. Therefore
through this one probe, we are able to obtain static and stagnation pressure. The outlets of these
tubes can be connected to individual manometers to get the absolute pressures. However, they are
typically connected to two limbs of the same manometer, which are referred to as the differential
manometer.

Figure 5.11: A Pitot static tube without the connection to the manometer.
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5.4 Concept of laminar and turbulent flow

We will now proceed to discuss about the various aspects of internal flows. These typically include
flows in pipes, ducts, and pipes of non-standard cross sections. Such systems are widely seen in
almost all engineering applications which involve handling of fluids. While balances of mass and
momentum can yield certain solutions of fluid flow, there exists a distinct demarcation of the nature
of flow characterized through

_pUL
U

Re (5.32)

where Re is termed as the Reynolds number, p is the density of the fluid, u is the dynamic viscosity
of the fluid, U represents the characteristic velocity of the flow - this could be something like the
average velocity of flow in a flow through a pipe, and L represents the characteristic length - this
could be the diamter of the pipe through which the fluid is flowing. It is interesting to note that the
Reynolds number is termed as a dimensionless number, a number which does not have any
dimension attached to it.

The Reynolds number helps to delineate between laminar and turbulent flows. One of the
fundamental characteristic of laminar flow is where the flow remains smooth and steady (if the
inlet conditions of the fluid are steady. A very prominent example of such a flow is the flow of
honey as it falls from a jar onto the plate. The column of honey which is falling down appears to
do so in a very well-behaved fashion. In fact, this is also seen in the case of a tap which is opened
ever so slightly so that the flow rate coming out from the tap is low. The flow appears to be almost
still and there are no spontaneous changes in the geometry of the column falling down. However,
as the flow rate is increased, which is tantamount to increasing the Reynolds number, we see that
the flow of the column of water from the tap changes continuously with puffs and fluctuations
present everywhere. This implies that the flow characteristics such as the shape of the interface or
even the velocity field is having some components which are constantly changing even though the
inlet conditions do not change, except for an increase in the flow rate. We then say that the flow
has a Reynolds number which is higher than the critical Reynolds number, which is a fundamental
parameter which helps in quantify the change in the fundamental behaviour. Besides having
velocity fields are constant in a state of fluctuation, there is yet another hallmark of these two kinds
of flows. In a laminar flow, there is hardly any mixing between two fluids. However, when the
flow becomes turbulent, there is a drastic increase of the mixing between the two fluids.
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Figure 5.12: a) Laminar flow and b) Turbulent flow at the exit of a pipe through which water is
flowing. An interested student may easily undertake this experiment with the help of a common
tap. By increasing the flow rate coming out from a tap, one can observe the transition from laminar
to turbulent flow.

Hagen-Poiseuille flow

A very important result for internal flows was given by Hagen who was one of the first engineers
to suggest the presence of two different regimes of flow. It was suggested that the pressure drop of
the flow of water through a tube is proportional to the flow rate as

QL
Ap = Kﬁ + Const,.,

where K is a constant, L is the length of the tube, D is the diameter of the tube, Q is the volume
flow rate, and Ap represents the pressure drop. This suggested formula was then shown to be true
for lower ranges of flow rates, i.e. when the flow was laminar. As the flow rate increased, there
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was a transition to the turbulent regime wherein the pressure drop increased at a faster rate as the
flow rate was increased. Reynolds, after whom the Reynolds number is defined, definitely showed
through experiments in flow of dye in a flow that the critical Reynolds number after which the flow
becomes turbulent is Re_i+icq; = 2300. Note that these transitions are not just restricted to internal
flows, but is also valid for external flows, for example flow over aerofoils etc.

The rigorous solution involves the Navier-Stokes equation as the starting point. The Navier-Stokes
equations represent the law of the conservation of momentum in a differential form and are beyond
the scope of this particular text. However, we can still use the fundamental ideas developed so far
to obtain the same result. This shows the power of utilizing such control volume approaches to
derive very fundamental solutions.

Let us first consider the problem definition. We have a pipe through which a viscous fluid is being
transported. The dynamic viscosity of the fluid is u and the density of the fluid is p.

Figure 5.13: A fully developed flow through a pipe of a segment of length, L, and radius, R, is
shown in the figure. Flow occurs from left to right and is driven by the pressure gradient. The
pressure at the left end is higher than the pressure at the right end. The velocity profile is shown at
the cross section and owing the fully developed flow, the velocity in the axial direction only
depends on the radial direction and not on the axial direction.

The flow is driven by a pressure gradient. A pressure gradient in this context is the relatively higher
pressure on the left side of the tube as compared to the right side which causes the fluid to be driven
or flow from the left side to the right side. In such kinds of flows, the pressure gradient is achieved
by means of a pump or by means of a reservoir which is at a larger height as compared to the other
reservoir. Both of these mechanisms are commonly seen in water distribution systems in
apartments and homes. In such typical systems, the fluid enters at the inlet where the fluid is now
going from a state where it was almost stationary at the reservoir to the fully developed flow in the
pipe. When the flow initially starts, the velocity does not immediately reach the same profile as
shown in the figure. In fact, the fluid does not feel the influence of the wall immediately and hence
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the no-slip boundary condition is slowly felt as the fluid enters further into the pipe. In this region,
the flow is accelerating and then it reaches stead y state at which point there is no more acceleration.

In this ensuing analysis, we will consider the fully developed region for simplicity. We must note
however, that the same analysis can also be done for the so-called developing region as well. In the
fully developed region, the pressure is also linearly reducing as we shall see soon. First, we look at
what is happening physically. The flow is driven from left to right, i.e. along the positive x direction
by the larger pressure at the left face than the right. This is then counteracted by the influence of
the viscosity which aims at slowing down the flow. Therefore at steady state, we may say that the
pressure which drives the flow from left to right is equally retarded by the influence of the viscous
stress from the right to left.

In that case, let us consider the control volume which encompasses the fluid inside the tube and
write down this driving force. The net force due to the influence of the two pressure terms is

Fp = Fleft - Fright
— 2 2
= Pleft X7re — Prignt X mTr

d
=p><rrr2—(p+£4x)xrrr2

d
= (—ﬁdx) X 112

dp
= —— Axnr? 5.33
T (5.33)
A very important conclusion from the above expression is that the flow is driven by the difference
in pressure across the tube and not the absolute pressures given. Another important aspect in the
expression obtained above is that the flow is driven in the positive x direction when the pressure

gradient is negative. What do we mean by a negative pressure gradient? It means that as the value
__ Dright—Pleft

. . d
of x increases, the value of p decreases, i.e. ﬁ .

< 0 because piest > Prignt-

Now, what would happen if there is nothing to stop this flow, the pressure gradient would keep
acting on the fluid particles and keep them accelerating. However, owing to the flow, the lamella
of the fluid gets retarted by the action of viscosity. We have seen an elementary discussion of
viscosity where we have obtained Newton’s law of viscosity. In a similar fashion, the velocity field
which is developed in the pipe causes the presence of a shear stress. The genesis of this velocity
profile also warrants a discussion. The condition at the solid surface of the pipe is known as the no-
slip boundary condition, which implies that the velocity of the fluid particle at the contact of the
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pipe is zero. As we move towards the center of the pipe, the influence of the wall reduces and the
velocity field increases at the center. The maximum velocity is seen at the centerline of the pipe.

Figure 5.14: A representative volume which is used for the calculation of the shear stress.

We can write down the shear stress at any radial location as T while the total force acting on the
fluid element due to the shear stress is given by T X A,,, where A, represents the perimeter area,
which in this case is 2nrdx

du
Fyiscous = TAp = HE X 2mrdx (5.34)

Accordingly we can now combine equations Eqg. (5.33) and (5.34) to obtain

d u
E, + Fyiscous = 0 because, fully developed flow does not accelerate — d—irrrzdx +u -

X 2nrd _0:>du_1dp 5.35
mridx = dr_Zudxr (5.35)

We can now rearrange the above expression as

ldu 1dp

=—— 5.36
rdr 2udx ( )

where we can now make some more conclusions about the set of terms seen above. The left hand
side represents a set of terms which depends only on the r coordinate while the term on the right
hand side represents terms which only depend on the x coordinate. This is because of the
assumption that the flow is a fuly developed one. In such a case where both such terms are equal,
each must be a constant. In such a case, we can now integrate the terms above to obtain

1 dpr?

=——+4C 5.37
u 2udx 2 + ( )
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B (r=R)=0duet lip, ¢ = —L9PR° 5.38
ecause u(r = R) = 0due tono —slip,C = 20 dx 2 (5.38)
_ ldp(r* R? £ 39
YE udax\2 T2 (5:39)
= R” dp 1 r 5.40
= 4udx R2 (5.40)

In the entire derivation above, we have only written down the static pressure, p, in the expressions.
However, we note that the even if the pipe or tube is oriented along an arbitrary direction with
respect to gravity, the expression of the velocity field only has to account for the piezometric
pressure, i.e. p + pgz instead of the static pressure. Everything else remains the same.

We can now find out the volume flow rate with the expression for the velocity field as

—JR dA—JR(l T2>2 dr = R4< dp) 5.41
Q_ Ou = , RZ nr T'—T[8u dx ( )

5.5 Friction losses in laminar flow

From the above expression, it is clear that the flow rate and pressure drop in the pipe have a linear

relationship between them. Infact, We have already shown that the pressure drop is constant, i.e.

Z—z = const. (see Eq. (5.36) which means that we can write the pressure gradient as Z—z = AL—”. Thus,

we can rearrange Eq. (5.41) as

8uLQ
= 5.42

Furthermore, we can find out the wall shear stress as

du u 1 dp
T = o lon = 20 = R (- F) (5.43)
The skin friction coefficient, C¢, is defined as

Tw 16 16

C = = =
4 pVd/u~ Reg

- (5.44)
ZPV?
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We can write down the head loss, i.e. hy = 4 % by substituting the expression of pressure drop in
Eqg. (5.42) and obtain

128u0QL
f =

5.45
pgnD* (545)

The frictional head loss can also be expressed through the Darcy friction factor, f, named after
the French engineering Darcy, through

" LV? 8uLQ 64 .
7 =) D2g ™ mR* Re, (5.46)
Alternately, we can also define the Darcy friction factor as
81 64 64
f=w DM (5.47)

- pV? - pVd - Rey

which shows that the friction factor is inverse proportional to the Reynolds number based on the
diameter of the pipe, d.

5.6 Major losses in turbulent flow

While the solution of the momentum equation for a laminar flow yields the friction factor as f =
%, we note that the case of turbulent flows is not so straight forward. In fact, the friction factor
d

can be shown through dimensional analysis that it depends functionally on both the Reynolds
number and the roughness of the pipe through which the flow is happening. The details of the
dimensionless numbers is beyond the scope of this text. Pioneering works were undertaken by
Standon, Nikuradse, and Moody towards a solution to obtain the variation of the friction factor as
a function of the Reynolds number for different pipe roughnesses. Pipe roughness always exists in
pipes due to the fundamental nature of the fabrication process it is made through. For laminar flows,
the velocity is the lowest in the vicinity of the walls through the no-slip boundary condition due to
the presence of viscosity. This low velocity leads to a poor influence of the roughness on the friction
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factor. However, for turbulent flows, which has a higher velocity and shear stress near the wall, the
influence of the roughness, which plays an important role in causing more frictional losses, cannot
be ignored. Although roughness is not constant for a pipe, the statistics can be predicted - for
example the root mean square (rms) roughness of a pipe. Not only does this depend on the nature
of fabrication, but is also strongly governed by the material of the pipe. For example, pipes of
concrete inherently have a higher roughness than pipes made of aluminum or stainless steel.

5.6.1 Friction factor: Moody diagram

The combined results of the friction factor for both laminar and turbulent flows are summarized
through a single plot known as Moody’s diagram as seen in Fig. 5.15.

As we have already seen, for laminar fully developed flows, the friction factor is given by f =
64 /Re. In the case of turbulent flows, however, the friction factor depends on two factors - the

Reynolds number and the relative roughness of the pipe, %, where € is the rms roughness of the

pipe surface and D is the diameter of the pipe. The roughness of a pipe depends on the material
from which the pipe is made, for example, cast iron, concrete, steel, etc. and the method by which
the pipe is made, for example, machining, extrusion, casting etc. The nature of the variations is
embodied in the form of a single plot called as the Moody diagram, as has been mentioned before.
From the plot it can be seen that below Re < 2000, the friction factor is universal, i.e. it is
independent of the roughness of the pipe. The value of Reynolds number at which the laminar flow
transitions to turbulent flow is called as the critical Reynolds number. Beyond this Reynolds
number, the flow becomes turbulent. Once we have turbulent flows, we see that the friction factor
tails off as the Reynolds number goes beyond a certain value. Thereafter we say that the fully is
fully turbulent; this is marked by the complete turbulence regime in the figure. For the fully
developed flow, further increase in the Reynolds number does not yield any further reduction of
the friction factor. Therefore, for a fixed relative roughness ratio we have a constant value of the
friction factor. The dashed line represents the locus of all points beyond which the flow becomes
fully developed for various values of relative pipe roughness. We also see that all the curves behave
in a universal manner as the surface is made as smooth as possible. This curve is marked as the
smooth pipe curve.

Example 5.4

Find the head loss due to friction when water flows through a 100 m long galvanized iron (Gl)
pipe, average surface roughness = 0.15 mm, with a diameter of 150 mm with a flow rate of 0.01
m3/s. The kinematic viscosity of water is v = 1.14 x 10~°m?/s. Also determine the pumping
power required to sustain the flow.
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Solution

Let us first determine the average velocity of the flow

p=—L o 00 see™ (5.48)
,TDTZ X015 s '

The Reynolds number corresponding to this velocity is

VD 0.566 x0.15

R =—————— =745x 103,
T T11ax10°
The relative roughness of the pipe is
€ 0.15 _ 0.001
D 150

Looking at the chart for the relative roughness of 0.001 and the Reynolds number found out, we
obtain

f =0.025
Therefore the corresponding head loss is

V2 100  0.5662

L
hp = f == = 0.025 X —— X =027
r=1D2g 0.15 2 x 9.81 m

The power required to overcome this head loss is

P =pghs xQ = 103 x 9.81 X 0.27 x 0.01 = 26.7W.
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Figure 5.15: Moody diagram which shows the friction factor as a function of the Reynolds number
for different relative pipe roughness ratios. By Original diagram: S Beck and R Collins, University
of Sheffield (Done by the second law at English Wikipedia) Conversion to SVG: Marc.derumaux,
CC BY-SA 4.0, https://commons.wikimedia.org/w/index.php?curid=52681200.

5.7 Minor losses in pipe flow

While we have considered the major loss in pipe flow due to the friction occurring through
viscosity, there are other reasons why there might be a loss of energy of the flow. These losses are
incurred due to geometric changes of the pipe encountered by the flow. In cases where the pipe is
very long, these changes in geometry often cause a relatively smaller amount of energy loss in the
flow as compared to the viscous losses. These losses are therefore termed as minor losses. In many
cases, however, it may so happen that the so-called minor losses may be significant as compared
to the frictional losses in the case of relatively short pipes. It is also important to note that such
minor losses are usually over small regions of the duct, where geometric changes occur. Below, we
consider the various causes for minor losses.


https://commons.wikimedia.org/w/index.php?curid=52681200.
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5.7.1 Minor loss due to sudden enlargement

Figure 5.16: Expansion loss in a flow going into a pipe or duct of a larger diameter.

Consider a pipe with a uniform cross section such as that shown in Fig. 5.16. The pipe is then
connected to another pipe section which has a larger diameter. The sudden deviation in the pipe
cross section area leads to the creation of a region near the wall where turbulent eddies are formed.
This is at cross section a. These vortical structures lead to a dissipation of the energy of the
incoming flow and hence an overall loss in the mechanical energy. Such a kind of loss is
fundamentally due to the separation of the flow near the corners and is something which we had
seen was avoided in the case of the design of a venturimeter. The nature of the venturimeter was
kept in such a way that the flow gradually reaches the throat and gradually again increases in area.

We can analyze this system by considering the transport of momentum between sections 1 and 2.
P14y +p'(A; — A1) — p2A; = pQ(V; — V) (5.49)

where p' is the pressure at the turbulent face at the junction of the two pipes which acts over the
annualar area, A, — A;. The other terms have their usual meaning. From various experiments, it
has been seen that the pressure at the recirculation zone is such that p’ = p;. This implies that the
momentum equation can be simplified to

(p1—p2)A; = pQ(V; — V1) (5.50)

The flow rate may be expressed as Q = V,A,. With the help of this we can further simplify the
expression as

p1— D2 = pVo(Vy —V3) (5.51)
Now, if we apply Bernoulli’s equation between sections 1 and 2, we obtain

P1 V12 D2 sz
—t —=—+4—= h 5.52
St =t ok (5.52)
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where h, represents the head loss due to the sudden expansion. Simplifying the expressions we can
further simply the expression above using Eqg. (5.51) to find out the head loss as

vy — Vp)? _V_12<1_ﬁ)2

h = =
¢ 2g 29 A,

(5.53)

The above expression has been found to be accurate for several experimental and practical
situations, and is therefore a good measure of the head loss due to a sudden expansion.

5.7.2 Minor losses due to sudden exit

Figure 5.17: Losses due to fluid suddenly exiting into a large reservoir.

Much like the previous case, there may be a situation where the flow through a pipe discharges into

a big reservoir so that the ratio j—z > 1. The eddy losses uccurs due to the recirculation zone just at
1

the region of the exit. Such a kind of loss is known as exit loss. This is shown in Fig. 5.17. The

expression for such a head loss can be easily obtained from the solution of the head loss in the
previous section and is

=34 (5.54)

o
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5.7.3 Minor losses due to sudden contraction

Figure 5.18: Losses due to fluid suddenly entering into a pipe or duct of a smaller diameter.

Similar to the minor loss due to the sudden expansion, there is also a similar situation where an
abrupt contraction of the flow area also leads to a loss of energy. The streamlines in the flow are
unable to converge enough so that the entire area is covered into the small area. Consequently,
there is again a region of recirculation. The actual streamline convergence happens in such a
manner that the stream tube, i.e. the bundle of streamlines, goes an area which is smaller than the
pipe document. This section is called as the vena contracta. Beyond the vena contracta, the
streamlines cover the entire area. This is shown in Fig. 5.18. We can proceed with a similar
derivation as shown for the flow out to a sudden enlargement and write down the head loss as

h =V—22(ﬂ—1)=>h _x(Z (5.55)
© 29\A, ¢ 29

where A represents the area of the vena contracta. Typically, the head loss is represented in
terms of a loss coefficient K as shown in the expression above.

5.7.4 Entry loss

Figure 5.19: Loss due to a fluid entering into a pipe from a large reservoir.
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In the above situation, we have a situation where a flow from a relatively large area is suddenly
entering into a pipe. Mathematically, this situation is where A; — oco. This situation is done in Fig.
5.19.

The head loss due to sudden exit is given by

VZ
hi =05 (5.56)

Table 5.1: Loss coefficient for an elbow for various angles.

Elbow angle, 6 Loss coefficient K for nominal diameter, D(inches)
Yinch 1 inch 2 inch 4 inch
2

45° 0.39 0.32 0.30 0.29

90° 2.0 15 0.95 0.64

180° 2.0 15 0.95 0.64

Table 5.2: Loss coefficient for tees.

Tees Loss coefficient K for nominal diameter, D(inches)
Yinch 1 inch 2 inch 4 inch
2

In-line flow 0.90 0.90 0.90 0.90

Branched flow 2.4 1.8 14 1.1

5.7.5 Flow at elbows and tees

In pipe networks several pipe connectors like elbows and tees are installed or flow regulating device
like valves are also used. The minor head loss, h, is represented by means of the loss coefficient,
K, as:

VZ
h=K (5) (5.57)

The numerical value of K is obtained through experiments and reported by the manufacturers in
their component data sheet.

An elbow is installed in a pipe-network when fluid flow has to bend in a certain direction by a
certain angle. As flow bends sharply through an elbow, there are losses due to the flow separation
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and eddy formation. The typical value of loss coefficient K depends on the angle by which the fluid
flow bends in an elbow. This is marked as 8 in Fig. 5.20. It also depends on the elbow diameter.
Typical values for 45, 90 and 180 degree elbows for diameter 1/2 inch to 4 inch are listed out in
Fig. 5.20 (a). The data for the various losses are mentioned in tables 5.1 and 5.2.

Figure 5.20: Minor loss coefficient K for a) Elbows and b) Tee.

Tees are used to branch fluid flow in two parallel paths. There is pressure loss associated with this
branching of flow. For tees, the value of K depends on the flow direction inside the tee-joint. For
straight “in-line” flow, the typical value of K is 0.90 whereas for “branched” flow it depends on
the pipe diameter. The values are tabulated in 1.20 (b). The numerical values of K are significantly
higher for branched flow, indicating larger pressure loss when compared to in-line flow. This is
due to the fact that fluid bends through 90 degree inside the tee in case of branched flow. Example
5.7 will illustrate the mathematical treatment of flow through tees.
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Figure 5.21: Plot of the minor loss coefficient, K, for globe and gate valves for various opening

. h
fractions, —.
D

Once a pipe-network along with the connectors like elbows and tees is sized and installed, the
overall effective resistance offered by the pipe-network becomes constant. However, if a manual
control over flow rate is desired in the pipe-network then usually a valve is installed. All valves

control the flow rate by increasing or decreasing the opening ratio, %. Here h is the opening though

which fluid flow occurs and D is the pipeline diameter (see Fig. 5.21). Therefore, the opening ratio
for a valve can vary from 0 (completely closed) to 1 (completely open). Fig. 5.21 shows the cut-
section of a Globe and Gate valve. The principle behind the flow control for both these valves are
same; however, internal fluid flow path is different. Hence, it is expected that the loss coefficient
K will be significantly different for different valves. A typical variation of K with valve opening
ratio for Globe and Gate valve is provided which shows how the loss coefficient for both valves

reduces as the valve opening ratio increases with the least value at% = 1. There are many different

types of valves available commercially, and the loss coefficient K for a same type of valve can vary
from one manufacturer to another.
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Example 5.5

Consider a flow of water through a horizontal pipe at a volume flow rate of 0.2 m3/s. The diameter
of the pipe is 200 mm. The pipe suddenly encounters an expansion to a pipe of diameter 400 mm.
The pressure in the smaller pipe is 120 kPa. Find (i) The head loss due to the sudden enlargement,
(ii) The pressure in the large pipe, (iii) The power lost due to the enlargement

Solution

Let us first find out the velocity of the flow in the two pipes. As per the information about the
flow rate, the velocity in the smaller pipe is

Q 0.2

V:—:—
17 A, T m0.22/4

= 6.36m/s.

Using the continuity of mass, we obtain the velocity of water in the larger pipe as
V, =V,4,/A, =V,(0.2/0.4)? = 6.36/4 = 1.59m/s.
Using this information we can find out the head loss due to the sudden enlargement as

Vi — Vy)?
h, = % = (6.36 — 1.59)%/(2 x 9.81) = 1.16m.
We can now find out the pressure in the larger pipe using Bernoulli’s equation between points 1
and 2, which are before and after the expansion. We can therefore write

D1 V12 D2 sz
-4 = =4 = h
pg+2g+21 pg+2g+22+ e

where we note that since the pipe is horizontal, z; = z,. This allows us to find out an expression
for p, using the values found so far. Substituting the values, we find

12.23 + 2.061 = ;)—2 +0.1288 + 1.16 = p, = 127.55kPa.

The corresponding power lost due to the enlargement is

P = pgh,Q = 2275.9W = 2.276 kW
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5.8 Pipes in series and parallel

The relationship between the flow rate and pressure drop can be mathematically represented as
Ap = Cf(Q), where C is some factor which depends on the geometry of the pipe. For a simple case
of a two reservoirs connected by a pipe, we can represent the head loss H as

H = Entry loss + frictionloss inpipe + Exit loss (5.58)

H

1VZ  LVZ V2 3 L\V?
—( ) (5.59)

“229 b2 Ty T D)z
The expression above can be easily be converted into a relationship between H and Q by making
use of the fact that the flow rate and velocity can be represented by Q = AV thereby allowing us to
write

3 L\0Q?
3 L 8
whereR = <E+f5>m (561)

The factor R represents the flow resistance and helps us to write down an Ohm’s law-like
relationship for the head loss and flow rate in a pipe as

H = RQ? (5.62)

Therefore, this gives us an easy way of analyzing pipe networks with pipes in series and/or parallel.
It is obvious to note that for pipes in parallel, the pressure drop across each pipe is the same, i.e.
H = equal for all pipes while the flow resistance encountered by the fluid for each pipe dictates
how much flow happens in each of the parallel pipes. Similarly, for the case of pipes in series, the
flow rate for each of the pipe is fixed while the head loss across each pipe depends on the flow
resistance offered by the pipe. These ideas are better explained through the examples below.

Example 5.6

Two pipes of length L each. One has a diameter d and the other one is %. When they are arranged
in series and water flow rate Q, the head loss is H. When they are arranged in parallel with the same
flow rate Q the head loss is h. Determine the ratio of % neglecting all minor losses.
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Solution 1:

a) When pipes are in series the major loss is summation of the individual head loss in first and
second pipes. Hence, we can write the expression for head loss between A and B as:

AH _ Vi V,
A-B,series — f= < > f(d/ )<2g>

Where the flow rate is

T T rd\?
0=7avi=5(3) v

4Q

:>V1= i and:>V2= T
2 Zdz

T

4
Substituting the above expressions for velocities, we obtain the head loss H for the series
arrangement as:

Ly Q2 Ly Q2
>H=f (a) —Zg (%)2 - (1+2x4%) =33f (E) _Zg (%)2 "

b) When pipes are in parallel arrangement, the head loss is identical across each branch of pipe.
Hence, we can write the expression for head loss between A and B as:
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AH L v, _ L (v’
A—»B,paralld_fa Z _f(d/z) Z

= V12 = ZVZZ = V1 = \/EVZ

Where the total flow rate is

T LN
Q=0+ =7V +5(3) v2

Substituting the expression for I, , we obtain the relationship between the total flow rate Q and
velocity V; as:

Q = nd?V, + <d2>(V1) Ty (1+ ! ) 1177 % q2v
=T Tl — —_— ) = — — | = 1. —
1 4 \/E 4 1 4\/2 4 1

Therefore, we obtain the following relationship for head loss h in case of parallel flow:

) 2
=h=7 (9 20 é)z s (1.11772) = 0722/ G)ﬁ)zw

The ratio% is then

Example 5.7

Consider the pipeline assembly shown in the figure below. Water at 50 [pm flows into a tee joint
where it gets “branched” into loop 1. Flow through loop 2 is “in-line” with the main incoming flow
at point A. The loop-1 has three straight pipelines, each of diameter 12.5 mm and length 10 m,
whereas loop-2 has only one straight pipeline of diameter 12.5 mm and length 10 m. Furthermore,
the loop-1 has two identical 90° elbows of 12.5 mm each having a head loss coefficient of K = 2.
The head loss coefficient for each tee joint in the “branched” line is K = 2.4 whereas for the “in-
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line” flow it is K = 0.9. Assume that the friction factor for all four straight pipes is f = 0.005. What
is the water flow rate (Ipm) through loop-1 and loop-2?

Solution 2:
Loop-1 calculation:

The major loss is given by the frictional losses through the 3 straight pipes:

3R V,?
Hmajor,loop—l_f E Z =12 Z

Minor loss is given by the summation of losses through the 2 tee “branched” junctions and 2
elbows:

2 2 2 2
Vi Vi Vi Vi
Hminor,loop—l = ZKtee,branched Z + 2Ke1pow Z =2X24 Z +2Xx2 Z
V 2
=88 <L>
29

Total head loss in loop-1 is:

Hiotat,loop—1 = 12 Z + 8.8 Z = 20.8 Z

Loop-2 calculation:
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The major loss is given by the frictional losses through the 1 straight pipe:

INVAZS V,?
Hmajor,loop—z =f(a) Z =4 Z

Minor loss is given by the summation of losses through the 2 tee junctions having in-line flow:

V,? V,? V,?
Hminor,oop-2 = 2Ktee,in-tine Z =2x09 Z =18 Z

Total head loss in loop-2 is:

Htotal,loop—1:4 Z +1.8 Z =58 Z

As loop-1 and loop-2 are parallel, the head loss between A to B is same across the loops.
Therefore, we have:

2 2
Vi V,
Htotal,loop—l = Htotal,loop—z = 20.8 Z =58 Z

= V, = 1.894V,

50 x 1073 md? ,
Q=—7""="2 (Vy + V) = 0.7235md?V;

= 0.833 X 1073 = 0.000355V;
=V, =236m/s
=V, =444 m/s

Hence, flow rate through the individual loops are:

2
wd,

=0, = Vi =173 Ilpm

2
wd,

=0, = V, =32.7 lpm

Example 5.8

Consider the previous problem with an electronic water flowmeter placed in the straight pipeline
of loop-2 as shown in the figure below. This flowmeter offers minor head loss coefficient K = 2.
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Assume that the flow meter is extremely small and the straight pipeline length on which it is
installed is still 10 m in length. Determine the flow rate measured by this flowmeter and compare
it with the flow rate (Ipm) predicted in the previous problem for loop-2. How much is the difference
(in lpm)?

Solution:
Loop-1 calculation:

The entire calculation remains identical to the previous problem as there is no change in this loop
arrangement.

Loop-2 calculation:

The major loss through loop-2 remains identical to the previous problem, only the minor head
loss calculation changes. Minor loss in this problem is given by the summation of losses through
the 2 tee junctions having in-line flow and the flow meter installed in this loop:

V,? V> V> V>
Hminor,loop—z = ZKtee,in—line Z +Kflowmeter Z =2x09 Z +2 Z
V 2
=38 <i>
29

Total head loss in loop-2 is:

V,? V,? V,?
Htotal,loop—1:4 Z + 3.8 Z =78 Z
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As loop-1 and loop-2 are parallel, the head loss between A to B is same across the loops.
Therefore, we have:

2 2
1’4 Vs
Htotal,loop—l = Htotal,loop—z = 20.8 Z =78 Z
=V, =1.633V;

50 x 1073 md? ,

= 0.833 X 1073 = 0.000323V;
=V, =2.6m/s
=V, =42m/s

Hence, flow rate through the individual loops are:

2
wd,

=0, = Vi =191 lpm

2
wd,

=0, = V, =309 lpm

The difference between flow rate measured by the electronic flowmeter and the actual flowrate
without the flowmeter is 32.7 — 30.8 = 1.9 Ipm. This reduction in flowrate is due to the additional
resistance to fluid flow offered by the electronic flowmeter. Unfortunately, this is unavoidable.
(This phenomenon is very similar to drop in electric current observed when ammeters are used.)
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5.9 Water hammer: causes and remedies

Figure 5.22: A schematic of a pipe discharging to the ambient and fed by a large reservoir.

Let us consider a long pipe AB as shown in Fig. 5.22. One end of this pipe, 4, is connected to a
large reservoir while the other end B is open to discharge to the atmosphere via a valve. The length
of the pipe is L. Initially the valve is completely open and water flows through it with a velocity V.
If the valve is now suddenly closed, the inertia of the flowing water is suddenly lost and therefore
the pipe has to make a suddent transition from being at the discharge pressure to the pressure which
is suddenly built up. The sudden change in pressure leads to a pressure wave which is transmitted
along the pipe with the speed of sound in the medium, in this case, the fluid carried by the pipe.
This may additionally create a knocking sound in the piping. The travelling high pressure wave
leads to a hammering on the walls of the pipe due to the sudden change in pressure and is known
as water hammer.

The pressure rise during the phenomenon of water hammer depends on the
e velocity of the flow before the valve is shut
e length of the pipe
e speed at which the valve is closed
e properties of the pipe such as the Young’s modulus

The last property is particularly important from an engineering viewpoint and from a bio-
engineering viewpoint. Having thin walled flexible pipes can often lead to a dampened pressure
wave. Moreover, the flexibility of the arteries and veins in the body also lead to a dampening of
the pressure wave when the valves of the heart open and close suddenly.

Let us now consider the different cases of water hammer.
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5.9.1 Valve is gradually closed

Consider the same pipe shown above. Let the time required to close the valve be T. Let the intensity
of the pressure wave be p. The mass of liquid held in the pipe at any time instant is

m = pAL (5.63)

If the valve is gradually closed, the deceleration faced by the mass of liquid is

||—V 5.64
a_T (' )

The force experienced is therefore
|4
F =mla| = pAL? (5.65)

This force would be equal to the intensity of pressure after closing the valve times the area of cross
section, i.e. pA. Equating these two expessions we have

LV LV
=p—=>h P _

=—=— (5.66)
T pg 9T

p
i.e. we have expressed both the pressure and the pressure in terms of the head. If C is the velocity
of sound in the liquid, then we say that the valve closure is sudden when
2L
T<— 5.67

- (5.67)

i.e. the time required to close the valve is faster the time required by the pressure wave to move up

and down the pipe, i.e. across a length, 2L. Alternately, the valve closure is said to be gradual when
2L

T>— 5.68
. (5.68)

5.9.2 Pipe is rigid and valve is suddenly closed

Given that most fluids are compressible, it is only natural that the bulk modulus of water plays an
important role in the transmission of the wave. Let us analyze the situation for a rigid pipe. The
loss of kinetic energy when the fluid is brought to rest is

AKE == X pAL X V? (5.69)
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which is equal to the gain in the strain energy of the fluid, i.e. the strain energy per unit volume,

2
%% times the volume of the fluid, i.e. AL.

ASE—1 P’ X AL 5.70

When the two energies are equated, we obtain an expression for the pressure as
p= pV\/g = pVC, wC = \/g(By definition of speed of sound) (5.71)

The case where the pipe is elastic and the valve is suddenly closed is beyond the scope of this
book.

5.10 Unit Summary

e Actual flow rate through a venturimeter

A4y ’ p
Qactuar = CaQ = (g ————= 29 (7"1 - 1)Ah
A2 — A2

e Coefficient of contraction

c A. Areaof vena contracta
€ A,  Areaof the orifice

o Volumetric flow rate through a orificemeter

A§>
JE— 1 —_
A

Pm
2g(=2—1)4h 2
Q =AV = CAeCy P = CyCAg —g\]<p_m_ 1>Ah

e Reynolds number
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o Hagen-Poiseuille flow, velocity distribution

R?dp r?
U= ———(1-—=
4u dx R?

e Pressure drop in a constant cross section circular pipe

8ulLQ
Ap =
p mTR*
e Frictional head loss
LV? 8uLQ
h'f = —_—
D2g mR*
e Friction factor for laminar flow
B 64
f h Red

e Head loss due to sudden contraction

h —VZZ(AZ 1>=>h —K
C_Zg AC c —

e Head loss due to sudden exit
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5.11 Exercises

Multiple Choice Questions

1. For a laminar flow of water through a straight circular pipe, keeping all other parameters
constant, the major head loss (hy) is:

A. Independent of velocity of water inside the pipe

B. Varies linearly with velocity of water inside the pipe

C. Varies as V2 where V is the velocity of water inside the pipe
D. Cannot say

2. Consider any liquid with density p flowing with velocity V inside a straight circular pipe.
Suppose we change the liquid and measure the major head loss (k) for each case.
Assuming laminar flow for each case and assuming all other parameters being constant,
the major head loss (hy) is:

A. Independent of p
B. Varies linearly with p

C. Varies as p?

. 1
D. Varies as >

3. For asiphon, cavitation of liquid may happen:
A. At the inlet of the siphon
B. At the outlet of the siphon
C. At the topmost point in siphon
D. Cavitation is not possible inside a siphon
4. A venturimeter works on the principle of

A. Conservation of static pressure head
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B. Conservation of dynamic pressure head
C. Conservation of piezometric pressure head
D. Conservation of total pressure head
5. Which of the following is/are TRUE?
A. In an orificemeter, the velocity is maximum at the orifice

B. In a venturimeter, the converging section cone angle is higher than the diverging
section

C. Static pressure at any point in flow field is greater than or equal to stagnation pressure
D. Stagnation pressure at any point in flow field is greater than or equal to static pressure

6. Two pipelines of diameter D and d are attached in series where D > d. Water first enters
the pipeline of diameter D and then passes through a sudden contraction to enter into
pipeline of diameter d. The pressure at the inlet and outlet of this arrangement are P;, P,
respectively. Similarly, the velocity of water at inlet and outlet are V;, V, respectively.
Taking all the pressure head losses into account, which of the following is/are TRUE?

A.P,>P,
B.P, <P,
C. Cannot comment on relationship between static pressures
D.V, >V,
EV,<V,

7. Two pipelines of diameter D and d are attached in series where D > d. Water first enters
the pipeline of diameter D and then passes through a sudden expansion to enter into
pipeline of diameter d. The pressure at the inlet and outlet of this arrangement are P;, P,
respectively. Similarly, the velocity of water at inlet and outlet are V;, V, respectively.
Taking all the pressure head losses into account, which of the following is/are TRUE?

A. P, >P,
B.P, <P,

C. Cannot comment on relationship between static pressures
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D.V, >V,
EV,<V,
Water hammer effect is severe in which of the following case(s)?
A. Flexible pipelines
B. Rigid pipelines
C. Liquid flow

D. Gaseous flow

ANSWER KEY
1A

2.D.

3.C.

4. D.

5. B. and D.

6. A.and E.
7.C.and D.

8. B.and C.

Unsolved Questions

Level - |

1.

2.

Water pass through a pipe of 12 mm internal diameter at a velocity of 1 m/s and then it
enters a pipe of 25 mm diameter. What is the velocity of water in this pipe?

Water flows through a tube of diameter 10 mm with velocity of 0.1 m/s. What is fluid flow
regime? For this flow regime determine the pressure drop (Pa) for a pipe length of 10 m?
(Assume water density as 1000 kg/m3 and dynamic viscosity as 9 x 10™* Pa.s.)
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3.

For a hydraulic siphon shown in Fig. 5.1, determine the water discharge rate (Ipm) from
the siphon if the point B is 4z = 1 m below the free surface A. The siphon tube diameter
is 5 mm. (Assume acceleration due to gravity as 9.81 m/s?).

Water flows through a horizontal venturimeter of inlet pipe diameter 400 mm and throat
diameter of 200 mm with a discharge coefficient of 0.96. Gauge liquid in the differential
manometer shows a height difference of 0.1 m. Specific gravity of manometric liquid is
13.6. What is the flow rate of water (m3/s)?

A pitot static tube is placed on the nose of a racing car to estimate its speed. The probe
measures the difference in stagnation and static pressure as 1500 Pa. Estimate the speed of
the car (in m/s). (Assume air density as 1.2 kg/m3).

Air at 0.3 kg/s passes through a straight circular duct of diameter 250 mm and length 25

m. Estimate the pressure drop (Pa) due to friction for a smooth pipe. The friction factor can

be estimated by: f = }3'079

2075 (Assume air density as 1.2 kg/m? and dynamic viscosity as
2 x 1075 Pa.s.)

Water flowing through a short pipe at 1 m/s suddenly expands into another short pipe
having twice the diameter. The pressure at the exit of the larger diameter pipe is 100 kPa.
Assume the minor head loss coefficient for sudden expansion is K = 0.5. Neglecting major
losses, what is the pressure drop (Pa)?

Water flowing through a pipe of 25 mm diameter, 5 m length and having friction factor
f = 0.003 encounters a sudden contraction to another tube of 12.5 mm diameter tube and
5 m in length. Assume identical friction factor for both pipes. The velocity of water in the
larger pipe is 0.5 m/s and the minor head loss coefficient due to sudden contraction is K =
0.4. What is the total pressure drop (Pa) through the entire pipe assembly of 10 m?

Level - I

1.

Redo the problem no. 3 in above section (Level I) also taking into account the frictional
pressure drop inside siphon tube. The siphon tube length is 1.5 m and the friction factor is
f = 0.004. Neglect any minor losses.

Water flows through a pipeline of 25 mm at a velocity of 1 m/s. An orifice plate with an
orifice diameter of 12.5 mm (Fig. 5.4) and a coefficient of contraction C. = 0.7 is placed
in this pipeline. Estimate the water velocity at the vena contracta? If coefficient of viscosity
is 0.9 what is the height difference (mm) between the manometer limbs if the manometric
fluid is mercury with specific gravity = 13.6?
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3. A large overhead reservoir with water at height H (from ground level) is used to supply
water to a far off reservoir on the ground level. The diameter of supply pipe is D and length
is L with a friction factor f. After calculation it is observed that the estimated flow rate
delivered by this arrangement is @, whereas the desired flow rate is 2Q. In order to attain
the flow rate 2Q, there are two proposals. Proposal 1: increase the height of the overhead
tank keeping the pipeline diameter unchanged; Proposal 2: change the pipeline diameter
without changing the overhead tank height (assume the friction factor f of pipe remains
unchanged and neglect minor losses). Determine the new height of overhead tank for
proposal 1 and new pipeline diameter for proposal 2.

4. Air flows through a circular duct of diameter D; and length L . In another scenario, water
flows through a circular pipe of diameter D, and length L . Assume that the mass flow rate
of air and water is identical, and the pipe friction factor f for both flows are also same.

Determine the ratio of diameter % , for same head loss across the circular duct and pipe.

2

(Neglect minor losses and density of air is 1.2 kg/m3)

5. Water flows through two loops (loop-1 and loop-2) as shown in the figure below.
Determine the head loss coefficient offered by the “Globe valve” placed in loop-2 such

that flow rate ratio % = 0.6. Assume that all straight pipeline lengths are 10 m long and

2

diameter 25 mm. The friction factor offered by each of these straight pipes is f = 0.003.
The head loss coefficient for each elbow is K = 2.5. The loss coefficient for tee joints in
loop-1 (branched flow) is 2.4 while in loop-2 (in-line flow) is 0.9.
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6. Water flows fromtank 1 to tank 2 through an entire piping layout as shown in figure below.
Tank 1 has water level at a height of 36 m from ground level. The minor loss coefficients
associated with various bends and connectors are provided in the table. The flow rate of

water through the pipeline is 300 Ipm. Pipe roughness ratio % = 0.001 and the friction
factor for straight pipe has to be obtained from the relation f = [ (5/ = What is the
n(-2+-—=

3.7 ' Re09

height of water in tank 2? Determine total power lost (W) in this process? (Assume
dynamic viscosity of water as 9.0 x 10-4 Pa.s)

ANSWER KEY
Level - 1

1.0.23 m/s

2. Laminar

3.5.2Ipm
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4.0.161 m3/s
5.50 m/s
6.7.4Pa
7. 250 Pa

8. 4075 Pa

LEVEL - 11

1.35Ipm

2.146.2 mm

3. Proposal 1:4 H , Proposal 2: 1.32 D
4.3.84

5.1.824

6. z, =29.1 m, Power = 338 W

5.12 Practical

Aim

Understanding pressure loss due to a sudden obstruction in a pipe carrying water.
Apparatus

Tap supply from overhead tank, PVVC pipe 1” diameter, gate valve, bucket, and stopwatch.
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Figure 5.23: A simplified schematic of the practical.

Theory

In the particular experiment, we will measure the different flow rates through the pipe as the pipe
obstruction is increased across successive experiments. The fundamental idea is that there is a
source of water that we have which is initially at a large height (say the top of the house). This is
the total head at that location. Now, water enters into the pipe through the tap and moves through
the pipe. If now the gate valve is fully opened, it will experience no loss in head. If the gate valve
is kept nearly closed, then there will be a significant loss in head and thus, the flow rate obtained
will be poor. The loss due to the sudden obstruction in the flow has been discussed in the Unit and
is tantamount to considering a sudden contraction and a sudden expansion; both of these losses
depend on V2. A simplified schematic is shown in Fig. 5.23. The student performing the experiment
can, however, simply use the supply line from a tap.

Procedure
1. Open the gate valve fully and the incoming tap fully

2. Measure the time required for the bucket to fill completely.
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3. Turn the gate valve so that the area reduces slightly.
4. Measure the time required for the bucket to fill completely.
5. Repeat this until the gate valve is now completely closed.

The plot of the flow rate vs gate closure is equivalent to the plot of the velocity vs blockage area
and can be used to infer the amount of head loss as found out from the theoretical predictions.

5.13 Know More

Henri Pitot (May 3, 1695 — December 27, 1771) was a French hydraulic engineer best known for
inventing the Pitot tube, a device that measures flow velocity. Originally a mathematician and
astronomer, he was elected to the Academy of Sciences in 1724 and later studied water flow in
rivers and canals, correcting misconceptions about water velocity.

In his role as chief engineer for Languedoc, Pitot led various projects, including the construction
and maintenance of canals and bridges. His most notable achievement was the Montpellier
aqueduct, built from 1753 to 1786, which featured an impressive one-kilometer-long stone arch in
the Roman style. The Pitot tube remains widely used today, especially in anemometers for
measuring wind speed.

[Source: https://www.britannica.com/biography/Henri-Pitot]

5.14 References and suggested readings

1. Introduction to Fluid Mechanics and Fluid Machines (3rd Edition), S K Som,
Gautam Biswas, Suman Chakraborty, McGraw Hill

2. Fluid Mechanics (9th Edition), Frank M. White, Henry Xue, McGraw Hill
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Engineering Applications 2:
Open Channel Flows

In this unit we will discuss about the following topics:
1. Applications of Bernoulli’s theorem
2. Concept of laminar and turbulent flow
3. Losses in flow through pipes

4. Concept of friction factor

Often in several natural systems and engineering systems, we encounter flows where it is driven
by the slope of the surface and moreover, the flow bears a free surface. This could be a flow of a
river or transport of a chemical in a partially full pipe. In such flows, the pressure gradient at the
interface between the fluid and air is negligible and the flow is entirely driven by gravity. Therefore,
such flows, termed as open-channel flows, are immensely useful for civil, mechanical, and
environmental engineers. In general such flows can be quite complex owing to the large dimensions
and three dimensional nature. However, several theories have been devised in order to make these
problems tractable and helps us to obtain engineering estimates and correlations for flows through
such open channels. Basic ideas of friction loss, hydraulic radius, and head loss are vital towards
making sense of the theory discussed in this particular unit.

1. Basic calculus.

1. U6-O1: Flow in open channel

2. U6-02: Chézy formula for uniform flow



3. U6-0O3: Most economical open flow channel
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Unit -6 Expected Mapping with Programme Outcomes
Outcomes (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6 CO-7
U6-01 - - - 2 - 3 2
U6-02 - - - 2 - 3 2
U6-03 - - - 2 - 3 2

6.1 Flow classification

While in the previous Unit we have analyzed flows through closed conduits, we shift our attention
to flows in open channels, i.e. flows with a free surface. The free surface, by virtue of being exposed
to the atmosphere, is at the atmospheric pressure. From an engineering perspective, flow of water
in open channels is by far the most important applications of such kinds of flows. Such flows can
be seen in canals, rivers etc. The flow in such cases takes place primarily due to the slope of the
bed of the channel and due to the action of gravity. The observant reader will note that the hydraulic
grade line will coincide with the free surface of the water for open channel flows.

Figure 6.1: a-d) Various cross sections of commonly encountered open channel flows. e) The

slope of the open channel flow and depth is shown in the figure.
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An open channel flow has at least two sides and one bottom bed, barring a circular ditch or a
partially filled pipe. At all these surfaces, the flow satisfies the no-slip boundary condition owing
to the presence of viscosity. Some typical cross sections are shown in Fig. 6.1.

The flows in open channels can be classified into the following
5. Steady and unsteady flow
6. Uniform and non-uniform flow
7. Critical, sub-critical, and supercritical flow

In the study of open channel flows, the important flow variables that we will deal with are the
velocity, V, the flow rate, Q, and the depth of the flow, which we will denote with the coordinate,
y. The expression for the flow rate along the channel may be evaluated at any cross section at a
bed location, x, through

Q = V(x)A(x) = constant (6.1)

The reason the flow rate remains constant at all axial locations is because of the continuity equation,
which is essentially the conservation of mass.

We can naturally apply Bernoulli’s theorem between two points in the flow, say points 1 and 2,
which are upstream and downstream respectively. They are related through

VE 4

—+z,=—+2z,+h 6.2

Zg 1 Zg 2 F ( )
where, hy represents the head loss due to friction. Note that we have not written down the pressure
at these two axial locations because the pressures at those sections are equal to the atmospheric
pressure, i.e. p; = p, = p,. We may apply a friction factor based expression for the head loss and
write down

Xy — x1) Va2

= 6.3
D, )2g (6:3)

hp = f(
where V,, represents the average velocity of the flow between the two cross sections. The
parameter Dy appearing in the expression above represents the hydraulic diameter and is given by

44

Dy = (6:4)

where A represents the average cross section between 1 and 2 and P represents the wetted
perimeter.
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6.1.1 Steady and unsteady flow

A flow is termed as a steady flow when the velocity, flow rate, and the death of the flow do not
change in time, i.e.

av 0 0
Lo 2, w_,

FIa ot~ ot (6:5)

Flows where the above conditions are not true are known as unsteady flows.

6.1.2 Uniform flow and non-uniform flow

Uniform flows are those where the velocity and depth of the flow at a given cross section remain
constant over the entire cross section. Contrary to this, non-uniform flows are characterized by
velocity and depth of the flow to be spatially non-uniform at a certain cross section.

Non-uniform flows and depth variation

In non-uniform flows, which are also called as varied flows, classification can be done as
1. Gradually varied flow
2. Rapidly varied flow

It has been observed that uniform flows are often separated from rapidly varied flows by gradually
varied flows. Rapidly varied flows are those where the depth of the flow changes suddenly over a
small length of the flow. This can be caused by the presence of an obstacle in an open-channel
flow. A gradually varied flow does not have such rapid variations.

Figure 6.2: Schematic of a uniform and non-uniform flow. The non-uniform flows are also
classified into gradually and rapidly varied flows.
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6.1.3 Critical flows - Froude number

Froude number is defined as Fr = %. Physically, the number represents the ratio of the velocity

of the flow to the velocity of the shallow water surface wave. This number helps to classify the
flow further as subcritical flow, critical flow, and supercritical flow, i.e.

Fr < 1..subcritical flow (6.6)
Fr =1..critical flow (6.7)
Fr > 1.0 ...supercritical flow (6.8)

6.2 Chézy formula for uniform flow

Figure 6.3: An open-channel flow down a slope.

For long channels of constant slope and constant cross section areas, a uniform flow will occur.
For such a situation, we can obtain the discharge through the channel. For this, we consider an open
channel as shown in Fig. 6.3 and cross sections 1-1 and 2-2. Let L be the length of channel, Dy be
the hydraulic diameter, and S, be the slope (where S, = tan®). In this case, the velocity is equal at
both the cross sections. Let us denote this velocity as V,,. The head difference between the two cross
sections are

hf = 21 - ZZ = SoL (69)

If we assume that the flow is fully developed, then we can write down the head loss between
cross sections 1-1 and 2-2 as
L V¢

hf=f—— 6.10
=g (610)
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noting that Dy = 4%, where A and P represent the area of cross section and wetted perimeter

respectively. When the two aforementioned expressions are combined, we obtain an expression for
the uniform velocity as

1

= (2 ()i (2 e

where we have written down the expression in terms of the hydraulic radius Ry = g. For a given

1

shape of the channel, the expression (879)2 is constant and thus, we can write down the expression

for the uniform velocity as

1 1

These formulae are known as Chézy formulae and are named after the French engineer Antoine
Chézy. The constant C is known as the Chézy constant.

The above formulae do not take into consideration the roughness of the bed, the bed shape, the
cross section area etc. Thus, there have been several efforts towards developing correlations which
can render the formula compatible with the aforementioned variables. A widely used correlation
was given by Manning where it is proposed that the coefficient C is given by

C=a (6.13)

S |:.:>gx|>—k

where n represents the roughness parameter and « represents a dimensional constant to render C
dimensionless.

Example 6.1

Water flows through a rectangular channel of 4 m wide and 2 m deep. The channel is having a bed
slope of 1 in 1500. Determine the velocity of flow and rate of flow of water, when the channel is
running full, considering the Chezy’s constant to be C = 60.

Solution: The above question specifies that the width of the rectangular channel (b) is 4 m and
the depth of the channel (d) is 2 m.
Hence the area of the channel becomes A = 4 x 2 =8 m?.

The bed slope is given as S, = 1 in 1500 =ﬁ and the Chezy’s constant is given by C = 60.
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Perimeter of the rectangular channel isgivenasP =b+2d =4+ 2x2=8m.
Hence the hydraulic mean depth is calculated as, Ry = % = g =1m

Velocity of the flow is given by equation V, = C,/RyS, = 60 [1 X ﬁ = 1.5491 m/s.

Example 6.2

Determine the discharge through a trapezoidal channel of width 6 m and side slope of 1
horizontal to 4 vertical. The depth of flow of water is 2.8 m and value of Chezy’s constant, C =
65. The slope of the bed of the channel is given 1 in 2000.

Solution: It is given in the question that the width of the trapezoidal channel (b) is 6 m, side slope

is 1 horizontal to 4 verticals, depth (d) is 2.8 m and the Chezy’s constant C = 65. Bed slope S, is
ege 1

specified to be S, = 7000"

It is obvious that for a trapezoidal channel when the depth CE is 2.8 m the horizontal distance BE

becomes BE = 2.8 X % = 0.7 m.

The top width of the channel becomes:
CD=AB+2XBE=6+2x%x07=74m

The area of the trapezoidal channel, ABCD is given as:
CE 2.8
A= (AB +(CD) ><7= (6+7.4) ><7= 13.4 x 1.4 = 18.76 m?

Wetted perimeter, P = AB + BC + AD = AB + 2BC (* BC = AD)

But BC = VBE2 + CE?2 =+/0.72 + 2.82 = 2.886 m
~P=6+2x2886=11.772m
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18.76

The hydraulic mean depth is defined as, Ry = % =T 1.5936 m
. . . . 1
The discharge, Q is given by equation Q = AC/RyS, = 18.76 X 65 f1.5936 X oo = 34.42

m3/s.
6.3 Most economical channel sections

Often for many engineering applications, we must minimize the amount of construction required
for canals etc. Such a situation implies that given a discharge rate, the wetted perimeter must be
minimum. Such a task is tantamount to finding out the most economical channel section, also
known as the best section. Let us consider a cross section area A, and the slope of the bed, S,. We
can write down the flow rate as

Q = CA\/RyS, (6.14)
where, when the area is a constant, we can write down the volume flow rate as
Q K here K = CA./AS, (6.15)
=— where K = .
\/ﬁ 0

It is clear from the above equation that the given a fixed area, the maximum flow rate is obtained
for minimum wetted perimeter. We can now use this condition to find out the most economical
channel. We consider certain kinds of channels:

3. Rectangular channel
4. Trapezoidal channel

5. Circular channel

6.3.1 Rectangular channel

Figure 6.4: An open channel with rectangular cross section.

Let us consider a channel of cross section as shown in Fig. 6.4, which has a breadth of b and a
depth of d. Using the figure as a reference, we can write down the following geometric quantities
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A
A = bd, P=b+2d=>P=E+2d (6.16)

where we have simply expressed the breadth in terms of the depth from the expression for the area
in order to find the third expression. In order to minimize the perimeter, we can find out the
derivative of the perimeter with respect to the diameter first and set it to zero. We see that

P Ao _ |a
P’ = d2+2—0=>d—\/: (6.17)

where we can now ascertain whether this value of d yields the minimum perimeter through the
sign of the second derivative

PP=2=Sp>0=d= [% (6.18)
d 2

hence, we see that indeed we have a minimum wetted perimeter.
We can now find out the value of the breadth of the channel as

A=bd=2d*=b=2d (6.19)
We can write down the expression of the hydraulic radius, Ry as

A bd d
Re=p=9524"2 (6.20)

This means that the hydraulic radius is half the depth of the flow for minimum wetter perimeter.

Example 6.3

A rectangular channel of width, 10 m is having a bed slope of 1 in 2400. Find the maximum
discharge through the channel. Take value of C = 55.

Solution: Given the width of the channel (b) is 10 m, bed slope is Ry = ﬁ and the Chezy’s

constant is 55.

Let us recall that the discharge will be maximum when the channel is most economical. The

conditions for most economical rectangular channel are:
10

b
b=2dord=§=7=5m ; and Ry =

N

—5—25m
=5=2
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= Area of most economical rectangular channel becomes, A = b X d = 10 X 5 = 50 m?
Hence, the discharge through the channel is given by:

’ 1
= = —_— 3
Q =AC\/RyS; =50Xx55x%x |25X% 5400 88.75 m° /s

6.3.2 Trapezoidal cross section

Figure 6.5: Open channel with trapezoidal cross section.

In much the similar fashion, we can find out the most economical trapezoidal cross section, i.e.
finding out a condition for the minimum perimeter. Let us consider the cross-section area as Fig.
6.5. Once again, the depth is d, the breadth of the base is b while the angle made by the side walls
with the horizontal is 8. We denote n = tané. Using elementary geometry, one can show that

A= (b+nd)d P=b+2dJn?+1 (6.21)

The corresponding expression for the perimeter only in terms of depth can be thus written by
noting that b = 3 — nd and thus we obtain

A
P= i nd + 2d+/n? +1 (6.22)
As done in the previous section, we can find out the condition for minimum area as

A A
P’=0=—ﬁ—n+2 n2+1=>ﬁ+n=2 n?+1 (6.23)
Using this, we can find out the solution for the depth of the channel through the solution of the
quadratic equation for d above. However, we can simplify the expressions by noting that A =
(b + nd)d and thus, we have from the previous equation

b +nd)d b+ 2nd
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b+2nd
2

surface. Similarly, dvn? + 1 represents the length of the side surface. Thus, the condition for the
most economical trapezoidal cross section implies that the half of the width of the top surface is
equal to the length of the side wall, i.e.

b+ 2nd
> =dyn?+1 (6.25)

From the geometry of the problem, we note that

represents the half of the width at the top

From this, we can now write down the expression of the hydraulic radius for the most economic
section as

A (b+ndd d

Ry =—=- 7" _Z
H=p 7 2(b+nd) ~ 2

(6.26)

Example 6.4

A rectangular channel carries water at the rate of 200 liters/s when bed slope is 1 in 4000. Find
the most economical dimensions of the channel if C = 50.

Solution: Given the discharge Q = 200 liters/s = 0.2 m3/s, bed slope is 1 in 4000 and Chezy’s

constant € = 50.
For the rectangular channel to be most economical

d
b =2d ; and RH:E

~ Area of theflow, A = b X d = 2d X d = 2d?
Using the equation for discharge Q = AC\/RyS,

1 ’ 1
X —— = X X [— 5/2 =1. 5/2
4000 2%50 2 X 4000 d 1118 d

0.2
= d%? = ——=10.17889
1.118

= 0.2 = 2d? x 50 x

N

= d = (0.17889)%/5 = 0.5023 m

= b=2Xd=2x0.5023=1.004m
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Example 6.5

A trapezoidal channel has side slopes of 2 horizontal to 5 vertical and slope of its bed is 1 in
2500. Determine the optimum dimensions of the channel, if it is to carry water at 0.4 m3/s. Take
Chezy’s constant as 75.

Solution: Given the side slope n = 2/5, bed slope S, = 1/2500, discharge Q = 0.4 m3/s, and
Chezy’s constant C = 75.
For the most economical section, the condition is given by the equation as b+§nd =dVvn?+1

b+2x§d 2\ 2
———>—=d (—) +1=1.077d

=
5

b+ 0.8d
= — - 1.077d

= b =2x%x1.077d — 0.8d = 1.354d

(RS

For the most economical section the hydraulic mean depth Ry = =

Area of the trapezoidal section is givenas: A = (b + nd) xd = (d +

For discharge Q is calculated using Q = AC/RyS,

/NN

alnN

d) x d = 1.4d?

1
X —— = 1.4849 d5/2

= 0.4 = 1.4d? X 75 X
04 =1.4d 75 2500

N

0.4 \*/5
1.4849

= 0.591m

—d=(
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Hence the optimum dimensions of the channel are depth (d) = 0.591 m and width b = 1.354d =
0.8 m.

Example 6.6

An open channel of most economical section, having the form of a half hexagon with horizontal
bottom is required to give a maximum discharge of 25 m3/s of water. The slope of the channel
bottom is 1 in 1000. Taking Chezy’s constant, C = 65 determine the dimensions of the cross
section.

Solution: Given maximum discharge Q = 25 m3/s, bed slope is 1 in 1000 and Chezy’s constant
is C = 65.

The channel is the form of a half hexagon as shown in figure. This means that the angle made by
the sloping side with horizontal will be 60°.

1
= tanf = tan60° = V3 = -

= n =—

V3

As the channel given is the most economical section, hence the conditions (i) half of the top
width = one of the sloping side, and (ii) hydraulic mean depth = half of depth of flow (R, = g),
should be satisfied.

b+ 2nd
= =dyn?+1

2

o e 1. . . 2d
Substituting n = 7N the above equation, we obtain b = NG

Area of the flow becomes: A = (b + nd)d = (% + %) d =+/3d?
Using equation for discharge Q = AC+/RyS,
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d
— 2 - 5/2
= 25 =+v3d“ X 65 % > 1000 = 2.5174 d

= d = (9.93)?/5 = 2.50m

Hence the value of b becomes b = L b= 2 x 2.50 = 2.8924 m
V3 V3

6.3.3 Circular channel

Let us consider the flow of a liquid through a circular channel. Let the radius of the channel be R
and the angle subtended by the free surface with the center of the circle be 26. In this case we can
note that the geometric parameters as

sin26
P =2R6 A=R? (9 - ) (6.27)
The hydraulic diameter for this flow is
R A R (9 sinZG) 6.28
H7p ™ 26 2 (6.28)

We can now find out the condition for the most economic cross section for maximum flow rate
through

Q = CAJRLS, =C —50 (6.29)

We can now find out the value of 8 for which \/g is maximum. This can be easily done by

finding out the condition for which

dQ _
—5=0 (6.30)

Substituting the expression for A and P in terms of 8, we obtain
40 — 660cos26 + sin26 =0 (6.31)
The solution for this equation is given by

0 = 154° (6.32)
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Example 6.7

Find the discharge through a circular pipe of diameter 2.5 m, if the depth of water in the pipe is
0.8 mand the pipe is laid at a slope of 1 in 2000. Take the value of Chezy’s constant as 55.

Solution: Given the dia of pipe D = 2.5 m, depth of water in pipe d = 0.8 m, bed slopeis 1 in
2000, Chezy’s constant is 55.
From the figure, we have OC = 0D —CD =R —-1=125-0.8=045mand A0 =R = 1.25

m
Also, cosf = g _22s _ i, S0 8 = 68.89° = 1.2025 radians
AO 1.25 25

Wetted perimeter is givenas : P = 2RO = 2 X 1.25 x 1.2025 = 3.00 m

Wetted area is given as: A = R? (6 - g) = 1.252 (1.2025 - w) = 1.3539 m?

Thus, the hydraulic mean depth, Ry = 213539 0.4513

P 3.00

The discharge is given by, Q = AC\/RyS,

’ 1
— — 3
= @ = 1.3539 X 55 x |0.4513 x 5000 1.1185 m* /s

Calculate the quantity of water that will be discharged at a uniform depth of 0.7 mina 1.1 m
diameter pipe which is laid at a slope 1 in 2500. Assume Chezy’s C = 64.

Example 6.8
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Solution: Given the dia of pipe D = 1.1 m, depth of water in pipe d = 0.7 m, bed slopeis 1 in
2500, Chezy’s constant is 64.
From the figure, we have OC = CD — 0D =0.7—-R =0.7—-0.55=0.15mand OA =R =

0.55m

Now, in triangle AOC, cosa = 9¢ _ 015 _ 3 4 = cos~?! (i) = 74.17°
OA 0.55 11 11

6 = Angle DOA =180° — a = 180° — 74.17° = 105.82° = 0.588 = radians

Now, the wetted perimeter is given as P = 2R6 = 2 X 0.55 x 0.5887 = 2.032 m.
Area of the flow is given as: A = R? (9 - g) = 0.552 (0.58871 - w)

Now, the discharge is given by, Q = AC./RyS,

0.638 x 64 ! 0.638 x 64 0638 ! 0.4575 m3
= Q =0.638 X 64 X |[=X-——=10.638 X 64 % X —— = 0.
¢ 2500 2.032 2500 m/s

6.4 Unit Summary

e Hydraulic diameter

= 0.638 m?

IS

D 4A
= p
e Froude number
Fr= v
T oy
e Chézy constant
1
ot
n

e The hydraulic diameter for minimum wetted perimeter for rectangular, trapezoidal
and circular cross section open channels



247 | Fluid Mechanics & Hydraulic Machinery

N

6.5 Exercises

Multiple Choice Questions

1. When Froude number is 1, the flow is
A. Supercritical flow

B. Subcritical flow

C. Critical flow

D. None of these

2. In the formula for discharge, Q = C./RyS,, Sy is known as
A. Slope of the bed

B. Wetted perimeter of cross section

C. Hydraulic mean depth

D. None of these

3. Froude number of a flow in an open channel is given by
A. Inertia force / Viscous force

B. Inertia force / Surface tension force

C. Inertia force / Gravity force

D. Inertia force / Drag force

4. For most economical rectangular section the hydraulic depth is given by
A. Half of the depth of the flow

B. Two times the depth of flow

C. Equal to depth of flow

D. None of these

5. Dimension of Chezy’s constant is
A 12T
1
B. L2T!
C.L?T~?
D. None of these

6. Which one of the following is a most common formula while calculating the discharge of flow
in open channel

A Q=CJRy
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B.Q = CRyS,
C.Q = CSo\/Ry
D.Q = C\/RyS,
ANSWER KEY
1.C

2.A

3.C

4. A

5.B

6.D

Unsolved Questions

Level - |

1. Find the discharge through a trapezoidal channel of width 6 m and side slope 1 horizontal
and 2 vertical. The depth of flow of water is 2.2 m and the value of Chezy’s constant, (C)
= 45. The slope of the bed of the channel is given 1 in 3000.

2. Find the discharge of water through a channel shown in the figure. Take the value of
Chezy’s constant is 50 and the slope of the bed is 1 in 2500.
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3. Find the discharge through a V-shaped channel as shown in the figure. Take the value of
Chezy’s constant (C) is 40 and the slope of the bed is 1 in 1500.

4. Find the bed slope of a trapezoidal channel of bed width 3 m, depth of water 2 m and the

side slope of 1 horizontal to 2 vertical, when the discharge through the channel is 15 m3/s.

L p1/6

Take Manning’s N = 0.02 in Manning’s formula C = —R,/".
N

5. Find the diameter of a circular sewer pipe which is laid at a slope of 1 in 6000 and carries
a discharge of 0.7 m3/s when flowing half full. Take the value of Manning’s N = 0.015
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Level - I

1. A rectangular channel 5 m wide has a depth of water of 2 m. The slope of the bed of the
channel is 1 in 1200 and the value of Chezy’s constant (C) is 50. It is desired to increase
the discharge to a maximum by changing the dimension of the section for a constant area
of cross-section, the slope of the bed and the roughness of the channel. Find the new
dimensions of the channel and percentage increases in discharge.

2. A trapezoidal channel has side slopes of 1 horizontal and 2 vertical and the slope of the
bed is 1 in 2000. The area of the section is 50 m?2. Find the dimensions of the section if it
is most economical. Determine the discharge of the most economical section if Chezy’s
constant (C) is 45.

3. Find the discharge through a circular pipe of diameter 4 m. If the depth of water in the pipe
is 1.5 m and the pipe is laid at a slope of 1 in 1500. Take the value of Chezy’s constant (C)
as 60.
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4. Aflow of water of 0.2 m3/s flows down in a rectangular flame of width 500 mm and having
adjustable bottom slope. If Chezy’s constant C is 50, find the bottom slope necessary for

uniform flow with a depth of flow of 300 mm. Also find the conveyance K = :—C of the
H

flame.

5. A trapezoidal channel has side slopes of 1 horizontal and 2 vertical has to be designed to
convey 9 m3/s at a velocity of 3 m/s so that the amount of concrete lining for the bed and
sides is the minimum. Determine the dimensions of the channel.

6. Find the discharge through a V-shaped channel as shown in the figure When the value of
Chezy’s constant (C) is 50 and the slope of the bed is 1 in 1500. Also, determine the
percentage change in discharge value when the value of Chezy’s constant (C) is increased
by 20% and all other parameters will remain the same.

ANSWER KEY
Level - 1

1. Q= 15.34 m3/s
2.Q=13.58 m3/s

3.Q=957m3/s

1
4.5():%

5.D=185m
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Level - 11

1.by =4.47m, dy = 2.23 M, Qincrease = 0.3096%
2.b=6.63m,d=5.36 m, Q =82.41 m3/s
3.Q=6.02m3/s

4.5, = ﬁ Conveyance (K) = 2.76 m3/s
5.b=1.62m,d=131m

6. Q = 24.56 m3/s, Percentage change in discharge (Q) = 20

6.6 Know More

William Froude (1810-1879), an English engineer and naval architect, revolutionized ship design
by developing a method to test scale models and apply the findings to full-sized vessels. After
beginning his career in railway engineering, he shifted to ship hydrodynamics in 1846,
discovering that a deep bilge keel reduced ship rolling—a design later used by the Royal Navy.

In 1868, Froude proposed experiments with scale models to the British Admiralty, leading to the
construction of a model-testing tank in 1870. His tests revealed that skin friction and wave

formation were the main forces resisting a ship's motion, greatly improving ship efficiency.

[Source: https://www.britannica.com/biography/William-Froude]
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Fluid Machinery: Turbines

In this unit we will discuss about the following topics:

1.

2.

Force due to jets on stationary and moving vanes

Concept of velocity triangle to analyze flow through turbine blades
Classification of hydraulic turbines

Components of hydro-electric power plant

Use of non-dimensional numbers in turbines

Performance characteristics of hydraulic turbines

The previous units discuss the features of water flowing internally through a pipe or through
external channels. This unit will discuss how the energy carried by water flow can be harnessed to
derive mechanical shaft work by means of a device called "Turbine". Hydraulic turbines are
frequently used for power production in hydro-electric power plants. Potential energy of
hydrostatic water head can be easily converted to the kinetic energy of water jet. This jet can strike
a series of vanes to impart motion which can be used to turn the shaft of a generator. In order to
analyze hydraulic turbines, one needs to first analyze the momentum transfer by jet striking vanes
in different orientations. This understanding will lend to the introduction of a technique called
velocity triangle, which allows us to analyze all the velocity components of water flow inside a
moving vane and relate it to work production. This unit will also discuss the various types of
hydraulic turbines, their performance characteristics and applications.
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Pre-requisite

1. Elementary vector analysis

2. Trigonometric relationships

Unit outcomes
U7-O1: Force balance for jets striking stationary and moving vanes at different angles
U7-02: Different types of turbines based on the water flow pattern through the runner
U7-03: Understanding the various components of velocity as water flows through the turbine
runner
U7-04: Relationship of velocity components to turbine runner geometry
U7-05: Relationship of work output of turbine to the runner geometry
U7-06: Specific speed and other scaling laws of a turbine
U7-O7: Performance curves of a turbine
Unit -7 Expected Mapping with Programme Outcomes
Outcomes (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6 CO-7
U7-01 - - - 3 - - 1
u7-02 - - - 3 - - 1
uU7-03 - - - 3 - - 1
u7-0O4 - - - 3 - - 2
uU7-05 - - - 3 - - 2
U7-0O6 - - - 3 - - 2
u7-07 - - - 3 - - 2
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7.1 Introduction

Hydraulic machinery form a backbone of modern day power generation and process engineering.
These are machines which enable us to convert hydraulic energy into mechanical energy.
Eventually this mechanical energy is converted into electrical energy with the help of generators.
Hydraulic machinery which convert hydraulic energy into mechanical energy are classified as
turbines whereas hydraulic machinery which convert mechanical energy into hydraulic energy are
defined as pumps. This unit and the unit after this deal with the two aforementioned types of
hydraulic machines.

Figure 7.1: Different types of turbines.

Turbines are typically found in any kind of power plant. Typically they handle water or steam,
depending on the source of energy. These turbine shafts are then typically coupled to the electric
generator, which help in the generation of high voltage AC, which can then be transmitted over
large distances.

Before delving into the specifics of the various kinds of turbines, it is instructive to first discuss the
fundamental ideas which can help us to obtain some formulae pertaining to the performances of
turbines etc. The following sections make use of the ideas of momentum conservation which were
established in Unit 4.



257 | Fluid Mechanics & Hydraulic Machinery
7.2 Jet impinging on a static curved surface

7.2.1 Jet impinging on a curved surface and leaving tangentially

Fig. 7.2: Flow impinging a curved surface. The water jet is obtained using a head h.

Let us begin our analysis with that of a jet impinging on a static curved surface. We consider a jet
shown in the figure. There is a fixed curved plate at which the jet strikes and gets deflected at an
angle of 6 with respected to the horizontal. We assume that the jet comes out with the same velocity
owing to the smoothness of the plate and no impact loss of the jet with the static curved plate. The
velocity at the outlet can therefore be decomposed into two components. One in the horizontal
direction, i.e. in the direction of the jet, and the other in the orthogonal direction of the jet, i.e.
normal to the direction of the jet. We can therefore write

V., = —Vcos®, V,, = Vsin6 (7.1)

In the above expression we have made use of the sign convention that the jet is initially ejecting
fluid in the positive x direction. The net force acting on the fixed curved plate can therefore be
found out through the change in momentum of the jet and is given by

Fe = pAV(V — (=Vcosh)) = pAVZ(1 + cosh) (7.2)
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The corresponding force acting on the curved surface in the y direction can be correspondingly
found out by noting that the inlet momentum in the y direction is zero, and the exiting momentum
is what contributes to the force. The force is given by

F, = pAV(0 — Vsing) = —pAV?sinf (7.3)

7.2.2 Jet strikes a curved symmetric surface and leaves tangentially

Fig. 7.3: Jet striking a symmetric curved surface.

We now consider the situation as shown in the figure. The jet is now tangentially impinging onto
the static curved plate. If we can consider the coordinate system shown in the figure, we can
decompose the incoming velocity into the respective components and also the outgoing velocity
into its respective components along the x and y direction.

We can write down the force exerted by the jet on the static curved plate as
Fe = pAV(Viy — Vo) = pAV(Vcos® — (—Vcosh)) = 2pAV?cos8 (7.4)

where in the expression above, V;, and 1, represent the inlet and exit velocity in the x direction
respectively. Similarly, we can write down the force exerted by the jet in the y direction in terms
of the velocity components at the inlet and exit in the y direction as

F, = pAV(Viy, — Ve, ) = pAV(Vsin® — Vsind) = 0 (7.5)
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which is an obvious result given that the incoming and outgoing momentum of the fluid does not
change as it is turned by the static blade. Therefore, we can conclude that the blade only encounters
a transfer of momentum in the x direction.

7.2.3 Jet strikes an asymmetric curved surface tangentially

Figure 7.4: Jet striking an asymmetric curved surface.

The last case we consider is that of an asymmetric curved surface. The jet strikes the curved surface
symmetrically but the incipient angle and the exit angle are no the same. At the inlet we assume
that the jet (and hence the tangent of the curved surface) makes an angle 6 with the horizontal x
axis. At the exit we assume that the jet (and hence the tangent of the curved surface at that point)
makes an angle ¢ with respect to the horizontal x axis. We can therefore write down the expressions
by generalizing the results obtained in the previous subsection and obtain the force acting on the
surface in x direction as

Fe = pAV(Viy — Vo) = pAV(Vcos® — (—Vcose)) = pAV?(cos8 + cosep) (7.6)
while the force acting in the y direction can be written as

F, = pAV(Viy — oy, ) = pAV(Vsind — Vsing) = pAV2(sin6 — sin¢) (7.7)
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Example 7.1

A horizontal jet of water of diameter 40 mm with a jet velocity of 40 m/s strikes a stationary curved
symmetrical plate at the bottom edge in a manner as shown in the figure. Find the force exerted by
the jet of water in the direction of the jet and perpendicular to it. Assume that the jet gets deflected

by 135° between the inlet and outlet.

Solution:
Given data:
Diameter of the jet d = 40 mm
Velocity of the jet V = 40 m/s
Angle of jet deflection = 135°
The actual angle of deflection:
= 180° — 135° = 45°
The force exerted by the jet on the curved plate in the direction of the jet is given by:

E, = pAV?[1 + cos 6]

s
F, = 1000 x 1 x (0.040)% x (40)? X [1 + cos(45°)] = 3.43 kN
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Example 7.2

A water jet diameter of 75 mm and velocity 30 m/s strikes a stationary curved plate tangentially at
an angle of 30° to horizontal. What is the force on the plate in the horizontal and vertical direction
if a) the curved plate is symmetric and b) the curved plate is such that the water exits at 40° to
horizontal?

Solution:

Given data:

Diameter of the jet d = 75 mm

Velocity of the jet V = 30 m/s

Angle made by the jet at inlet tip with horizontal, 8 = 30°
Angle made by the jet at outlet tip with horizontal, ¢ = 40°

a) Force exerted by the jet when the curved plate is symmetric:

E, = pAV?[1 + cos 6]
s
F, = 1000 x 1 x (0.075)? x (30)? x [1 + cos (30°)] = 6.89 kN

E, = 0 kN
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b) Force exerted by the jet when the curved plate is such that the water exits at 40° to horizontal:

F, = pAV?[cos 6 + cos ¢]
T
F, = 1000 x 1 x (0.075)? x (30)2 x [cos (30°) + cos (40°)] = 6.49 kN
F, = pAV?[sin 6 — sin ¢]

8
E, = 1000 X 1 x (0.075)% x (30)2 x [sin (30°) — sin (40°)] = —0.57 kN

Example 7.3

A water jet diameter of 75 mm and velocity 30 m/s strikes a curved plate tangentially at an angle
of 30° to horizontal. What are the resultant force on the curved plate and its direction if the jet gets
deflected by 60° between the inlet and outlet?

Solution:
Given data:

Diameter of the jet d = 75 mm
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Velocity of the jet V = 30 m/s
Angle made by the jet at inlet with horizontal, 8 = 30°
Angle of deflection = 60°
The angle made by the jet at an outlet with horizontal is given by,

¢ = 6 + angle of deflection = 30° + 60° = 90°
The force exerted by the jet of water in the direction of x is given by,

F, = pAV[Vy, — Vou]
Vix = Vcos 30° = 30 X cos 30° = 25.98 m/s

Vo, = Vcos 90° = 30 X cos 90° = 0 m/s
F, = 1000 x % x (0.075)? x 30 x [25.98 — 0] = 1062.6 N
The force exerted by the jet of water in the direction of y is given by,
F, = pAV[Vy, — Vyy|
E, = 1000 X % x (0.075)? x 30 x [30 sin 30° — 30 sin 90°] = —594.8 N

The negative sign shows that force F, is acting in the downward direction.

The resultant force is given by,

Fr = /sz + Fy2 = \/(1062.6)2 + (—594.8)?2 = 1217.75 N

And the angle made by the resultant with the horizontal is given by,

o B _ s
M= = 10626
@ =-292°

7.3 Jet striking a moving curved surface

In this section we shall consider the case where the jet strikes a moving curved plate. As one can
imagine this is quite important for the cases where we have a jet striking a rotating turbine blade.
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7.3.1 Jet striking a moving curved surface along the direction of
motion

Figure 7.5: Jet strikes a moving curved plate along the direction of motion of the blade.

Let us consider a curved surface which is moving with a velocity u in the same direction as the jet.
Let V be the jet velocity, A be the jet area. In this case we must account for the relative momentum
of the jet which is interacting with the curved surface. In this case, like the previous section, we
assume that the plate is smooth and that there is no loss of energy due to the impact of the jet with
the curved surface.

First, the mass flux striking the curve surface is given by
m = pA(V —u) (7.8)

which is essentially the relative velocity with which the jet is approaching the curved surface in the
frame of the curved surface. Extending the same logic, the velocity with which the jet is exiting the
surface is given by ¥V — u. Therefore, we can then decompose this velocity into the x component
as (V —u)cos6. We can therefore write down the expression for the force acting on the curved
surface due to the jet as

E,=pAWV —w)[(V —u) — (—(V — u)cosh)] (7.9

Note that the flux exiting from the surface points in the negative x direction and hence has a
negative sign associated with it. The above expression can be simplified to obtain

E. = pA(V — u)?(1 + cosh) (7.10)
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We can therefore find out the power of the jet, i.e. the work done in moving the plate along the
direction of the jet per second as

P = Eu = pAV —w)?u(1 + cosh) (7.11)

7.3.2 Asymmetric curved plate is moving and jet strikes tangentially

Figure 7.6: Jet strikes a moving curved plate tangentially.

We move on to the case where we have a moving curved surface which is moving as shown in the
figure. At the same time, there is a jet which strikes the curved surface tangentially to the surface.
The jet is tangential in the case where the moving surface is static. When the surface moves, then
the relative velocity, obviously, will change both at the inlet and at the exit of the surface.

Like the cases considered earlier, we will consider that the loss of energy due to the jet striking the
surface is zero. At the point of impact, the jet strikes the surface with the relative velocity with
respect to the plate. We must therefore first analyze the velocity fields at the inlet and exit of the
surface. To analyze this, we must first describe some of the notations that will appear in the
analysis.

We will denote the inlet by the subscript 1 and the exit by the subscript 2. At the inlet we have
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;= Inlet velocity of the jet
u = Velocity of the moving surface
V., = Relative velocity of the jet with respect to moving surface

a = Guide blade angle - angle between jet and motion of surface
6 = Vane angle at inlet - angle made by relative velocity and motion of surface
Vw, = Whirl velocity at the inlet; component of V/; in the direction of motion

Vs, = Flow velocity at inlet

By extending the same logic to the outlet section, i.e. 2, we can define the whirl velocity, the flow
velocity etc. The only changes would be in the guide blade angle and the vane angle at inlet. Instead
of these we have

B = exitangle made by jet with moving surface
¢ = exit angle made by relative velocity and motion of surface.

To our analysis, we must have the relative velocities at the inlet and exit apart from the mass flux.
Let us consider them one by one.

Inlet velocity triangle

The pertinent velocities at the inlet are shown in the figure above. The inlet jet is shown by the line
A, B;. The velocity of the moving frame is denoted by C; A,. The corresponding relative velocity
vector is therefore found out by making use of the vector addition rules and is given by C;B;.

Essentially, we have A,C; = —ii, 4;B, = V; and C, B, = V,, which conveys the vector addition of

V=V, -,
The angle made by the inlet jet velocity with the direction of motion, i.e. the horizontal direction,
is given by a and the dangle made by the relative velocity vector with the horizontal is given by 6.
The projection of the jet velocity with the x axis is V,,; while that on the y axis is given by V.

For the flow to occur in a loss-less manner, we must have the condition that the relative velocity is
perfectly tangential to the moving surface, i.e. in terms of the turbine we must have that the relative
velocity should be tangential to the vane at the inlet.

Exit velocity triangle

In fact, given that there is no loss occurring at the surface, we must also have the condition that the
magnitude of the relative velocity at the exit must be equal to the magnitude of the relative velocity
attheinlet,i.e. V. =1V, .

The pertinent velocity vectors are shown in the figure. The relative exit velocity is shown as B, C,.
The velocity of the reference frame is shown as A,C,. The absolute velocity is denoted by B,A,.
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One can verify from the vector addition rules that V;, = V, — . Note that the vector V;, denoted

by the segment B,C, must be tangential to the surface owing to the no-loss condition. The angle
made by the relative velocity vector with the horizontal is given as ¢. The velocity made by the
absolute jet velocity with respect to the horizontal is 8. The projections of the absolute jet velocity
on the y and x axis is given by V¢, and Vj,,, respectively.

The mass flux arriving at the moving surface is
m = pAV;, (7.12)

which is basically the mass flux due to the relative velocity at the inlet (which, by virtue of 1, =
V., is also the mass flux at the exit). We can now determine the force acting on the moving surface

due to the jet impinging on it. It is fundamentally equal to the mass flux arriving at the moving
surface times the difference in the velocity between the inlet and exit. We must then first find out
the expressions desired. At the inlet and exit, the absolute velocity in the direction of motion is
given by

Inlet x-velocity =V, (7.13)
Exit x-velocity = =V}, Direction accounted by the — sign (7.14)

Using this we can write down the force as
F, = pAVy, X [V, = (=Vi,)] = pAV,, X (Viy, + Vi) (7.15)

In the above expression, we have accounted for the fact that the swirl velocity at the exit faces the
opposite direction to that of the motion of the surface. We can have two more cases:

7. When g = 0, there is no swirl component and we have F, = pAV;. 1, .

8. When B > 90°, then the swirl component at the exit faces the same direction as that of the
motion (the keen reader can easily verify this), and therefore the expression for the force

is modified to F, = pAV,, (Viy, — Viy,,)-
We can therefore find out the power output of this process as
P = pAV,, (Vy, + Viy,) X u (7.16)

We can also find out the work done per second per weight of the fluid impinging on the surface as

P 1
= AV = E(le +Viy,) (7.17)
1
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We note that in both the expressions above we have used the expression for the force to be F, =
pAV,, X (le +VW2). For other specific cases depending on the angle f one must use the
appropriate expression.

We can define the efficiency of the jet, n as the ratio of the power output from the moving surface
to the power input of the jet (which is the incoming kinetic energy of the jet, i.e. m x V2 /2):

_ pAV, (i, +Vy,) Xu
=1 3 (7.18)
5 (pAV)V;

Example 7.4

Consider a water jet of velocity 50 m/s striking a moving vane horizontally as shown in figure. The
vane moves with a velocity of 10 m/s in the horizontal direction. The jet leaves the vane at an angle
of 30° with the horizontal (with respect to the moving vane). What is the resultant force and
direction on the vane if the jet mass flow rate is 1 kg/s?

Solution:

Given data:
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Velocity of the jet V = 50 m/s
Velocity of the vane u = 10 m/s
Initial velocity in the direction of X,
Vieg =V —u=40m/s
Final velocity in the direction of X,
Vo = —(V —u) X cos 30° = —(50 — 10) X cos 30° = —34.64 m/s
Initial velocity in the direction of y,
Viy =0m/s
Final velocity in the direction of y,
Vay = (V —u) x sin 30° = (50 — 10) x sin 30° = 20 m/s
Force in the direction of jet per unit weight,
E, = m[Vi, — Vo, ] = 1 X [40 + 34.64] = 74.64 N

The force exerted by the jet in the direction perpendicular to the direction of the jet, per unit
weight,
F, =m|[Vy, — Vo] =1x[0—20] =20 N

The resultant force is given by,

Fr = /sz + Fy2 = \/(74.64)2 +(-20)?2 =77.27N

And the angle made by the resultant with the horizontal is given by,

E, =20
2= ——— = -0.2679

t = =
M= = 7464

a = —15°with horizontal

Example 7.5

Consider a water jet of diameter 40 mm and velocity 25 m/s striking a curved vane moving at 10
m/s in the same direction as the jet. The jet at the inlet makes 0° with the direction of motion of the
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vane whereas it makes 60° with the direction of motion of the vane at the outlet. Determine the: a)
vane angle at the outlet, b) work done by the jet and c) jet efficiency.

Solution:
Given data:
Diameter of the jet d = 40 mm
Velocity of the jet V; = 25 m/s
Velocity of thevane u; = u, =u=10m/s
As jet and vane are moving in the same direction,
a=0°
Angle made by the leaving jet, with the direction of motion = 60°
B =180° —60° = 120°
For the given problem,
Vi =Vi2
Voy=AB—AC =V, —u; =25—10=15m/s

le = V1 = 25 m/S
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Vg =V =15 m/s
Now in 4 EFG,

EG =V, =15m/s

GF =u, =10 m/s
a) Vane angle at the outlet,

ZLGEF = 180° — (60° + ¢) = (120° — ¢)

From sine rule, we have

EG GF

sin 60°  sin (120° — ¢)

or

15 10

sin 60°  sin (120° — ¢)

¢ =84.8°
Vi, = HF = GF — GH
Vw2 = Uy — Vpy cos ¢ = 10 — 15 X cos 60° = 8.64 m/s
b) The force exerted by the jet on the vane in the direction of motion is given by,
Fe = pAVi1[Viy1 — Viyz]

The negative sign is taken as g is an obtuse angle.
T
F, = 1000 x 7 x (0.040)% x 15 x [25 — 8.64] = 308.37 N

Work done by the jet,
W =F, xu=308.37 x 10 = 3083.7 W
c) The jet efficiency,

_ Work done by the jet
~ Initial K.E per second of the jet

n
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3083.7 _3083.7

= = 0
9817 314 %

77=1 T 9 3
5 X 1000 x yiRe (0.040)2 x 25

Example 7.6

A jet at 24 m/s strikes a curved vane moving at 10 m/s. The jet deflects by 120° between the inlet
to the outlet of the vane. The vane angle at the outlet is 30°. What should be the jet angle at the
inlet with respect to the vane’s direction of motion so that there is no shock as it strikes the moving
vane? What is the absolute velocity of the jet at the exit of the moving vane?

Solution:
Given data:
Velocity of the jet V; = 24 m/s
Velocity of thevane u; = u, =u=10m/s
The angle of deflection of jet = 120°
6+ ¢ =180°—120° = 60°

It is not given that the vane is symmetrical and without this condition, the problem cannot be
solved. Assuming the vane to be symmetrical, we have,
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0 =¢ =30°
The angle of a jet at the inlet with the direction of motion of the vane = a

In A ABC, applying the sine rule, we have

AB _ AC
sin (180° — 0)  sin (30° — a)

or
Vi Uy
sin@®  sin (30° — @)
or
24 _ 10
sin 30°  sin (30° — @)
or
10
sin (30° —a) = 18
a=18°
In A ABC, again applying the sine rule, we have
Vi Vi1

sin (180° — 9) T sina

or
24V
sinf sin 18°
Vi1 =V = 14.83 m/s
In A ABD,

Vw1 =V Xcosa=24Xcos18° =22.82 m/s
At outlet, from A4 EGH, we have,
Vip cos ¢ =uy + V0

or
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14.83 X cos 30° =54V,
V2 = 2.8 m/s

Vi, = Vyp sin 30° = 14.83 X sin 30° = 7.415 m/s

V, = /szz + V2,

V, = +/(7.415)2 + (2.8)2 = 7.926 m/s

7.4 Jet striking a series of vanes/paddles

7.4.1 Jet striking a rotating wheel consisting of vanes

We can extend the analysis to that of a wheel on which a series of paddles are connected. Let there
be only one jet striking the paddles as the wheel begins to rotate. We can assume that at some point
the wheel reaches equilibrium, i.e. the rotational speed reaches constant. As usual, let us follow the
standard nomenclature of VV being the velocity of the jet, A being the area of cross section of the
jet, and u be the tangential velocity of the wheel at the point where the jet impinges on the paddles.

Figure 7.7: Jet striking a series of paddles or vanes.

We further consider that after the jet strikes the paddle, the jet is deflected in such a way that it is
tangential to the paddle. Therefore, the exit jet causes no change in momentum of the paddle and
the wheel in the tangential direction of the jet. The force exerted by the jet in the direction of the
jet is given by
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E, = pAV(V — u) (7.19)

where we have already taken the velocity at the exit as 0, while the relative velocity at the inlet is
V—-uw

The power transferred by the jet is given by
P = F,u = pAV(V — uwu (7.20)

The incoming kinetic energy of the jet per unit time is

1 1 1
Py =5miV? =2 pVAV? = = pAV? (7.21)

We thus obtain the efficiency of such a paddle wheel as

__ Power output 2u(V —u)
"~ Powerinput V2

n (7.22)

Maximum efficiency condition

With the expression for the efficiency, we can find out a relationship between the jet velocity V
and the paddle velocity u. This can be done by finding out the derivative of the efficiency with
respect to u as shown below

dn 2V —4u

=0 —_— =0 = — 7.23
du_ T Tz —Uu=3 (7.23)
For this condition, the value of the efficiency is
_2u(2u—u)_1_500/ 794
T w2 % (7.24)

In the case of such a paddle wheel, the velocity u is equal to the product of the rotational speed of
the wheel times the distance between the center of the wheel and the location where the jet strikes
the paddle, i.e. u = wR.
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7.4.2 Force on radial curved vanes

While in the previous section the analysis considered the case of paddles or flat vanes, we saw that
the jet impinges the vanes in a way the exit jet does not contribute to the momentum transfer. In
this section we will consider a radial curved vane in which the incoming jet is tangential to the
surface. The moving surface is such that the jet is deflected across a significant radius thereby
making the jet encounter a different moving speed as is seen in the figure; the radius of the vane at
the inlet and outlet are significantly different. Once again, we can assume in our analysis that we
have reached steady state, i.e. the wheel which has the vanes is moving a constant angular speed.

Figure 7.8: Velocity triangle for radial curved vane.

Let R, and R, be the radius of the wheel at the inlet vane and outlet vane respectively. If the angular
speed of the wheel is w. In that case, the vane speed seen by the jet at the inlet will be u; = wR;
while the vane speed seen by the jet at the outlet will be u, = wR,. The corresponding velocity
triangles are shown in the figure.

The mass flux striking the vanes is given by
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m = pAV, (7.25)
The momentum of the incoming jet can therefore be written in terms of the swirl component as
pAViVy, , W, =Vicosa (7.26)
whereas the momentum of the exiting jet can be written as
pAVy(=V,) . Vi, = Vycosp (7.27)

where we have appropriately accounted for the sign. We have also expressed the swirl components
at the inlet and outlet.

We can now express the angular momentum at the inlet and outlet as
Atinlet: = pAViV, Ry (7.28)
Atoutlet: = —pAV; Y, R, (7.29)

The difference in the angular momentum between the inlet and exit is therefore equal to the torque
exerted by the jet on the wheel and can be therefore expressed as

T = pAV; (Vie, Ry — (=Viy,Rz)) = pAV; (Vi Ry + Y, Ry) (7.30)

The power transferred to the wheel containing the vanes can be expressed as
P =Tw = pAVy(Viy, Ry + Viy,Ry)w = pAVy (Vi uy + Vi, uz) (7.31)

where we have made use of the linear velocities at the two radii of the wheel.

The above expression for power is true for the case of an acute angle . For obtuse angle, the sign
inside the parenthesis will change. In fact, we can express the expression for power in terms of a
single expression as

P = pAV, (Vi uy £V, uy) (7.32)
We can now proceed to determine the efficiency of such a radial curved vane.
Efficiency of a radial curved vane

The efficiency can be defined, as done earlier, as the ratio of the power transferred the vane carrying
wheel to the power contained in the incoming jet. Therefore, we have
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Power transferred to wheel  pAV; (Ky,uq £ Wy, uz)  2(Wy 1 £ Wy u2)
Power incoming with jet L.z B V2
1

2

n= (7.33)

In case we consider the situation where there is no loss in energy of the jet when it flows over the
radial vanes, then we can state, from an overall conservation of energy, that the difference in the
kinetic energy held by the jet per second would be equal to the power transferred to the wheel
carrying the radial vanes. Essentially then we have

1 1
P= Em(vl2 -V = EpAV12 WVE-Vv2) (7.34)

In such a case, the efficiency can be found by as

(7.35)

1
7 PA VEVE =V3) V2 —V2 < V22>
77 = = =

2 77
% p A V12 V12 V1 V1

Example 7.7

A jet of water at 45 m/s strikes a series of radial curved vanes mounted on a wheel rotating at 300
r.p.m. The jet makes an angle of 20° with the tangent to the wheel at the inlet. At the outlet, the jet
has an absolute velocity of 7.5 m/s and it makes 130° with respect to the tangent to the wheel. The
wheel diameter at the inlet and outlet are 1.0 m and 0.5 m respectively. Determine the: a) Vane
angles at the inlet and outlet and b) Efficiency.
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Solution:

Given data:

Velocity of jet at inlet V; =45 m/s
Velocity of jet at outlet IV, = 7.5 m/s
Rotating speed of the wheel N =300 r.p.m
Jet angle at inlet a = 20°

Jet angle at outlet § = 180° - 130° = 50°
Wheel diameter at inlet D; = 1.0 m

Wheel diameter at outlet D, = 0.5 m

Wheel velocity at inlet,

_mDN X 1.0 % 300
=" = 60

= 15.7 m/s

Wheel velocity at outlet,

_ DN % 0.5 X 300

= =7.85m/s
2= 760 60 /
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At inlet, from 4 ABD, we have,
Vry = Visin a = 45 x sin (20) = 15.23 m/s
V,1 = Vicos a =45 X cos (20) = 42.28 m/s
a) Vane angle at inlet is given by,

Vi 1523
Vi1 —u; 42.28—15.7

tan 8 = = 0.5729

6 = tan~1(0.5729) = 30°
At outlet, from A4 EFH, we have,
Vi, = Vasin f = 7.5 x sin (50) = 5.75 m/s
Again, at outlet, from 4 EFH, we have,
Va2 = Vocos B = 7.5 X cos (50) = 4.28 m/s
Vane angle at outlet is given by,

Ve 5.75

t = =
=, 4281 7.85

= 0.4740

¢ = tan~1(0.4740) = 25.36°
b) Efficiency is given by,

2wy V1 + upViyo)
V12

2(15.7 x 42.28 + 7.85 X 4.82)
n= e = 69.3%
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7.5 Layout of a hydroelectric power plant

Figure 7.9: Schematic of a power plant showing various components.
Typically, a hydroelectric power plant consists of
9. Dam and reservoir - to hold a large amount of water
10. Penstock - Large diameter pipes which carry water from the reservoir to the turbines
11. Turbine - to generate power via coupling to a generator

12. Tail race - Discharges water from the turbine

7.6 Types of hydraulic turbines

Depending on the inlet conditions such as the energy available, direction of flow, head at inlet, and
specific turbine speed we can classify turbines. The most common classification is done based on
the energy available at the inlet. They are classified as (a) Impulse turbine, (b) Reaction turbine.

Impulse turbine

When the energy of water at the inlet of the turbine is available as kinetic energy, then an impulse
turbine is used. As the water flows over the vanes of the turbine, the pressure is atmospheric.
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Reaction turbine

When, at the inlet of the turbine, the incoming water has significant amount of kinetic energy, and
pressure head, we employ a reaction turbine. As the water flows over the vanes of the turbine, there
is a transformation of the pressure head into kinetic energy as well. In this case, the runner is not
open to the atmosphere and is sealed.

Apart from these two types, there are other classification of turbines as well. VVanes are attached to
the shaft of the turbine on a part called as a runner. When water flows tangent to the runner, the
turbine is called as a tangential flow turbine. When the water flows radially through the runner, the
turbine is called as a radial flow turbine. For radial turbines, there are further two classifications.
When the water flows radially inwards into a turbine, it is called as an inward radial flow turbine.
Conversely, when the water flows radially outwards into the turbine, the turbine is called as an
outward radial flow turbine. An axial turbine is one in which the flow is coaxial to the runner
direction.

7.7 Pelton turbine

A Pelton wheel is the most commonly employed impulse turbine. In this kind of turbine there is a
jet of water which strikes the runner which carries a series of buckets. As the incoming water has
only kinetic energy with it (the inlet and outlet of the turbine is at atmospheric pressure), this kind
of turbine works by converting the incoming energy of the jet into rotation of the wheel through
the momentum transfer at the buckets. Hence this kind of turbine is known as an impulse turbine.
A Pelton wheel typically consists of

1. Nozzle with flow regulation provision
2. Runner with buckets
3. casing

4. breaking jet
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Figure 7.10: Schematic of a Pelton turbine.

The nozzle is responsible for the incoming jet of water. This is fed by the penstock and converts
the head at the reservoir of the dam into the high kinetic energy jet. A conical needle, known as a
spear, is arranged in such a way at the exit that rotating the wheel causes the spear to move in and
out, thereby changing the area of the exit of the nozzle, thereby allowing a degree of control over
the flow rate. The Pelton wheel contains a circular disc, i.e. the runner, with a number of buckets.
The shape of the buckets is kept in such a way that the jet striking the bucket is split and turned in
the opposite direction of the incoming jet. The single jet is split into two symmetric parts by a
partition on the bucket wall, which is called as a splitter. This causes the large transfer of
momentum from the jet to the rotating wheel.

The casing of the turbine is primarily present to prevent water splashing and any untoward accident.
As such, the casing does not have any other function. The water eventually discharges out from the
casing into the tail race.

When the turbine is to be stopped, there is a nozzle which faces the opposite direction to that of the
main jet. The main jet is turned off and then the breaking jet is activated. This decelerates the wheel,
thereby allowing the jet to stop within a short span of time.
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Figure 7.11: Velocity triangle at the bucket.

The Pelton wheel is characterized by the bucket shape which has an angle of deflection, ¢, with
respect to the horizontal. The head of water acting on the Pelton wheel can be obtained by the head
at the penstock reduced by the frictional loss it has to bear while arriving at the nozzle. Thus, we
can write the available head at the Pelton wheel as

H =H, f4LV2 (7.36)
P Dy2g '

If the rotational speed of the wheel is N RPM, then the tangential velocity of the bucket will be

given as u = DN /60, where D is the diameter of the wheel. The diameter of the jet is d. As

opposed to reaction turbines where the fluid encounters different velocities at the inlet and exit

section owing to the difference in diameters, the velocity encountered by the jet is equal. From the

derivations in the previous section, we can write down

G, =V, —u (7.37)
Vi, = V4 (7.38)
where, the inlet angles a and 6 are both 0°.
At the outlet velocity triangle, we have
=V, (7.39)
Vw, = Vp,cos¢p —u (7.40)

The transfer in momentum between the incoming and outgoing jet to the wheel is given by
F = pAVy(Vy, + Vi) (7.41)

where we have already accounted for the sign of 1,,, .
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The power generated at the wheel, i.e. the power transferred to the runner by the jet, is therefore
P = Fu = pAVy(Vy, + Vi) (7.42)
The work done per unit weight of water can therefore be written as

P pAV; (Viy, + Vi) _ (Viw, + Vi, Ju

=— = (7.43)
mg pAV1g Y
Similarly, the hydraulic efficiency of the turbine is given by
P 2(V, + Vi, u
n= ] V12 - V12 (744)

m=
We can express the swirl velocities at the inlet and exit as
Vi, =Vi—u; Vi, = Vi,cos¢p —u =V, cos¢ —u(V; —u)cos¢p —u (7.45)

where we have made use of the fact that I, =V, , i.e. the flow velocities are equal. By substituting
these values in the expression for the efficiency, we obtain

27y —uw)(1 + cosdp)u
n= V12

(7.46)

We leave it as an exercise to the reader to show that the maximum efficiency for a fixed V; is
obtained when

7.47
u=- (7.47)
The corresponding efficiency for this tangential velocity is given by
n = 1+ ;osd) (7.48)

Typically for Pelton wheel, we have a parameter called as the jet ratio which is the ratio of the
diameter of the wheel, more generally, it is the pitch diameter of the buckets, to the diameter of the

jet.ie.m = %. Typically, this value is kept around 12. The number of buckets on a runner is also

given by a rule of thumb as Z = 15 + 2%.
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Example 7.8

A Pelton wheel has a bucket speed of 10 m/s with a jet of water flowing at 700 liter/sec under a
head of 60 m. The bucket deflects the jet by 150°. Assume coefficient of velocity as 0.96. Calculate
the a) power generated and b) hydraulic efficiency.

Solution:
Given data:
Velocity of bucket u; = u, =10 m/s
Discharge Q = 700 liter/sec
Head of water H =60 m
Jet angle of deflection = 150°
¢ = 180°-150° = 30°
Coefficient of velocity C,, = 0.96
Velocity of jet at inlet is given by,

V, = C,/29H = 0.96 x V2 x 9.81 X 60 = 32.94 m/s
At inlet,

Vep =V, —uy = 32.94 — 10 = 22.94 m/s

From the Pelton wheel properties,
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Vi1 = Vi = 32.94 m/s
Assume that there is no friction loss from inlet to outlet, we have,
Vyy =V, = 22.94 m/s
From outlet velocity triangle,
Vw2 = Vipcos ¢ —u, = 22.94 X cos 30° — 10 = 9.87 m/s
a) Power generated,

_ PQIVi1 + Vyolu 1000 x 0.7 x [32.94 + 9.87] x 10

P 1000 1000 = 299.7 kW
b) Hydraulic efficiency of Pelton wheel,
2[Vi1 + Viyalu 2 x[32.94 4+ 9.87] x 10
Nn = [ wil WZ] _ [ ] = 79%

7% B 32.942

7.8 Francis turbine

Figure 7.12: Schematic of a Francis turbine.

A Francis turbine is an inward flow reaction turbine. In this turbine water enters the runner of the
turbine at the outer periphery after which it flows over the vanes towards the center of the turbine.
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Once there it then bends by 90° at which point the flow then leaves the runner along the same
direction as the axis of the turbine. There are some important parameters which are useful for

describing the Francis turbines. They are the aspect ratio of the turbine, i.e. n = %, where B

represents the breadth of the turbine, and D represents the diameter of the turbine. This ratio is
typically around 0.1 - 0.4. The flow ratio is given by the flow velocity at the inlet to the velocity
obtained if the entire head at the inlet were to be converted into kinetic energy, i.e. Flow ratio =

% which is typically between 0.15 to 0.3. The speed ratio is the ratio of the rotational speed of

N

the rpm to the velocity obtained if the entire head at the inlet were to be converted into kinetic

energy i.e. Speed ratio = —== which varies between 0.6 to 0.9.

J29H

Figure 7.13: Flow of the jet through a Francis turbine.
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Figure 7.14: Velocity triangle at the vanes of the Francis turbine.

Figure 7.12 and 7.13 show radial exit of water from the runner which ensures that the absolute
velocity (V) at exit of blade makes 90° with U,. It must be noted that the blade angle, which is the
angle between ¥, and U, is not 90° at exit. At the inlet there are guide vanes to ensure that the
angle V., makes with the U; matches the blade angle. This minimises losses (like shock loss) during
the entry of flow into the turbine blades. The velocity triangle is similar to what has been discussed
earlier.

Volume flow rate through the blade at inlet of runner blade is given by B;mD,V, (assuming
negligible blade thickness). Where B; is the blade width at inlet and D, is the runner diameter at
inlet. Similarly, the volume flow rate at the exit is B,mD,Vy,. Vy is the flow velocity which is
sometimes called the meridional velocity.

Though Francis turbine was initially designed for radially inwards flow, modern day Francis
turbine runners allow axial exit instead of radial exit and can no longer be classified as radial type
turbine. They are actually mixed type turbine. However, in this book we will still assume radial
exit for solving numerical problems.
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Example 7.9

A Francis turbine works at 450 r.p.m. under an unknown head of water H. The diameter of the
impeller at the inlet is 2.4 m and the flow area is 0.8 m?2. The absolute and relative velocities at the
inlet make an angle of 20° and 60° respectively with the tangential velocity. The absolute velocity
at the exit of the turbine is at 90° to the tangential velocity. Determine the a) power generated and
b) hydraulic efficiency if the coefficient of velocity for the nozzle is 0.78.

Solution:

Given data:

Speed of turbine N =450 r.p.m

Diameter of impeller at inlet D; =2.4m

Flow area A = 0.8 m?

Angle made by absolute velocity at inlet, « = 20°
Angle made by relative velocity at inlet, 8 = 60°

Whirl at outlet, V,,, =0
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Tangential velocity of the turbine at inlet,

_ DN m X 24 X 450

0 0 = 56.54 m/s

Uy

From inlet velocity triangle,
Vi1 = Vi tan a =V, X tan 20°
Ve = 0.3639 Vyyq (7.49)

Vi1

tan g = ———
Vw1 — Uy

0.3636 X V,y

tan 60° = ———2 WL
an V.. — 56.54

Vw1 = 71.58 m/s

Vr1 = 0.3639 X 71.58 = 26.04 m/s

Vi= |V2,+VA =+/71.58% + 26.042 = 76.17 m/s

a) Power generated,

b pQVy1u; 1000 X 0.8 X 26.04 X 71.58 X 56.54
1000 1000

= 85475.45 kW

b) Hydraulic efficiency of Pelton wheel,

Vi=CyxJ2xXgxH
76.17 = 0.78 X V2 X 9.81 X H
H =486m

Vwrus _ 71.58 X 56.54

= = 84.889
gH 9.81 x 486 %

Np =

Example 7.10

A Francis turbine with an outer diameter of 1.2 m and inner diameter of 0.6 m operates with a head
of 44 m. The blade is designed such that the velocity of flow is constant = 3.5 m/s throughout the
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runner. The guide blade angle at the inlet is 10° and the runner vane angle is 90°. At the outlet, the
absolute velocity makes 90° to the tangential velocity of the runner. Determine the a) angular speed
of the turbine runner, b) vane angle at the outlet and c) hydraulic efficiency.

Solution:

Given data:

Diameter of impeller atinlet D; =1.2m

Diameter of impeller at outlet D, = 0.6 m

Head =44 m

The velocity of flow from the inlet to the outlet is constant,
Vi1 =Vp, =3.5m/s

Guide blade angle at inlet a = 10°

From the inlet velocity triangle,

V
tan a = 2=
le
or
V
F1
Vi, = =19.84 m/s
w1 ™ tan 10° /
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Also from inlet velocity triangle,

Vi = +Vf1 1/ 19.84? 4+ 3.52 = 20.14 m/s

a) Turbine speed,

_mD;N
)
1984_n><1.2><1v
T 60
N =316 rp.m

Now we determine the magnitude of velocity u,

DN _mx06x316 _ o
2= 760 60

b) Vane angle at outlet,

tand =122 32 _ (3508
P =" =597 "

¢ = tan~1(0.3528) = 19.43°
c) Hydraulic efficiency,

_Vouwn 19841984 _
T="gH ~ o98ix4a4s 7

7.9 Kaplan turbine

Axial flow turbines are a class of reaction turbines where the direction of the flow is parallel to the
axis of rotation of the shaft. In reaction turbines, the pressure head is converted into kinetic energy.
A Kaplan turbine is one such turbine whose axis of rotation is kept vertical. At the end of the turbine
there is a hub onto which the vanes are attached. Such turbines are more generally classified as a
propeller turbine. However, when the vanes are adjustable, then the turbine is called as a Kaplan

turbine. The main parts of a Kaplan turbine are

1. Scroll casing
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2. Guide vanes
3. Turbine runner vanes

4. Draft tube

Figure 7.15: Schematic of a Kaplan turbine.

Water from the penstock enters the scroll casing and is guided through the guide vanes into the
runner. After flowing over the vanes, the water is discharged through the draft tube. If the D,
represents the diameter of the runner, and D,, represents the diameter of the boss or hub, then the
area of flow available is %(Do2 — Dﬁ). For such an axial turbine, the flow velocity at the inlet and

outlet are also equal.

Example 7.11

A Kaplan turbine working under a head of 20 m develops a shaft power of 11772 kW. The outer
diameter of the runner is 3.5 m and the hub diameter is 1.75 m. The inlet guide blade angle at the
runner’s outer tip is such that there is no shock and the inlet vane angle at the outer tip is 79°. At
the outlet, the vane angle is 39° and the whirl velocity is negligible at the outer tip of the runner.
The hydraulic efficiency of the turbine is 88%. Determine a) the inlet guide vane angle at the outer
tip, b) the overall efficiency, and c) the angular speed (r.p.m) of the turbine runner.
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Solution:

Given data:

Head of turbine H =20 m

shaft power = 11772 kW

Outer diameter of the runner D, =3.5m

Hub diameter D;, =1.75 m

At inlet,

0=79

At outlet,

¢ =39°

Hydraulic efficiency of the turbine is n;, = 88%
From the properties of the Kaplan turbine we know,
Uy = Uy, and Vpy = Vg,

Based on the outlet velocity triangle:

2
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V.
tan 39° = 2
Uz

sz = 081 uz

Based on the inlet velocity triangle:
_ 081 xu,

V. V.
tan 6 = r_ 12 =
Vwi—u V1 —uy Vw1 — g

0.81 X u,

tan 79° =
Vw1 — g

u1 = 0864 X le

From the hydraulic efficiency of the turbine,
Vwius Vi1 X 0.864 X Vyy

T="gH = 981x20

0.864 x V2,
088 =562

Vw1 = 14.13 m/s
Thus,
u; = 0.864 x 14.13 = 12.20 m/s

Vi1 = Vg = 0.81 X 12.20 = 9.882 m/s

a) Based on the inlet velocity triangle:

—— =0.6993

o Vp 9882
M=y = 1413

a = 34.96°

Now we determine the value of discharge Q,

Q =7 x (D = DF) x Vyy

VA
Q=5 % (357~ 1.75%) x 9.882 = 7129 m*/s

(7.50)

(7.51)
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b) Overall efficiency,

__ shaft power 11772 x 1000
To="",50H 1000 x 9.81 x 71.29 x 20

= 84.16%

c) Turbine speed,

__mD,N

1= "0
1220_71><3.5><N

T 60

N =66.57r.p.m

Example 7.12

The hub diameter of a Kaplan turbine is 0.35 times the runner’s outer diameter. The turbine is
running at 200 r.p.m under a head of 48 m. The flow ratio is 0.6 and the hydraulic efficiency is
85%. The vane angle at the runner outlet is 15°. The velocity of the whirl is zero at the outlet.
Determine a) the outer diameter of the runner, b) the water flow rate (m3/s) through the runner, c)

the vane angle at the inlet, and d) the specific speed of the turbine.

Solution:

Given data:
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Head of turbine H = 48 m
turbine speed N =200 r.p.m
D, =0.35D,
flow ratio = 0.6
Hydraulic efficiency n, = 0.85
¢ =15°

V V
Flow ratio = 1 1

Vi V2 x 9.81 x 48
Ve = Vpp, = 18.41 mis

V.
tan ¢ = Sz
Uz
18.41
tan 15 =
Uz

a) Outer diameter of the runner,

_mD,N
2= 760
6872_7T><D0><200
e 60
D, = 6.56m

Dy, =0.35% D, = 0.35 X 6.56 = 2.296 m

b) Water flow rate Q is given by,

T

Q_4X(D02—D,f)fo1

8
Q= 1 X (6.56% — 2.296%) x 18.41 = 545.74 m3/s

The hydraulic efficiency of the turbine is given,
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Viwiuq

Np = gH

0.85 — Vi1 X 68.72
7T 9.81x48
Vw1 = 5.82 m/s
c) Vane angle at the inlet,

Vie 1841
Vys —u; 5.82 —68.72

tan 0 =

6 = 163.68°
Now we determine the shaft power,
P = pQ(uVy1) = 1000 x 545.74 X 68.72 x 5.82 = 218136 kW

d) Specific speed of the turbine is given by,

N = NVP 200 x V218136
ST OH5/4 T (4-8)5/4'

7.10 Draft tube

=739.34rpm

Figure 7.16: Schematic representation of some typical draft tubes. The red arrow depicts the
direction of the discharge.
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The outlet of the runner is connected to the tail race through the draft tube, which is basically a
pipe which connects the two parts while ensuring a gradually increasing area towards the tail race.
The draft tube helps in creating a suction at the outlet of the runner. It also helps in converting the
outlet kinetic energy into a pressure head owing to which the turbine works across a larger pressure
difference and hence it is able to generate a larger power given then inlet head is constant.

7.11 Specific speed

The specific speed of a turbine, N, represents the speed of a geometrically identical turbine which
produces unit power (1 kW) under a unit head (1 m of water).

We can derive it as follows. We first consider the overall efficiency of the turbine as

_ Poweroutput P
"~ Power input  pgQH

Mo (7.52)

when the numerator and denominator is expressed in kW units, we can express the above as

P
Mo = 5o0m (7.53)

In the above expressions, H represents the head of water, Q represents the flow rate through the
turbine, and P represents the power output. We can therefore express power as

_ pgQH

- 7.54
Mo 1000 (7.54)

The jet velocity, V, and the turbine tangential velocity, u, are related to the head of water at the
input through

uxV =uxvVH (7.55)

The tangential velocity is related to the diameter and rotational speed as

RN X 2nm mwDN
_ _ 756
U 60 60 (7.56)

where N is represented in revolution per minute units and therefore we have the factor of Z—Z in the
above expression. From the above discussion we therefore have

H
\m«DN:Dm%: (757)
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The discharge through the turbine can be similarly written as
Q=A%xV = Q «D*JH (7.58)

Using the proportionality of D with H and N, we can therefore write down the expression for flow
rate as

Q x D*/H (7.59)
2
« <ﬁ> VH (7.60)
N
3
H?2
<7 (7.61)

Using this expression for the discharge we can express power using equation (7.54) as

3 5
H2 H2
5
H2
= P = Km , K = constant (7.63)

In the above expressions if P = 1, i.e. 1 kW, and if H = 1, i.e. unit head, we obtain
1=KN152=>N52=K (7.64)

which implies that the specific speed is equal to the square root of the constant. We can now
substitute the constant in the expression for power and obtain

H5/? ’NZP VP
— N2 — —

The specific speed of a Pelton turbine is typically between 6-30 RPM, while that of a Francis
turbine is between 50-200 RPM. The specific speed of the Kaplan turbine is larger and lies between
200-1000 RPM.

In the following sections we will look into the performance of a turbine under varying head, speed,
discharge etc. when the head of water at the turbine inlet is kept unity. These are probed under the
condition where the efficiency of the turbine remains unchanged.
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7.12 Unit speed

The first parameter that we will look into is the unit speed, N,,. The derivation can be done much
like the previous case. We have already seen that

nDN

uxV, V «<VH, = uxVvH  whereu = (7.66)
For a given turbine, we may therefore conclude that
N=KVH (K= constant) (7.67)

In this case now a unit head yields N = K = N,,, where the RPM of the turbine is now simply the
unit speed of the turbine, by very definition. Therefore, we can substitute the value of K in the
expression to yield

N
N=N,H =N, = N (7.68)

We may utilize the idea of the unit speed of a turbine to find out the relationship between the
RPM of the turbine under varying conditions of inlet head. We can write

Ny =——==—— (7.69)

7.13 Unit discharge

Unit discharge is defined as the discharge from the turbine under by the condition of a unit head. It
is denoted by the symbol Q,,. We may derive it much in the methodology adopted in the earlier
sections.

The discharge through a turbine is given by
Q=AV (7.70)
which may be readily simplified for a choice of a given turbine as
QxV=QxVH=Q=KVH (7.71)
where, for the case of a unit head we can write

Q=K=0Q, (7.72)
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thereby allowing us to further simplify the expression as

Q
Q= 0QuVH = Qu="17 (7.73)
The idea of unit discharge can be used to relate the discharge for varying heads by noting that
0 Q
Qu= (7.74)

Vi H,
7.14 Unit power

Unit power, P, , is defined as the power developed by a turbine under the application of a unit head
at the inlet.

We have already seen that the expression for the power can be expressed as

p=n LI bl =P« VEH = P = KH3 (7.75)

1000

where the simplification in the expression is possible for the case of a certain choice of a turbine,
i.e. the diameter etc. do not change.

When there is only a unit head acting, we can see that P = K = P,. Substituting the value of K in
the expression for power, we obtain

(7.76)

In fact, if the idea of the unit power can be used to relate the power output for different input
heads by noting that

372 (7.77)

Example 7.13

A turbine develops 10 MW when running at 100 r.p.m and head of 30 m. What is the speed and
power developed by this turbine if the head is changed to 18 m?
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Solution:
Given data:

At condition 1,

P; =10 MW
N; =100 r.p.m
H;=30m

At condition 2,

H, =18 m
P, =?
N, =7

Using the relation between speed and head of the turbine we have,

N, N
JH,  JH,
100 N,
V30 /18

N, = 77.46 r.p.m

Now using the relation between power and head of the turbine we have,

Py P,

3/2 . ,,3/2
Hy H,
10 P,

303/2 = 183/2
P, = 4.65 MW
Example 7.14

A turbine operating with 85% overall efficiency under a head of 25 m and 200 r.p.m. The discharge
is 9 m3/s. What will be the power output, r.p.m. and flow rate for 20 m head?
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Solution:

Given data:

At condition-1,

Head H; =25 m

Speed of the turbine N; =200 r.p.m
Discharge Q; =9 m3/s

At condition-2,

Head H, =20 m
P, =?
N, =7
Q=7

The overall efficiency of the turbine n, = 0.85

Using the relation between speed and head of the turbine we have,

Ny N,
JH,  JH;
200 N,
V25 V20

N, = 1789 r.p.m
From the overall efficiency of the turbine we have,

pgQ1H,
"~ 1000 X 9.8 X 9 x 25

Mo

0.85

P, = 1876.2 KW

Now using the relation between power and the head of the turbine we have,
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P, P

3/2 ° ,;3/2
H1 Hz
18762 P,

253/2 . 2()3/2
P, = 1342.5 KW

Now using the relation between discharge and the head of the turbine we have,

o _ 0
NCARNS
D Q%
V25 V20
Q, = 8.05 m3/s

7.15 Characteristic curves of a turbine

Under varying operating conditions, characteristic curves provide us a means of determining the
behaviour of turbines. In the characteristic curves, the rotational speed, N, the discharge, @, and
the head at the inlet, H are chosen as independent parameters. Apart from these three, the other
parameters are the power output, P, the efficiency n,, and the gate opening. The discussion below
will shed light on the nature of the characteristic curves.

Figure 7.17: Characteristic curves.
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7.15.1 Constant head curves

Constant head curves are also referred to as the main characteristic curves. These curves are
experimentally obtained by maintaining a constant head at the inlet and a constant gate opening at
the turbine inlet. The turbine is then loaded thereby changing the speed of the turbine. For each
measured value of speed, the output power and discharge are noted. The corresponding efficiency
is also then calculated. These readings then allow us to obtain the values of the unit speed, N,,, unit
power, P,, and unit discharge, Q,,. This has been discussed in the previous sections. We can then
plot the locus of the unit discharge as a function of the unit speed for a fixed head. The locus can
be plotted for different gate openings. A schematic of all the different curves is shown in the figure
below. Similarly, the plot of unit power and efficiency as a function of the unit speed for different
gate openings can also be obtained. Essentially the plots help an engineer to understand the degree
of variation of the discharge, or power output or the overall efficiency as the turbine experiences
different load. This can help the engineer take a decision to increase or decrease the gate opening
to maintain a desired set point of a turbine which forms the part of a large hydroelectric power
station.

7.15.2 Constant speed curves

Figure 7.18: Constant speed curve of a (a) Francis turbine, (b) Kaplan Turbine, (c) Operating curve
of a turbine.

Similar to the previous subsection, we can keep the turbine speed constant and find out the different
characteristic curves of a turbine. Towards obtaining this, the operating speed and head are kept
constant. With this the discharge is changed gradually and the parameters such as the overall
efficiency and output power are plotted. An important observation is that a certain amount of
discharge is required to start the turbine rotation by overcoming the friction of the various
components.
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7.15.3 Iso-efficiency curves

Figure 7.19: Construction of an iso-efficiency curve and iso-efficiency curves of a Kalpan turbine

Iso-efficiency curves are curves along which the overall efficiency of the turbine remains constant.
These curves are obtained by keeping the inlet head constant. The speed of the turbine is once again
changed by varying the load at the shaft of the turbine. Keeping a certain gate opening, we can then
measure the output discharge and calculate the overall efficiency.

In Fig. 7.19 we have depicted how the iso-efficiency curve for a Kaplan turbine can be greater.
Towards this the first step is to first draw the unit discharge vs unit speed curve (subplot (a)) and
overall efficiency vs unit speed (subplot (b)). Let us say that we would like to plot the iso-efficiency
curve at 20%. In that case, in subplot (b) this 20 percent efficiency is a horizontal line which
intersects the various curves which correspond to different gate openings. The straight line
intersects the curves at two set of points. One set of points on the left, which we have denoted as
P, Q, R, and S, and another set of points on the right, which we have denoted as A, B, C, and D.
Now, we draw projections of these points onto the same gate opening points in the unit discharge
Vs unit speed curves. The points of intersection of the same corresponding gate openings, which in
both the figures are denoted through the same curve color, are now marked as P’, Q’, R’, and S’ on



309 | Fluid Mechanics & Hydraulic Machinery

the left, and A’, B’, C’ and D’ on the right. The curve which connects these points is shown as a
dotted curve and is the locus of all points on the unit discharge vs unit speed curve which
correspond to the efficiency of 20%, which is essentially the iso-efficiency curve. The same
procedure can be repeated for different efficiency values. This is left as an exercise for the reader.
The reader should obtain a family of curves which resemble subplot (c).

7.16 Unit Summary

The work done in moving the plate along the direction of the jet per second as

P = Eu = pAV —w)?u(1 + cosh)

The efficiency of the jet, n as the ratio of the power output from the moving surface
to the power input of the jet (which is the incoming kinetic energy of the jet, i.e. m x
V%/2):

_ PAY, (o, + W) X

1
5 (pAV;) V12

Jet striking a series of paddles, the efficiency of the paddle

__ Power output 2u(V —u)
"~ Powerinput V2

n

Efficiency of a radial curved vane

Power transferred to wheel  pAV; (Ky,uq £ Wy, uz)  2(Wy,un £ Wy u2)
Power incoming with jet L. y2 B V2
1

2

}7:

The hydraulic efficiency of the Pelton turbine when 1, = 1.

2

2(V; —u)(1 + cosp)u
n= V12
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e The relationship between the RPM of the turbine under varying conditions of inlet
head

N N,

NI

e The idea of unit discharge can be used to relate the discharge for varying heads by
ensuring that

o _ 0
NN

e The idea of the unit power can be used to relate the power output for different input
heads by noting that

P P
p=—=—"

H13/2 H23/2

7.17 Exercises

Multiple Choice Questions

1. Water from a reservoir at a gross head h flow into a nozzle before striking a series of
moving vanes. The water jet velocity at the exit of nozzle is:

a. Always equal to \/2gh

b. Greater than or equal to /2gh

c. Lessthan or equal to \/2gh
d. Cannot be determined from given data

2. Water jet strikes a “stationary” curved vane at one end of it in the horizontal direction. The
angle of deflection between entry and exit of jet is. The magnitude of force exerted by this
jet on the vane in the horizontal direction, E,:

a. Increases with increase in ¢

b. Reduces with increase in ¢
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c. Is non-zero with no dependency on ¢
d. Isalways zero.

3. For the previous problem (no. 2), the magnitude of force exerted by the jet on the vane in
vertical direction, F, :

a. Increases with increase in ¢

b. Reduces with increase in ¢

c. Is non-zero with no dependency on ¢
d. Isalways zero.

4. Water jet strikes a “stationary” symmetric curved vane in a tangential manner such that
there is no shock. The angle of deflection between entry and exit of jet is. The magnitude
of force exerted by this jet on the vane in the horizontal direction, E, :

a. Increases with increase in ¢

b. Reduces with increase in ¢

c. Is non-zero with no dependency on ¢
d. Isalways zero.

5. For the previous problem (no. 4), the magnitude of force exerted by the jet on the vane in
vertical direction:

a. Increases with increase in ¢

b. Reduces with increase in ¢

c. Is non-zero with no dependency on ¢
d. Isalways zero.

6. Water jet strikes one end of a “moving” curved vane in the horizontal direction. The
direction of motion of vane is also horizontal. The speed of jet is IV while the speed of the
vane is U. The resultant force exerted by the jet on the moving vane, Fy :

a. Increases with increase in U

b. Reduces with increase in U



C.

d.
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Is non-zero with no dependency on U

IszerowhenV =U

7. Which of the following is/are assumed for analyzing flow through the runner of a Pelton

turbine:

C.

d.

The relative velocity of the jet is constant throughout the runner
The vane speed is identical at the inlet and outlet
The velocity of whirl is constant throughout the runner

The absolute velocity of the jet remains constant throughout the runner.

8. Which of the following is/are assumed for analyzing flow through the runner of a Francis

turbine:

C.

d.

The relative velocity of the flow is constant throughout the runner
The vane speed is identical at the inlet and outlet
The velocity of whirl is constant throughout the runner

The absolute velocity of the flow remains constant throughout the runner.

9. Which of the following is/are assumed for analyzing flow through the runner of a Kaplan

turbine:

C.

d.

The relative velocity of the flow is constant throughout the runner
The blade tip speed is identical at the inlet and outlet
The velocity of whirl is constant throughout the runner

The absolute velocity of the flow remains constant throughout the runner.

10. A turbine is designed to operate with a gross head of h at an RPM of N; can generate a
power of P;. If another turbine of the same specific speed is used for generating power P,
from a gross head h, then the relationsheip between the speed N, and power P, for the
second turbine is

a.

b.

N1P; = N, P,

\/EP1=\/F2P2
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C. Nl\/F = NZ\/P_Z

d. N1=N2andP1=P2
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Unsolved Questions

Level - |

1. Consider a water jet of velocity 25 m/s striking horizontally on a curved stationary plate

(See figure of example 1). The jet deflects by 90° between the inlet to outlet of the curved
plate. What is the resultant force for the 1 kg/s mass flow rate of jet and the direction of
this resultant force with respect to the motion of vane?

Consider a water jet of velocity 25 m/s striking a curved moving vane in the same direction
as the motion of vane. The vane moves with a velocity of 10 m/s (see figure of example
4). The jet deflects by 120° with respect to the direction of vane motion. What is the
resultant force for 1 kg/s mass flow rate of jet and the direction of this resultant force with
respect to the motion of vane?

Consider a water jet of velocity 25 m/s striking a curved moving vane at 15° with the
horizontal direction. The vane also moves in the horizontal direction with a velocity of 10
m/s (see figure of example 6). The jet deflects by 120° between inlet to outlet of in the
frame of reference of moving vane. What is the resultant force for 1 kg/s mass flow rate of
jet and the direction of this resultant force with respect to the motion of vane?

A turbine develops 750 kW under a head of 100 m at 250 r.p.m. What would be expected
power developed and turbine speed if the head is 50 m?
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A turbine has to be designed for head of 10 m and discharge rate of 5 m3/s. If the runner
wheel has to rotate at 200 r.p.m., which type of turbine should be expected for this
application?

A Kaplan turbine is operating with a head of 5 m with boss diameter 0.25 times the runner
tip diameter. The flow ratio is 0.7 and speed ratio is 2.0. Determine the flow rate of water
(m3/s) through the runner if the runner tip diameter is 6 m.

Following data is for a Pelton turbine: Gross head = 100 m, diameter of jet = 100 mm,
discharge at the nozzle = 0.33 m3/s, power developed by the turbine = 250 kW. Determine
the: a) maximum power (kW) that can be obtained from the water head, b) power (kW)
available at the nozzle, c) power (kW) lost in runner.

Consider a Francis turbine with inlet absolute velocity 20 m/s, inlet guide blade angle of
30° and inlet peripheral velocity 10 m/s. Assuming radial exit from the turbine determine,
a) inlet runner vane angle and b) exit absolute velocity.

A Kaplan turbine has guide blade angle of 60° and runner vane angle of 120° at the inlet.
The absolute velocity at inlet is 10 m/s. The vane tip diameter is 5 m and hub diameter of
1.5 m. Determine: a) the rate of rotation (in r.p.m.) of the runner, b) water discharge rate
(in m3/s)

Consider a Francis turbine operating under a head H. The peripheral velocity at inlet is u,,
velocity of flow at the inlet is V¢, and the component of absolute velocity along the
tangential velocity is V,,,; . Assume velocity of flow within the vane and radial discharge at
the outlet of the turbine. Neglecting any losses, derive a relationship for H in terms of
velocity components given above.

Level - I

1.

In a hydroelectric plant, the penstock supplies water to a Pelton wheel turbine with a gross
head of 300 m. Out of this head 100 m is lost due to friction in penstock. The flow rate of
water is 3 m3/s. The angle of deflection of the jet in the turbine bucket is 150°. Determine
the: a) power generated by the turbine and b) hydraulic efficiency if the speed ratio is 0.45
and coefficient of velocity is 1.0. Assume that the relative velocity of jet remains constant
throughout the bucket.

A Francis turbine with overall efficiency of 70% and hydraulic efficiency of 78% has to
produce 150 kW of power from a head of H = 8 m. The peripheral velocity at inlet of the
turbine is given by whereas the velocity of flow at inlet is. The speed of the turbine wheel
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is 200 r.p.m. Assume that the flow is radial at exit of the turbine and the velocity of flow
is constant between inlet and exit. Determine the: a) guide blade angle at the inlet, b) runner
vane angle at the inlet, c) wheel diameter at the inlet and d) width of the wheel at the inlet.

3. A Francis turbine with hydraulic efficiency of 80% is operated under a head of H = 10 m.
The peripheral velocity at inlet of the turbine is 7.1 m/s and the velocity of flow at inlet is
13.5 m/s. The speed of the turbine wheel is 250 r.p.m with the wheel diameter at the outlet
= 0.5 times the wheel diameter at inlet. Assume that the flow is radial at exit of the turbine
and the velocity of flow is constant between inlet and exit. Determine the: a) guide blade
angle at the inlet, b) runner vane angle at the inlet and c) runner vane angle at the outlet.

4. Determine the hydraulic efficiency of a Francis turbine with the runner vane angle at inlet
and outlet are both 90°. The inlet guide blade angle is. Assume that the velocity of flow
through the runner is constant throughout.

5. A Kaplan turbine of runner outer tip diameter of 4.5 m is rotating at 50 r.p.m. The guide
blade angle at the inlet is 35° and the runner blade angle is 90° to the vane motion. At the
outlet, the runner blade angle is 25° to the direction of vane motion. The total area through
which water flows within the runner is 20 m2. Assume that the velocity of flow within the
runner is constant. Determine the a) head (m) for this turbine neglecting any frictional
losses, b) hydraulic efficiency and c) power (kW) developed by the turbine.

ANSWER KEY

Level - |

1.

2.

35.36 N making 45° below horizontal

25.98 N making 30° below horizontal

. 2.94 N making 60° below the horizontal

. 265.2 kW at 177 r.p.m.

. Ny = 131.3, therefore Francis turbine is expected
. 183.7m3/s

.a) 323.7 kW, b) 291.37 kW, c) 41.4 kW

.a) 53.8°, b) 10 m/s
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9.a) 38.2r.p.m., b) 8.66 m3/s

10, H = Yt /12
. .

Level - 11
1. a) 5437 kW, b) 92.4%
2.a) 31.6° b) 36.2°, ¢) 0.3 m, d) 0.242 m

3.2) 50.7° b) 73.7°, ¢) 75.3°

2
" 2+tanZa

5.a) 26.5 m, b) 80.2% and c) 3436 KW

7.18 Know More

The Pelton wheel, known for its simplicity and ease of operation, gained worldwide adoption
thanks to its unique splitter principle, patented by Lester A. Pelton in 1880. Pelton built the first
turbine in 1878 in Camptonville, later refining it in Nevada City. He established the Pelton Water
Wheel Company in San Francisco in 1888 with A. P. Brayton and passed away in Oakland,
California, in 1908.

This innovative waterwheel harnesses the momentum of water jets striking buckets on its rim,
evolving from the earlier "hurdy gurdy"” wheel used during the California gold rush. Significant
improvements were made by William A. Doble, who patented enhancements to bucket and nozzle
designs starting in 1899. A collection highlighting the Pelton waterwheel's history is housed in a
mining museum at the former North Star Power Plant site, which utilized Pelton wheels for
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compressed air in mining operations until they were replaced by diesel power in the 1950s. The
museum is operated by the Nevada County Historical Society.

[Source: https://www.asme.org/about-asme/engineering-history/landmarks/157-pelton-
waterwheel-
collection#:~:text=Pelton%20built%20the%20first%20Pelton,Water%20Wheel%20Company%2
0in%201888]

7.19 References and suggested readings

1. Introduction to Fluid Mechanics and Fluid Machines (3rd Edition), S K Som,
Gautam Biswas, Suman Chakraborty, McGraw Hill

2. Fluid Mechanics (9th Edition), Frank M. White, Henry Xue, McGraw Hill
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8 Fluid Machinery: Pumps

In this unit we will discuss the following topics:
1. Components of a reciprocating pump

2. Components of a centrifugal pump

3. Velocity triangle analysis for centrifugal pump
4. Dimensionless pump characteristics

5. Actual pump performance curves

6. System curve and pump operating conditions

7. Cavitation in centrifugal pumps

In the previous unit we discussed devices which produce work from hydraulic head. In this unit we
discuss about the device which consumes mechanical/electrical energy to develop pressure head.
This pressure head can be used to create flow in a pipe-network and/or lift fluid to a certain height.
Such devices are called “pumps”. Selection of appropriate pumps is an important task in many
industries ranging from power plant to cooling applications. A detailed understanding of the
principle of operation of such pumps, their mathematical analysis and performance characteristics
is vital. For safe operation of centrifugal pumps, a phenomenon called “cavitation” needs to be
avoided. This has practical implications on the pump installation and requires careful analysis. In
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all these discussions, the principles of velocity-triangle, non-dimensional analysis and
fundamentals of frictional losses in pipe-network studied in previous units will be revisited.

Pre-requisites
1. Elementary vector analysis

2. Trigonometric relationships

Unit Outcomes

1. U8-O1: Various components and mathematical analysis of a reciprocating pump

2. U8-02: Various components and mathematical analysis of a centrifugal pump

3. U8-03: Specific speed and its application

4. UB8-O4: Non-dimensional analysis of centrifugal pump performance characteristics
5. U8-05: Variation of pump performance with discharge rate and impeller speed

6. U8-06: System curve and determination of operating condition of centrifugal pumps

7. U8-O7: Net positive suction head in centrifugal pumps

Unit -8 Expected Mapping with Programme Outcomes
Outcomes (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)

C

1
(R

CO-2 CO-3 C

1
N

CO-5 CO-6 C

1
~

us-O1
us-02
uUs-0O3
us-O4
uU8-0O5
U8-O6
us-O7

NN NN N NN O
W w|l W w|lw|lw w O
NN NN N NN O

8.1 Introduction

Pumps are hydraulic machines which convert mechanical energy into hydraulic energy. Typically,
the hydraulic energy is obtained in the form of a pressure head. There are two primary kinds of
pumps - reciprocating pumps and centrifugal pumps. The names are indicative of the process
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behind the operation of the pump. In the case of centrifugal pump, the pressure head is obtained
through the action of centrifugal forces acting on the fluid. In the case of a reciprocating pump, the
rise in pressure head is due to the liquid being drawn into a cylinder and then pressurized due to a
reciprocating piston.

Let us discuss the various parts and working of the two kinds of pumps.

8.2 Reciprocating pump

Figure 8.1 Schematic of a reciprocating pump.

The important components of a reciprocating pump are
1. Suction pipe
2. Suction valve
3. Delivery pipe

4. Delivery valve
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5. Cylinder-piston arrangement

The piston in a reciprocating pump moves to and fro in a cylinder. The piston is moved to and fro
by means of a slider-crank mechanism which is driven by a motor. The end of the piston are
connected with the suction and delivery pipes. At the suction and delivery pipe connections to the
cylinder we have non-return valves. On the suction side we have a suction valve which allows
water from the sump to be drawn towards the cylinder. On the delivery side we have a discharge
or delivery valve which allows the pressurized liquid to only travel up to the delivery side. The
non-return valve prevents the delivery side liquid to enter into the cylinder and also prevents the
pressurized liquid to exit from the suction side.

In the figure shown as the piston moves from the rightmost point towards the left, there is a suction
created in the cylinder. This causes water to be drawn into the cylinder. At the same time, the
discharge valve stays shut. Once the cylinder reaches the rightmost point, it now starts moving
towards the left. At this point the suction valve remains shut and the delivery valve opens, thereby
sending the pressurized liquid towards the delivery side. This is elucidated through the figure.

8.2.1 Discharge of a reciprocating pump

The discharge of a single cylinder reciprocating pump can be found out as follows: Let us consider
a cylinder of diameter D and crank radius, r. Therefore, the piston area and stroke are given by

) nD?
Piston area, 4 = 2 Stroke, L = 2r (8.1)

If the rpm of the motor is N, then we have in 1 second, év—o revolutions. Hence the discharge of the
pump in 1 second is

Q = Volume in cylinder x RPS of pump (8.2)
=AXLX N _NAL 8.3
B 60 60 ®3)
. NpAL . NpALN
m= —60 , W= 60 (8-4)

where Ww represents the weight of water delivered per second from the pump.

8.2.2 Work done and power required

The work done by the reciprocating pump per unit second (i.e. the power output in terms of power
delivered to the water) is given by
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P = weight of water lifted per second X height through which water is lifted (8.5)
=w X (hs + hy) (8.6)

where h; and h, represent the height of the sump and height of the delivery reservoir
respectively. Note that this is also the power input required for the pump, ignoring any losses. We
can therefore write down the entire expression as

_ pgNAL x (hg + hg)
N 60 x 1000

P KW (8.7)

8.2.3 Slip of a pump

The slip of a pump is defined as the difference between the ideal or theoretical discharge and the
actual discharge obtained from the pump. We therefore have

Slip = Q¢n — Qact (8.8)

which, in terms of percentage slip can be expressed as
% Slip = Qen = Qact 4 (8.9)

Qtn
=(1-C4) x 100 (8.10)

where C; = % represents the coefficient of discharge of the pump. It is important to note that the
th

slip may be positive or negative.

8.3 Centrifugal pump

The principle of working of a centrifugal pump is essentially opposite to that of a Francis turbine.
Unlike Francis turbine, where fluid flows radially inwards through the runner, here fluid flow
through the rotating vanes is radially outwards. As the fluid flows outwards, it gains energy
provided to it by the rotating vanes (also called impeller). This mechanical energy gets converted
to pressure head and kinetic energy of flow at the discharge of the pump.

8.3.1 Components of a centrifugal pump

A centrifugal pump comprises of the following components
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1. Impeller
2. Casing
3. Suction pipe
4. Foot valve

5. Delivery pipe

Figure 8.2: Schematic of a centrifugal pump.

The impeller is the rotating part of the pump and it consists of backward facing vanes. The impeller
shaft is powered through a motor. Depending on the application and availability, either electric
motor or fossil fuel powered motors are used. The casing of the centrifugal pump is the passage
around the impeller which allows for the water to transfer its kinetic energy into a pressure head,
or pressure energy, while diverting the fluid to the delivery pipe. Typically, the casing has a very
specific shape. Some commonly found casings are the volute casing, the vortex casing, and the
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guide vane casing. An important observation is that the centrifugal pump may be thought of as the
opposite of a Francis turbine.

8.3.2 Work done by a centrifugal pump

The basic idea is to use the concepts behind the reaction turbine, in particular the Francis turbine,
to derive the work done by a centrifugal pump. Water enters radially at the inlet which allows for
maximum efficiency. In what follows, we will analyze only pumps with outlet vane angle < 90°,
generally referred to as backward facing pumps. In such a case, the radially incoming water is
perpendicular to the direction of the motion. As a consequence @ = 90°; and correspondingly,
Vi, = 0. The reader is advised to familiarize oneself with the convention of symbols explained
earlier in the discussion of turbines. Let D, be the diameter of the impeller at the inlet and let N be
the rotational speed of the impeller in RPM. The corresponding impeller speed at the inlet is
therefore

nD; N
= 8.11
Uy 60 ( )
Similarly, at the exit of the impeller, which has a diameter D,, the tangential velocity is
D, N
= 8.12
Uy 60 ( )

Figure 8.3: Velocity diagram at the inlet and exit of an impeller of a centrifugal pump.
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If we just reverse the analysis of a Francis turbine, we can show that the work done by the pump
on water per unit time per unit weight is given by

.i = _Pfurb = - l(leul - szuZ) = l(Vqu'Z - VW1u1) (813)
g

where Py, represents the power calculated if the velocity triangles corresponded to that of a
reaction turbine. We note that since the velocity component ¥, = 0 at the inlet, the above
expression may be simplified to

P 1 )
m_g = EVquZ = P =mW,,u; = pQWy,,u, (8.14)
where the flow rate is determined from
Q =nD:B,Vy, (8.15)

where Vy, represents the flow velocity at the inlet, and B; represents the width of the impeller at
the inlet.

Example 8.1

The external impeller diameter of a centrifugal pump is 400 mm and it rotates at 1500 r.p.m. The
pump delivers water flow rate of 0.5 m3 /s at a height of 30 m. The vane width at the outlet is 50
mm. Manometric efficiency of the pump is 80%. Assume radial entry to the pump. Determine the
vane angle at the outlet.
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Solution:

Given data

d, =400 mm

b, =50 mm

Q=05md/s

H=30m

N = 1500 rpm

Vw1 =0

Nman = 0.8

The tangential velocity at the pump inlet is given by:

_mD;N  mx0.4x1500

Uy, 0 0 =31.41m/s
Using the definition of manometric efficiency,
_gH 08 9.81 x 30
Tman = Ve, O 3141 XV,

=V, =11.71m/s
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The volume flow rate,
Q= 7szbzvfz
0.5=m X 0.4 x0.05 XV,
Via =7.96 m/s

From outlet velocity triangle,

¢ = tan™? (L> =22°
3141 —-11.71

Example 8.2

Neglecting all frictional and other losses, show that the fluid pressure head difference % across

the inlet and outlet of an impeller of a centrifugal pump is given by:

(u2 - Vf2200t2¢)
29

Where p,; and p, are the fluid pressures at the inlet and outlet of impeller. ¢ is the vane angle, V¢,
the velocity of flow and u, the peripheral velocity; all measured at the impeller outlet. Assume that
the velocity of flow remains constant throughout the impeller and radial entry into the impeller.

Solution
Given data:
Vw1 =0
Vir = Vs

Losses are neglected; hence, applying the modified Bernoulli’s equation across the impeller of a
centrifugal pump we get:
2 VZ

pVi he + AP _ pV3 h
p1+E+pg 1t pump—p2+z+pg 2
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Neglecting any height change between inlet and outlet of pump (i.e.) we can simplify the above
relationship to:

<V_12 _ V_22> + Appump _ P2 —P1
29 2g Py Py

V12 sz P2 — D1
<_ ——— |+ Hpapn =

29 2g Py
P2 —DP1 _ V_12_V_22 " <u2Vw2>
pg 29 2g) " "™ \Tyg

Neglecting all losses, the pressure difference in fluid across the impeller is:
P2~ P1_ <V_12 _V_22> + (quw2>
rg 29 29 g

From inlet velocity triangle we get:

V1 = Vfl
From outlet velocity triangle:
V
r2
tan ¢ =
Uy — Vi
=

Also, we get
Vi =Vh+ Vi,
Vi=VAi+V,
Vi =VE+ Vi,

Substituting the expression for we obtain the expression for manometric head developed across
the pump:
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p2—p1_ (Vi (Vf + Vv%z> N (quwz>
Py 2g 2g g
P2 —P1 _ Uy Vi _Vlzz
pPg g 2g

Substituting the expression for V,,, we obtain

D2 — D1 [uz (u2 — Vppcot (,b)] [u% + szzcot2 ¢ — 2uyVp,cot ¢
Py g 29

p2—p1  2u5 —2uyVpycot ¢ — u% — szzcot2 @ + 2u,Vp,cot ¢
pg

P2 —P1 _ [ - szcotz ¢]
pPg

8.3.3 Specific speed of a centrifugal pump

The specific speed, N, is defined as the speed of a geometrically similar pump which delivers a
flow rate of 1 m3 /s flow rate against a head of 1 m.

The flow rate of a centrifugal pump, as has been shown before, is given by

Q = flow velocity x area = mDBV (8.16)

where the flow velocity, Vg, is at a section having an impeller diameter of D and width B. It is

worth noting that the flow velocity is related to the manometric head at the inlet through Vy o< \/H,,
Therefore we have

Q < DBV (8.17)
However, we have the relation that D « B thereby allowing us to write
Q « D*V (8.18)

Moreover, we have the tangential velocity given by

u=—-=uxDN (8.19)

which means that the tangential velocity can be written down in terms of the head as
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uoch=>uoc,/Hm=>DNoc,/Hm=>Doc—VII:n (8.20)

Upon substituting the proportionality of D in the expression for the flow rate, Q, we obtain

3
H? 8.21
ro—m,/Hm=>roN—';‘ (8.21)

For the case of the specific speed we can substitute Q = 1m3/s and H,, = 1 while N = N, and
obtain

1x— .
o« N2 (8.22)
Dividing equations (8.21) and (8.22) we obtain
NZ 3 NQ
Q=mH12n=>NS=W (8.23)

8.4 Dimensionless pump performance curves

We now proceed to the dimensionless pump performance parameters. Let us say we have a given
pump design. In that case, the parameters such as the head, H, and horsepower, P, depend on the
discharge, Q, impeller diameter, D, and the shaft speed, n. Apart from these parameters, the
performance should also depend on some more parameters. Two fluid parameters, density, p, and
viscosity, u, play an important role in assessing pump performance. Apart from this, the surface
roughness of the pump, €, also plays an important role in deciding the aforementioned. In this case,
we can represent the head or horsepower as a functional form

gH = f1(Q,D,n,p,n,€) P =f,(Q,D,np,ue) (8.24)

Now, it is not convenient to express the head and power in terms of all these parameters, but rather
it is expedient to represent the variables on the right hand side in terms of combination of terms
through

nD3" u 'D

gH Q pnD? € P Q pnD? €

= —= — — 8.25
nzpz 9 < pn3D5 92\ p3’ u 'D (8.25)

The reader may confirm that all the terms appearing in the expressions above are dimensionless.

This process of obtaining a non-dimensional group of terms is extremely useful for experiments in

fluid mechanics as it reduces the number of experiments required to obtain a functional
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relationship. The observant reader will note that the parameters Reynolds number and roughness
ratio are seen, i.e.

nD? €
Re = p , =
u D

(8.26)

Therefore we can represent the parameters appearing in the parenthesis in the expressions above as
pump parameters

. . Q
Capacity coefficient, C;, = — 8.27
Head coefficient, Cy = -9 (8.28)
’ n2D?2
P fficient, C P 8.29
ower coefficient, Cp = —— .
P pTl3D5 ( )

If there are two pumps, which we denote by pump 1 and pump 2, then we can relate their flow rate
ratios, head ratios, and power ratios, as

% _ Z_i (g_i)s (8.30)
oy

These are known as similarity rules and are used to determine the influence of changing fluid,
rotational speed, and size of a turbomachinery for a geometrically similar pair of machines.
Typically we expect that for two turbomachines which are similar, the efficiencies would be equal.
However, it is noted that large diameter pumps with a large Reynolds number and low roughness
ratios and clearance ratios yield higher efficiency.
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Example 8.3

The internal and external diameter of an impeller of a centrifugal pump running at 1500 r.p.m are
100 mm and 200 mm respectively. The volume flow rate of water through the pump is 0.02 m3/s.
The velocity of flow is constant throughout the impeller and is equal to 1 m/s. Vane angle at the
outlet is 45° and the inlet flow is radial. The pipeline at the suction of pump has 150 mm diameter
and that at the discharge has 100 mm diameter. The pressure head at the suction is 3 m absolute
and at the discharge is 15 m absolute. Neglect any static head difference between the suction and
discharge pipelines. This pump consumes 5 kW electrical work. Determine: (i) the inlet vane angle,
(if) Manometric efficiency of the pump, (iii) Overall efficiency of the pump.

Solution
Given data

d; =100 mm
d, =200 mm
N = 1500 rpm
¢ = 45°
Q=0.02m3/s

Vfl = sz = 2 m/S

2 -15.3=12m
Pg

din =150 mm
dout =100 mm
We|ec =5kw

The tangential velocities at the impeller inlet and outlet are given by:

_md;N _mx0.1x 1500

u, = 0 0 = 7.85m/s
_mdy,N  mx0.2x1500 1571 m/
Up = = %0 = 15.71 m/s

The volume flow rate Q is given by,
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n 2 T 2
Q :ZXdinXVin:ZXdoutXVOUt
4Q

Vin =—5 = 1132 m/s
ndi,

10 2.547 m/

= — = 4. m/s
out T[dgut

Here Vi, and V,,; the velocity of water at the suction and discharge pipelines.
(i) From inlet velocity triangle:

V=V =2mlsand V,,; =0

0 = tan~1(0.2547) = 14.29°

(if) Applying Bernoulli’s principle between the suction and discharge of the pump:

D1 Viﬁ D2 Vozut
—+—+h +Hyppp=—+—+h
pg+2g+ 1+ Hman pg+2g+ 2

P2 Vi b1 Viﬁ
Hpn = [ 2+ 4 hy | = (2420 4 py
man <p9+29+ 2) <p9+29+ !

Neglecting height difference between suction and discharge of pump, we obtain:

V2 VE\ Ap 2.547% —1.13272
Hman=<&+ﬂ>_<&+_m>:_p+ =1227m
pg 29 P9 29) pg 2x9.81

From outlet velocity triangle:

Ve = Uy — Vypcot ¢ = 15.71 — 2 X cot 45° = 13.71 m/s

_ GHnn _ 981227 _ .
Tman =y T 1571 x 1371 2200

(i) Overall efficiency is given by,

pgQHman 1000 X 0.02 x 9.81 x 12.27
= = = 48.139
Noverall Welec 5000 %
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Example 8.4

A one-eighth scale model of a single-stage centrifugal pump is tested in a laboratory. The model
pump has a speed of 1000 r.p.m and the head developed is 8 m. The power consumed by the model
pump is 1.5 kW. The field pump has to develop 25 m. Determine the: (i) working speed of field
pump, (ii) power consumed by field pump and (iii) ratio of flow rates for the two pumps.

Solution:
Given data
D,/D, =1/8
H; =8
N; =1000 rpm
P, = 1.5 kW
Hy, =25m
Subscript 1 is used for model pump and subscript 2 is used for the field pump,
(i)
B _ \F;

DiN; DN,
(i)
V8 V25
= =221 rpm
D; X 1000 ~ 8 x D; X N,
PP
DN} = D3N3
D, . N,
P, = P,()%(-2)3 = 530.3 kW
2 1(D1) (Nl)
(iii)
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Q Do, (Nz) 221
=2 = ()3 (2) = 83— = 113.15
0, (Dl) N, 1000

8.5 Pump Characteristic Curves

A pump’s performance can be assessed with the help of various performance curves. We describe
below the general idea of performance curves for centrifugal pumps. Performance curves are
curves, which are typically plotted for constant impeller speed, N. The independent quantity is the
discharge, Q. The dependent variable is taken to be the head at discharge, H, the output power, P,
or the power required, P, or the efficiency 7.

A typical head vs discharge rate curve for a constant impeller speed of a centrifugal pump is shown
in Fig. 8.4. This curve is obtained by conducting experiments on an actual pump and it depends on
the overall pump design. At zero discharge rate the head developed by the pump is maximum, i.e.
Q = 0 for H = Hyy,,x. This pressure is also known as the “shut-off” head for the pump. From the
figure we also observe that the head developed by the pump continuously decreases as the pump
discharge rate is increased. At zero head, we have the maximum discharge zero, i.e. H = 0 for Q =
Qmax- However, this maximum discharge rate (Qnax) iS practically not achievable due to
phenomenon called “choking”. Therefore, this portion of curve is denoted by dotted line in Fig.
8.4.

Figure 8.4: Typical head vs discharge rate curve for a centrifugal pump at constant impeller speed.
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Fig. 8.5 shows the variation of power input to the pump, the power output (from the impeller to
water) and the pump efficiency with discharge rate for a fixed impeller speed. The “power input”
to the pump increases as the discharge rate is increased. Interestingly, the “power output” from the
pump i.e. the power transferred by the impeller to water is maximum at certain discharge rate and
then it starts to decrease. This is due to the hydraulic losses incurred as water flows through the
various components of the pump. A detailed discussion on these losses is beyond the scope of this
textbook. The point at which pump operates with maximum efficiency is known as the best
efficiency point (BEP). This is typically obtained for a discharge of 0.6Qyax-

Figure 8.5: Pump performance parameters vs discharge rate at constant impeller speed.

Fig. 8.6 a) shows the family of head vs discharge curves whereas Fig. 8.6 b) shows the family of
efficiency vs discharge curves for various impeller speeds. Here, the impeller speeds N, > N; >
N, > N;. The locus of constant-efficiency points in the head vs discharge plot (Fig. 8.6a) is
obtained by orthographic projection of the intersection points of constant-efficiency line with the
family of efficiency curves in Fig. 8.6 b). Typically, pump manufacturers provide the Fig. a) as a
part of their data sheet through which one can predict the head, flow rate and pump efficiency for
any given operating condition.
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Figure 8.6: Pump performance curves: a) head vs discharge, b) efficiency vs discharge for various
impeller speeds.

8.6 System curves and pump operating conditions

When a centrifugal pump is connected to a pipe-network, the resultant flow rate and head developed
by the pump is dependent not only on the pump performance characteristics (discussed in previous
section) but also on the pipeline dimensions (length and diameter), number of bends, presence of
fittings and connectors (like elbows, tees, etc.) as well as valves.
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8.6.1 System curves

As we have already studied in chapter 5, the total head loss for flow through a pipe-network is
divided into two broad categories: a) Major loss (which includes the pressure drop due to friction
in a straight pipe) and b) Minor losses (which includes losses due to sudden area changes, pipe
connectors like elbows, tees and valves). When a centrifugal pump is connected to this pipe-
network, it has to match this total head loss (Hsys) for a desired flow rate (Q). A plot between total
head loss (Hsys) vs flow rate (Q)for the pie-network is often called as the “system curve”. A

simplified form of mathematical expression for Hg,,s in terms of an effective loss coefficient K, ¢ ¢
Is written as: Hgys = Kefr (g) Here K, includes all the loss coefficients described in chapter 5.
If the pipe-network is complex and involves several components and/or several combinations of
serial and parallel flow paths, then K, (s needs to be derived appropriately. These concepts have
already been discussed in details in chapter 5. As the flowrate through the pipeline Q « V, the
above expression can be rewritten as: Hg,s = SySQZ Here Cs,s is a constant which is directly
proportional to the effective loss coefficient of the pipe-network. In addition to frictional losses, if
the pipe-network also involves hydrostatic head difference(hhyd) between the flow inlet and outlet,
then the new system curve equation will be: Hg,,s = SySQZ + hpyq Thus, a plot between head loss
in the pipe-network vs flowrate will be parabolic in nature (Fig. 8.7). Here, the slope of the parabola
depends on the numerical value of Cg,,s and the apex of the parabola is dependent on hy,,4.

Figure 8.7: Variation of system curves with a) change in flow resistance, b) change in hydrostatic
head difference of the pipe-network.
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If the effective loss coefficient for the pipe-network increases, the parabola becomes steeper in
nature as depicted in Fig. 8.7 a). On the contrary, if the hydrostatic head difference between the

inlet and outlet (hhyd) of pipe network is increased/decreased then the system curve simply shifts
up/down without any change in slope of the system curve. This effect is shown in Fig. 8.7 b).

Practically, after the installation of a pipe-network, head difference does not vary. Similarly, pipe
lengths, elbows, bends, tees and other connectors do not vary in a pipe-network. However, presence
of valve in the pipe-network allows the control on the effective loss coefficient and thereby the
slope of the system curve (Csys). Therefore, valves are common in any pipe-network as it allows

the user to vary the slope of the system curve. The effect of this variation on the overall flowrate
through the pipe-network will be discussed in next sub-section.

8.6.2 Pump operating conditions

A centrifugal pump connected to any pipe-network will lead to an operating flowrate (Qop) and a
certain discharge pressure head (Hop) will be developed. Mathematically, this operating condition
(head and flowrate) is such that it satisfies both the system curve as well as the pump characteristic
equations simultaneously. Therefore, on the plot of Hvs Q, the operating point is an intersection of
these two curves. This is shown in Fig. 8.8. Any variation to the pipe-network effective flow
coefficient or change in pump will lead to a new operating condition.

Figure 8.8: Graphical representation of the operating condition when a centrifugal pump is
connected to a pipe-network.
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Consider a pump connected to a pipe-network, such that the operating condition is represented by
point-1 in Fig. 8.9 a). If the pipe-network flow resistance increases, the system curve becomes
steeper and it shifts from curve-I to curve-11. The same pump curve remains identical to previous
case. However, due to the shift in system curve, the operating condition shifts from point-1 to point-
2 (see Fig. 8.9 a). When compared to point-1, the flowrate is lower but the pressure head is higher
at this new operating condition, point-2. Conversely, when the pipe-network flow resistance
decreases, the system curve shifts from curve-1 to curve-I11. For the same pump curve, the operating
point shifts to point-3. At this new operating condition, the flowrate is higher than point-1 while
the pressure head has decreased. These changes in operating conditions are depicted in Fig. 8.9 a).
Thus, even without change of pump characteristics, if one changes the system curve (for example
by opening or closing a valve), the discharge rate and pressure head changes. The change in
flowrate and pressure head are inversely related.

Fig. 8.9 b) represents the scenario where the pipe-network resistance remains unchanged and only
the impeller speed is varied. Decreasing the impeller speed will shift the pump curve downwards
(curve-11). This shifts the operating condition from point-1 to point-2 decreasing the operating flow
as well as the pressure head. Conversely, if the impeller speed is increased the pump curve shifts
upwards thereby shifting the operating condition to point-3. At this condition the flowrate as well
as pressure head is higher than point-1. It is evident from the above discussions that the change in
impeller speed also changes the operating conditions and the change in flowrate and pressure head
are directly related.

Figure 8.9: Change in operating conditions with variation of: a) pipe-network resistance, b) pump
impeller speed.
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8.6.3 Pump selection

Figure 8.10: Selection of pump such that the operating condition is close to the BEP.

For appropriate pump selection for any pipe-network, the system curve needs to be determined.
Several pump models available commercially from various pump-manufacturers, each having
unique characteristic curves. Typically, an appropriate pump is chosen such that the desired
operating range is close to its BEP (see Fig.8.10). Minor changes in the operating condition can be
made by either changing the system curve (using a valve in the pipe-network) or changing the
impeller speed (using a variable speed motor). However, major deviation from the initial operating
condition can lead to significant reduction in pump efficiency thereby increasing power
consumption and operational cost. Sometimes, it might be economical to replace the old pump with
a new one, which has its BEP closer to the new operating condition.

8.7 Maximum Suction Lift

Typically a pump is employed in situations where there is a reservoir of water, known as sump,
from which water is to be lifted. The centrifugal pump, shown in the Fig. 8.2, shows a sump which
is a height H, from the axis of the pump. Water is flowing with a velocity of V; in the suction side.
If we now apply Bernoulli’s theorem between the free surface of at the sump and at the inlet of the
pump, we obtain
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2 2
p—a+Vi+2a—&+—+zl+HL (8.33)
pg 29 pg 29
where p, represents the atmospheric pressure, i.e. the pressure at the free surface. , represents the
velocity of the free surface, and is assumed to be negligible as the sump surface area is typically
quite large. z, represents the height of the free surface of the water with respect to an arbitrary
datum line; we can choose z, = 0 as the datum line for convenience. p; and V; represent the
pressure and velocity at the inlet of the pump. z; represents the distance of the axis of the centrifugal
pump from the arbitrary datum. Given that the datum of the system is chosen at the free surface,
we have z; = H,. H;, represents the head loss due to the foot valve and any other causes of head
losses (such as bends etc.).

Substituting these values, we obtain

2

Pa P1

—+0+0=—+—+H +H 8.34

pg pg " 2g F (8.34)
P1 Pa V12 >
P_Pe (A ipy +H 8.35
pg~ pg (29 s (8.35)

We can now substitute V; = V%, i.e. the suction velocity. More importantly, in order to find the
maximum suction lift, i.e. the maximum distance between the free surface and the pump which the
pump can draw, we must put the condition at the pressure at the inlet of the pump must be just
equal to the vapour pressure of water. Because, if the distance between the pump and surface were
to increase any more, then there would be a drop in pressure below the vapour pressure, leading to
cavitation. Therefore we must ensure p; = p,,. Thus we have

VZ
—;’; = —SZ - (—ng + H, + HF> (8.36)
VSZ
= H, =H, — E+HS+HF (8.37)

where H,, = %" represents the vapour pressure head. The above equation can be recast as

Hy=H, - H, — = — H; (8.38)

29
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This equation represents the maximum suction lift for a centrifugal pump. The suction height of a
centrifugal pump must be necessarily kept less than this value in order to avoid cavitation at the
inlet of the pump.

8.8 Net positive suction head (NPSH)

The idea of a maximum suction lift and net positive suction head are closely related; the latter being
more utilized in industry. The net positive suction head (NPSH) represents the difference between
the sum of absolute pressure head at the inlet and velocity head and the of vapour pressure head.
Basically we have

1 Py W
NPSHavailable = e é + % (8.39)
We use the result of the previous section to obtain
VZ
;’—;=S—Z— <$+HS +HF> (8.40)

Using this equation in the definition of the NPSH, we obtain

pa (V& py, Vi
NPSHavailable = é - <i + H; + HF)] - é + é (8.41)
= NPSHayailape = Ho — Hy — Hs — Hp (8.42)

The above expression provides us an estimate of the NPSH available for the pump for a certain
suction height, flowrate and pipe dimensions. In order to prevent cavitation the NPSH available
should always be greater than the minimum NPSH required by the pump. The numerical value of
minimum NPSH required by a pump is obtained through experiments. One such expression for
minimum NPSH required for safe operation of pump is

4
/3
NPSHoin requi N
min,required —1.03 x 10~3 x _\/6 (8_43)
H, Hp,

Here N represents the impeller speed,H,, is the manometric head developed by the pump and Qis
the flow rate delivered by the pump.
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Example 8.5

Consider a pump which is placed 3 m above the sump datum level. The atmospheric pressure is
101 kPa and vapor pressure of water is 3 kPa. The pressure drop in the suction line due to frictional
losses is 10 kPa. What is the NPSH (m) available at the pump suction? (Assume density of water
as 1000 kg/m3)

Solution:
Given data
P, 101x103
g =—=———=10.3m
pg 1000x9.81
P, 3x103
, =—=———=0.306 m
pg 1000x9.81
hs=3m
10x1000
=1.02m

f = Tooox9.81
NPSHgvaitabie = (Ha —hs — hf) —H,
NPSHgpaitapie = (10.3 — 3 — 1.02) — 0.306 = 5974 m
Example 8.6

Consider a long pipeline with several bends, pipefittings and valves. The total minor loss coefficient
is 20 and major loss coefficient (due to pipe friction) is 10. Consider a pump is whose characteristics
equation is of the form: = A;Q? + A, . The pump is capable to provide a maximum pressure head
of 30 m at no flow condition (shut-off condition) and a maximum flow rate of 0.0025 m3/s at zero
head condition. When this pump is connected to the above-mentioned pipeline a flow rate of
0.00125 m3/s is obtained. Now a valve in this pipeline is opened such that the new minor loss
coefficient reduces to 5. Determine the new flow rate through the pump. Assume that the major
loss remains unchanged even after opening the valve.

Solution:
Pump:
The pump characteristics equation:
H=A,0*+4,

Shut-off case (Q = 0) the head developed is 30 m
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=
30=0+4, =4, =30
For no head condition (H = 0) we have maximum flow rate of 0.0025 m3/s
=
0 = 0.0025 x A3 + A,
=

A 30 4.8 x 10°
=————==-48X
L 0.00252

Hence, the pump curve is
Hpymp = —(4.8 X 10°)Q? + 30
Pipeline:
For the pipeline total head loss,
VZ
Hoipe = (Kmajor + ZKminor) 52

Volume flow rate Q is directly proportional to the velocity of fluid through the pipeline, V .
Hence, the head loss through the pipeline can be rewritten as:

Hpipe = (ZKmajor + Kminor)CQ2

where C is a constant.

Case 1:
Kmajor,l =10
ZKminor,l =20

Q1 =0.00125 m3/s
Hpipe,l = (Kmajor,l + ZKminor,l)CQ%
Hpipe,r = (10 + 20)CQF = 30CQ7

=
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At operating condition, the head developed and flow rate delivered by the pump is identical to the
frictional head loss and flow rate through the pipeline. Therefore,

Hpymp = Hpipe1
=
—(4.8 x 10°)Q% + 30 = 30CQ?
=
—(4.8 X 10%)0.001252 + 30 = 30 x C X 0.001252
=
C = 0.48 x 10°
Case 2:
Kmajorz = Kmajora =10
2Kminor,z =5
Hpipe2 = (Kimajor2 + £Kninor.2) C Q3
Hpipe.2 = (10 + 5)CQ5 = 15CQ5
At operating condition of this new pipeline curve with the same pump as above, we get:
—(4.8 x 10%)Q3 + 30 = (15 x 0.48 x 10°)Q3
=

Q, = 0.00158 m3/s

8.9 Unit Summary

e The power input required for the reciprocating pump

_ pgNAL x (hg + hg)

60 x 1000 kW

e Specific speed of centrifugal pump

N2

134

m

Ny =
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Capacity coefficient, C, = <

nD3
.. gH
e Head coefficient, Cy = ——
n<D
.. P
e Power coefficient, Cp = ——
pn3D5

e If there are two pumps, which we denote by pump 1 and pump 2, then we can relate
their flow rate ratios, head ratios, and power ratios, as

3

Hy, /my\2 /Dy\?
7= &)
5

2-2(' @)

e Expression for minimum NPSH required for safe operation of pump is:

4

/3

NPSH,,; i N

min,required = 1.03 x 10_3 x \/6
Hp Hp

8.10 Exercises

Multiple Choice Questions

1. Ina reciprocating pump, which of the following statements is/are TRUE:
A. Discharge flow is continuous

B. Discharge flow is fluctuating

C. Increase in stroke length increases the discharge flow rate

D. Increase in stroke length reduces the discharge flow rate

2. For a centrifugal pump, which of the following statements is/are TRUE:
A. Discharge flow is continuous

B. Discharge flow is fluctuating

C. Increase in impeller width increases the flow rate

D. Increase in impeller width decreases the flow rate
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3. For a centrifugal pump with radial entry of liquid into the impeller

A. The absolute velocity vector at the inlet makes 90 degrees with the peripheral velocity
B. The relative velocity vector at the inlet makes 90 degrees with the peripheral velocity
C. The velocity of swirl at inlet is non-zero

D. The velocity of swirl at inlet is zero.

4. For a centrifugal pump with velocity of flow constant throughout the impeller:
A. The impeller width at the inlet and outlet is identical

B. The impeller width at inlet is smaller than at the outlet

C. The impeller width at outlet is smaller than at the inlet

D. Can’t comment on the impeller width based on the provided data

5. Consider a centrifugal pump with impeller of diameter D rotating at speed of N. The head
developed across the impeller is:

A. Proportional to D?

B. Proportional to D3

C. Proportional to N2

D. Proportional to N3

6. A centrifugal pump operating at speed N; consumes power P;. If the speed of the pump is
made 2N;, then the power consumed will be

A. P,

B.2P;

C.4pP,

D. 8P,

7. A fixed speed centrifugal water pump is sized for a certain pipeline layout to deliver a flow
rate of Q; at an estimated gross head of H,. However, after actual installation of the pump, the
flow rate is measured as @, which is different from Q. Which of the following statements is
true?

A IfQ, < Q,then H, > H;

B.IfQ, > Q4,then H, < H;

C. Cannot comment.
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8. Which of the following case(s) is unlikely to cause cavitation in a pump?
A. Using small suction pipe lengths

B. Using small suction pipe diameter

C. Using a fluid with high vapor pressure

D. Keeping the pump below the free surface of fluid at the suction

ANSWER KEY

1.B,C
2.A,C
3.A,D
4.C
5.AC
6.D

Level - |

1.

The internal and external impeller diameters of a centrifugal pump are 200 mm and 400
mm respectively. The impeller inlet and outlet vane angles are 15 degree and 45 degree
respectively. The impeller rotates at 1000 r.p.m. Assume velocity of flow is constant
throughout the vane and radial entry to the pump blade. What is the work transferred by
the impeller per unit mass of water?

The internal impeller diameter of a centrifugal pump is 150 mm. The impeller inlet and
outlet vane angles are 20 degree and 40 degree respectively. The impeller rotates at 1500
r.p.m. Work transferred by the impeller per unit mass of water is 434.6 ki/kg. Assume
velocity of flow is constant throughout the vane and radial entry to the pump blade. What
is the impeller external diameter?

The external impeller diameter of a centrifugal pump is 100 mm and it rotates at 3000
r.p.m. The pump delivers water flow rate of 120 liters per minute at a height of 20 m. The
vane width at the outlet is 5 mm. Vane angle at the outlet is 60 degrees. Assume radial
entry to the pump. Determine the manometric efficiency of the pump.

For the above problem (no. 3), if the inlet vane width is 20 mm and velocity of flow remains
constant throughout the vane, then determine: a) internal diameter of vane and b) inlet vane
angle.

What is the specific speed of a pump delivering 90 liters per minute at 20 m head? The
pump is operated by a motor with 1500 r.p.m.
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6. A one-fifth scale model of a single-stage centrifugal pump has a speed of 3000 r.p.m and

8.

the head developed is 5 m. The power consumed by the model pump is 2.0 kW. The
prototype pump operates with 1000 r.p.m. Determine the: a) head developed by the
prototype pump, b) power consumed by prototype pump and c) ratio of flow rates for the
two pumps.

Consider a pump which is placed 4 m above the free surface datum level. The atmospheric
pressure is 101 kPa and vapor pressure of water is 2.5 kPa. The pressure drop in the suction
line due to frictional losses is 15 kPa. Will cavitation occur if the minimum NPSH required
is3 m?

The head developed by a pump is given by H = CoN? + C;NQ + C,Q?, where N is the
RPM of the pump and @ is the flow rate delivered by the pump. C,, C;, and C, are
constants. Obtain an expression for the

a) Maximum head developed

b) Maximum ideal flow rate developed

Level - I

1.

3.

A centrifugal pump is running at 800 r.p.m. The outlet vane angle of the impeller is 60
degrees and velocity of flow is 2 m/s. The discharge flow rate is 150 litres/s when the pump
is operating against a gross head of 25 m. The monomeric efficiency of the pump is 70%.
Determine: a) outlet impeller diameter, b) impeller width at the outlet.

Neglecting all frictional and other losses in the impeller, show that the pressure rise in the
impeller of a centrifugal pump is given by

V& +u3 — Vicosec? ¢
29

where Vs and Vs, are the flow velocities at the inlet and outlet respectively. u, repersents
the tangential velocity of the impeller at the outlet and ¢ represents the vane angle at the
outlet. Assume radial entry to the impeller.

A centrifugal pump with impeller outer diameter of 600 mm and inner diameter of 300 mm
rotates at 600 r.p.m. The impeller width at the outlet as 53 mm. The pump delivers water a
flow rate of 500 liters per second at a gross head of 10 m. The absolute velocity at the inlet
makes an angle of 75 degrees with the tangential velocity. The outlet vane angle is 45
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degrees. Assuming constant velocity of flow through the impeller, determine: a)
manometric efficiency and b) work input to the pump in kW.

4. A centrifugal pump rotating at 1500 RPM delivers 200 litres/s of water against a gross
head of 25 m. The pump is installed where the atmospheric pressure is 10> Pa (abs.) and
the vapour pressure of water is 3 kPa. Determine the maximum allowable height of this
pump from the free surface of the water in the sump. Note that the expression of the
minimum NPSH required for safe operation of the pump is given by

NPSH i N
— " =1.03x 1073 x [—‘/6
ngoss ngoss
where N is the RPM of the impeller.
ANSWER KEY
Level - 1

1. 397.7 kilkg

2. 300 mm

3. 83.5%

4. a)25mm, b) 18°

5. 6.14RPM

6. a)13.89m, b) 231.5 kW, c) 41.67

7. No. Since available NPSH = 4.51 m which is greater than the minimum NPSH required =
3m.

—C N+ /CfN2—4CZCON2

8. a)CyN?,b)

2C,
Level - 11
1. a)461 mm,b)51.8 mm
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2. NA

3. a)53.1%, b) 92.34 kW

4. 7.82m

8.11 Know More

The earliest classified pump was a mud lifting machine detailed in a late 15th-century treatise by
Italian engineer Francesco di Giorgio Martini. About 200 years later, French inventor Denis Papin
developed the first true centrifugal pump, which utilized straight vanes for local drainage.

In contrast, the reciprocating pump has deeper historical roots, originating around 200 BC with
Greek inventor Ctesibius, who created a water organ. This device featured an air pump with valves,
a water tank, and a row of pipes, laying the groundwork for the modern reciprocating pump.

[Source: https://news.ipecsales.com/the-difference-between-centrifugal-and-reciprocating-
pumps]
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CO AND PO ATTAINMENT TABLE

Course outcomes (COs) for this course can be mapped with the programme outcomes (POs) after the
completion of the course and a correlation can be made for the attainment of POs to analyze the gap.
After proper analysis of the gap in the attainment of POs necessary measures can be taken to overcome
the gaps.

Table for CO and PO attainment

Course Outcomes Expected Mapping with Programme Outcomes
1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)

PO-1 |PO-2 |PO3 |[PO4 |PO5 |PO-6 |PO-7

CO-1
CO-2
CO-3
CO-4
CO-5
CO-6
CO-7

The data filled in the above table can be used for gap analysis.
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Draft tube, 299
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Euler’s equation, 148
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Francis, 287

Froude number, 235
Gage pressure, 41
Hagen-Poiseuille flow, 195
hydroelectric, 281
hydrophobicity, 21
hydrostatic, 38

ideal fluid, 17

impinging, 257

isotropic, 45

Kaplan, 293

Kinematic viscosity, 15
Lagrangian, 93

laminar, 194
Manometry, 52

MEMS, 44

metacenter, 77

Moody diagram, 201
non-Newtonian fluids, 17
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Non-Uniform Flow, 98
NPSH, 343
Orificemeter, 185
Pascal’s law, 45
pathline, 107
Pelton, 282

Pirani gage, 44
Pitot tube, 192
Pumps, 319
Reciprocating, 320
Reynolds, 194
rotation, 113
siphon, 175

Slip, 322

specific gravity, 11
Specific speed, 300
specific weight, 10
Stagnation pressure, 191
Static pressure, 189
Steady, 97
streakline, 109
Streamlines, 105
submerged, 75
surface force, 39
Surface tension, 18
Taylor Series, 46
Translation, 113
trapezoidal, 240
turbulent, 194
Uniform, 98

unit, 8

Unit discharge, 302
Unit power, 303
Unit speed, 302
Unsteady Flow, 97
Vapor Pressure, 23
Venturimeter, 180
viscosity, 12
Volumetric Deformation, 115
Vorticity, 122






